Heinemann Solutionbank: Statistics &

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise A, Question 1

Question:

The random variable & ro Nz, &) represents the height of a variety of flower where

o are unknown population parameters.

A random sample of 5 flowers of this variety are measured and their height, in cm, is
given below.

By =351k =32.3,h, =345k, =374,k =328

Determine which of the following are statistics.

a E_l}fi—,m
i=1
5 =2
p oy i)
= 4
c ".T‘X"_’M
d XX
Solution:

a Dot astatistic since 4 not known

b Is astatistic — no unknown parameters
¢ Mot astatistic since & o not known

d Isastatistic — no unknown parameters

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1


http://www.kvisoft.com/pdf-merger/

Heinemann Solutionbank: Statistics &

Solutionbank S3
Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise A, Question 2

Question:

Arandom sample of & apples are weighed and their weights, x, g, are recorded
n=168,x, =185 x,=161,x, =172, x, =187, %, =176
Calculate the walues of the following statistics.

. Kt
2
B
b "T‘_;
=" ¢
-]
Fard
c ‘;1
K,
=
Solution:
L, E X 1764168,
2 2
b To 168+185§----+176:1049:1?4.83
el
| . — |
Z!T = 83138 (ox on acalculator|
= B313:f)
C
XD 183899
PoF 1049
= 175.308--
= 17531
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Estimation, confidence intervals and tests
Exercise A, Question 3

Question:

The lengths of nails produced by a certain machine are normally distributed with a
mean g and standard deviation . 4 random zample of 10 nails iz taken and their

lengths {X), X, A5, ... &) are measuwred.
1 Write down the distributions of the following:

1
1

b 2K +3%,

5

10

¢ 2(E5-u
1

d X

5 i1}
=1 LT,
e YX-IX

1 0
¢ B(5)

1
1 State which of the above are statistics.

Solution:

i a XX ~N(10g10a")

2X,+3X, NN[# 1302] 13 _22+3
25 &

5 '25

¢ E(X-p=0 Var|X-p=Val X =c
L (K= ) e 0, 1007

. f o
d Z=2"nN|pu—| (=10
2 10
5 10
e D X— 3K ~Ni5450" |- M54 50
i=1 i=f

" combined distribution ~ N (0, 107 |
[FEemember Var( X — i =Var{X)+Var(¥) ]

G o
R Il I L Z(=_‘”] s (0, 103
fap o

ii a, b, d, eare statistics since they do not contain g or o, the unknewn population
parameters.
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Estimation, confidence intervals and tests
Exercise A, Question 4

Question:

4 large bag of coins contains 1p, 5p and 10p coins in the ratio 2:2:1.
a Find the mean g and the variance & for the value of coins in this population.
A randem sample of two coins 15 taken and their values X and X, are recorded.
b List all possible samples.

; : T . .t
¢ Find the sampling diztribution for the mean 5 = %

d Hence show that E(X) = & and Var(X) =§f2

Solution:

a X =value of a coin

x 1 5 10
DI =x) N 2 1
5 5 5
o SHE: g 120
L H=E(X) = —4+—4+—=—0or44d
HSE) 5555 5
2 2 1 152
E(XY) = Px=+25%x=+100x—=—
5 5 5.5
152 a2 276
Lat = B - =—-"——=11040r —
5 &5 o]
b (1,1} T B O v
[5E5)  {5ELopd
(10,10
.
% 1 3 5 5.5 Ei 10
P(E=7m 4 e 4 4 E i
25 25 25 05 25 25
eg P(X=55 = P(X,=(nk,=100+P(X, =10r X, =1)
1 I 4
= ol il
5T STE T RE

= 4 8 1
d E()=1x—+3x—+--+10x—=44=
s 25 25 25 A

Var(X) = 1° NI TV IR IS 5.52=£
25 o5 25 2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise B, Question 1

Question:

Find unbiazed estimates of the mean and variance of the populations from which the
following random samples have been taken:

a 213 196,185,223, 174, 163,189, 176, 187, 16,5, 12,3, 21.8, 20,1, 22.0

b 1,251, 64, 1,3 2,8, 56 2,4, 3.1

c 1204, 230.6; 356.1; 1228, 182.6; 147.6, 258.3, 3207, 249.3

d 0862, 0754, 0.45%, 0,473, 0493, 0.681; 0743, 0,469, 0,538, 0.361.

Solution:

M
TInbiased estimate of mean =1 ==——
b
_ _ . ; St —aT
TInbiased estimate of variance = 5° ==

n—1

a Y.x=27033x =527049, n =14

©x=193,5% =398
b > x=54,3x=252,n=16

G R=3315:8" =465
e >.x=20074,> x" =505132.36, n =9

X =203 8 =7174

d X x=58332 %" =3.644555, 2 =10

L ¥=0.5833, 5% =0.0269
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Estimation, confidenceintervals and tests
Exercise B, Question 2

Question:

Find unhiased estimates of the mean and the variance of the populations from which
random samples with the following summaries have been taken.

a x=120 Tx=4368  Tx° =162 466
b n=30 Tx = 270 Txt = 2546
¢ »#=1037 Tx=11407 Tx*=1278.08
d »=15 Tx=168 Tx? =1913
Solution:
'
g gl 300y
n 120
5 — nx . 2
L, DR _ 162466-120x36.4 _ B
n—1 118
=29.2(3sf)
'
P petl ot
# 20
2 —2
@ >ox - ux =2546—30><92=4
n—1 29
. __2_1140.?_
7 1037
Nx? - uwe e 2
@ - _1278.08-1037 x 1.1 00035
- 1036
Sx
» 15
=12 el . b
G _ LE R _1913-15x11.2 5 oa085
n—1 14
=224 (3sf)
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Estimation, confidenceintervals and tests
Exercise B, Question 3

Question:

The concentrations, in mg per litre, of a trace element in 7 randomly chosen samples
of water from a spring were:

24008 2373 2367 2366 2342 23305 2325

Determine unbiased estimates of the mean and the wariance of the concentration of
the trace element per litte of water from the spring,

Solution:

Sk o= 1652, %1 =38991748,2=7

ot 2 AR
7
. 38991748 -7 = 236"
3
= 7.58
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Estimation, confidenceintervals and tests
Exercise B, Question 4

Question:

Cattons of crange are filled by a machine. & sample of 10 cartons selected at random
from the production contained the following quantities of orange (in ml).

2012 2050 2091 2023 2046

2064 21001 201.% 2037 2073

Calculate unbiased estimates of the mean and variance of the population from which
this sample was taken

Solution:

Sk = 20516, 34 =420989.26, =10

¥ = 205.16=205(3:f)

420989 26— 10 =72

G
= Q222466 =922(3:f)

s =
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Estimation, confidenceintervals and tests
Exercise B, Question 5

Question:

A manufacturer of self-assembly furniture required bolts of two lengths, 5 cm and
10 ¢, inthe ratio 2 : 1 respectively.

a Find the mean & and the variance & for the lengths of bolts in this population.

A random sample of three bolts iz selected from a large box containing bolts in the
required ratio.
b List all possible samples.

¢ Find the sampling distribution for the mean X
d Hence find E(X) and Var(X).

e Find the sampling distribution for the mode A
f Hence find E(MY and Var(d).

Find the biaz when M iz used az an estimator of the population mode.

Solution:
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K =length of abolt

x 5 10
pe 1
P(X= = :
(A =x) A :
a ;1=5><E+10><1=E
2 F
2
o = 25x3+100x1_(@] _0
3 3 N3 9
b {5:5.5)
{5.5,101%  {5,10,1073
(10,10, 10}
E 20 | 25
x 5 — | = | 1w
A 2
- 2 12 6 1
BRRSRE | o= | o || 5 || o
s g 20 12 1 20
1 E(D)=5x—+—x—+-+10x=="=
SRS e T
> 1 (200 50 o
Var e Sl o] __[_] i G
22 97 N8 27 3
& i 5 10
P(M =) E l PiM =10 15 cases {5,10,10% and {10,10, 10}
o7 | 27
f E(M}=5><E+m><l=@=5.296_“
27 27 27
2
TUFEII:M:I=25XE+]UUX1— e :_3500:4_30__
27 o7 Li3] 729

g Bias=E(M)-5=1.296...=1.30(3s.£)
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Estimation, confidenceintervals and tests
Exercise B, Question 6

Question:

A biased siz-sided die has probability p of landing on a six.

Every day, for a period of 25 days, the die is rolled 10 times and the number of sizes
Az recorded giving rise to a sample &5, 4.

a  Write down E(X ) in terms of p.

b Show that the sample mean X is a biased estimator of » and find the bias.
¢ suggest a suitable unbiazed estitnator of p.

Solution:

X e B10, p)

a El&i=mp=10p

b E,:X1+...+X25
25
= ECX+ECX )+ +E(X,) utu+. . +u 254
E(X) 1 2 B = =

25 250 25

. X 1s an unbiased estimator of 4

But E(X)=10p . X iz abigsed estimator of p.
so bias=10p —p="9p
XYl me
E{ —|=—E(&)=
[10] TR

A : i
T 1z an unkiased estimator of p.
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Estimation, confidenceintervals and tests
Exercise B, Question 7

Question:

The random variable X ~ U[—a, @]

a Find E(X) and E(X™).

A random sample X, X, X, is taken and the statistic V=X +X7+X] is
calculated.

b Show that ¥is an unbiased estimator of & .

Solution:
A e U—a a]
a E(X)= ‘“2* %o
S 2
Var(X) = = o)y glos 1@ g and o for Ula, b] are given in
e ]2;; i formula booklet under 32
SR = 1‘Ja;r(}f)+[E(}f]|]
HE )= ﬁm _a
3 2

b F=Xi+Xit+X?
E(Y)=E|XEI+E|X§|+E|X§I

=£><3=a2
3

© ¥is an unbiased estimator of & .
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Estimation, confidenceintervals and tests
Exercise C, Question 1

Question:

John and Mary each independently took a randem sample of sixth-formers in their
college and asked them how much money, in pounds, they earned last week John
used his sample of size 20 to obtain unbiased estimates of the mean and variance of
the amount earned by a sizh-fortmer at their college last weel He obtained values of

¥=155 and &2 =80

Mary's sample of size 30 can be summarised as Ty =486 and Ty* =8222.

a  Tse Mary's sample to find unbiased estimates of i and o°.

b Combine the samples and use all 50 ohservations to obtain further unbiaszed
estimates of g and o .

¢ Find the standard error of the mean for each of these estimates of 4

d Comment on which estimate of & you would prefer to use.

Solution:
436
a y=—=142
a ¥ U
_ a
Sj e Seetm A0l oe =120275._ . =1203s 1)

29

b Let > w=2x+2y

T=155=>x=155%x20=310

L w =796
S1=80=3%" =8x19+20x15.5 =4957
L 2wt =13179
s N PB
LWw=p=1552
" 1
Sf,=]3179 50x15.92" L ou 1034

44
Y
¢ Standard error of the mean 1z T
b
5

g
L = (.632(35£), 2 = 0.633 (35.£),

75 N 0

d  Prefer to use W since it iz based on a larger sample size and has smallest standard
BITOL.

=0.455(35f)
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Estimation, confidenceintervals and tests
Exercise C, Question 2

Question:

A machine operator checks a random sample of 20 bottles from a production line in
order to estimate the mean volume of bottles {in cm®) from this production run. The
20 values can be summarised as Tx=1300 and Ix* =84 685

a  Tse this sample to find unbiased estimates of x and o

A supervisor knows from experience that the standard deviation of wolumes on this
process, o, should be 3cm® and he wishes to have an estimate of Lé that has a
standard error of less than 0.5cm”.

b What size sample will he need to achiewe this?
The supervisor takes a further sample of size 16 and finds Zx=1060
¢ Combine the two samples to obtain a revised estimate of i

Solution:
84 685 — 20 % 65°
52 a
a f=—13g0=65 d 19
= 97368---=9.74 (3:=£)
b 2 cgsesi wgs

Nn Jn
6 <
n> 36

» need a sample of 37 or more

¢ Let y=combined sample

Sy = 130041060
Sy = 2360 n=36
LF = %:65.555_.. or 65.6 (3 5.£)
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Estimation, confidenceintervals and tests
Exercise C, Question 3

Question:

The heights of certain seedlings after growing for 10 weeks 1n a greenhouse have a
standard dewiation of 2.6 cm Find the smallest sample that tmust be taken for the
standard error of the mean to be less than 0.5 cm.

Solution:

g <05

N

T=26= fn=26x2=52
e an=2704

soneed a sample of 28 {or more)
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Estimation, confidenceintervals and tests
Exercise C, Question 4

Question:

The hardness of a plastic compound was determined by measuring the indentation
produced by a heavy pointed device

The following observations in tenths of a millimetre were obtained:
47,52,54,48,45,458,45,51,50, 48

a Estimate the mean indentation for this compound.

b Estimnate the standard error of the mean.

¢ Estimate the size of sample required in order that in future the standard error of
the mean should be just less than 0,03,

Solution:

Let x=1indentation

S x=489, Sx'=23989,%=10
a ,.':}=E=418—9 4.89

b st gl 239.89-10 x4 85

=0.08544...
9

— = 0092434 =00924 (3:£)

Ja

¢ Eequire — L ok =005
N
= fr > 5346,
n=34.17

© need x# =735 (or more)
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Estimation, confidenceintervals and tests
Exercise C, Question 5

Question:

Prospective army recrutts receive a medical test. The probability of each recruit
passing the test iz p, independent of any other recruit. The medicals are carried out
over two days and on the first day » recruits are seen and on the next day 2» are seen.
Let & be the number of recruits whe pass the test on the first day and let X, be the

number passing on the second day.

a Write down E(X) ECE )L Var( X)) and Var(X,).

X A ; : w
b Show that =2 and =2 are both unbiased estimates of p and state, giving a

b an
reason, which vou would prefer to use.
T Y. : :
¢ Show that § = 0 —+2— 15 an unbiased estimator ofp.
" #

d  Show that ¥ = [#} 15 an unbiased estimator of p.
b

: P (. : :
e Which of the statistics =L, 2—2 A or iz the best estimator of p¥
b b

PG

The statistic T = ( ] iz proposed as an estimator of p.

3n
f Find the bias.

Solution:
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A =Blup) Xy ~Blonp)
a E(X)=up E(X,) =2np, Var(X)) =np(l- p), Var(X,) = 2up(1- p)

b E[a]zwﬁ

Ay : _
=p . “Lisunbiased estimator of p

# e a e
X E(X 2 X
E[—g] = G =£=p . 2 iz unbiased estimator of p
2x 2x 21 2n
Drefer ? since based on a larger sample (and therefore will have smaller
b
variatnce)
15 A 1| E(X)) E(X
C X:_[_1+_2]:> E(Xj]:— ﬁ_kﬁ
2hm 2w 2 F:
1
_, iy, 2
2 » 2n
2

o A 15 an unbiased estimator of p

4 ¥-= [M} py < BENHE) 42
[ 3x
© F1z an unbiased estimator of

X 1 1— 1—
[ Efar[_ljz_g var(leznp(gpjzp( p)
M H M »
var[é]:% var(Xg)=2np(];p} =P(1—p)
2n) dn dn S
R.Tar.;{.=l Var [£J+‘Jar (ﬁ] =1[P(1—P:'+P(1—p)}=3p(1—p)
4 H 2?3 4 bl 2;,\3 8?3
Var(¥)=— [ Var (X,)+Var (X,)]=— 1 2np(1
arl |_@[ ar |y |+ var | 2']_@['&?( —p)+ ?ﬂpl: —p)]
G 3m

Lo War (1) is smallest so ¥is the best estimator,

£ T:[M]

E
E(T) = ZE(A D +ELAD g Znp + Zup =4_p
Y 3n ]
kias = E{T)—p
=&
3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics &

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests

Exercise C, Question 6

Question:

Twe independent randem samples X, 4,.. . &, and F.1,,. . F, are taken fom a

population with mean & and variance ¢ . The unbiased estimators X and ¥ of u

are calculated. A new unbiazed estimator Tof 4 is sought of the form T=#% + 57

a

b

ntm

d Find the best {in the sense of minimum wartance) estimator of i of the form

rE +sF
Solution:

- T
s Mar(X)s w
EFi=u ‘Jar(}?]l=i

w2

a

d

Show that, since T1s unbiased, r+s=1.
By writing T=r% +(1-#F , show that

]

2
varm:aﬂ[’_+'1_’"' }
M FH

Show that the minimum variance of Tiz when r =

T=r¥+s¥
ET=rutsu=r+s)u
Soif Tiz unbiased r+5=1

rte=1=sg=1-r
LT =X+ (1-70F

Var(T) = r*Var(X)+(1-r¥ Var () =r2i+(l—r)2i
# s
_g[7 0o
# i
d _ 2r 2(1-r1x(=1) L War (7) 15 a gquadratic function of
a?ar{?) B JQ[I—F B rwith positive »° term . mi
d

—Var(M = 0=m={1-rln o rim+xi=norr=
dr w4 n

Eest estimator of form T is

_}?4— He F ot M

mtr mtn mtn

M

T =
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Exercise C, Question 7

Question:

A large bag of counters has 40% with the number 0 on, 40% with the number 2 on
and 20% with the number 1.

a Find the mean 4, and the variance &, for this population of counters.

A random sample of size 2 iz taken from the bag
b List all possible samples.

¢ Find the sampling distribution for the mean X
d Find E(X) and Var(X).

e Find the sampling distribution for the median A7
f Hence find ECAV) and Var(h).

g Show that &7 15 an unbiased estimator of ar

h Ezplain which estimator, X or &, vou would choose as an estimateor of i

Solution:
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Let X =number on a counter.

i 0 1 2
P(X =x) 0.4 0.2 0.4
a  w=1(hky symmetry)
o =D+1x02+22x04—12080r%
b {0,007 {0,0,1y% {0, 0,21
Gl la el 09 o0l 0 20+
(200 23 s{2.0. 01 gouoeiis  (ha] oaint
C
X O R A N B R
3 3 3 3
B=m | . || BN 2] B LB ] 8
125 125 | 125 | 125 | 125 | 125 | 125
d E(X)=1 (bysymmetry) (= 1)
Var(¥) = g+lx£+ixﬂ+ i_ﬁ
9 125 9 125 25
=B Rl
15 L BJ
e
a 0 1 2 eg P(WN=2) i1z cases
P(M=m) | 44 | 37 | 44 (2,2 2 200 )
125 | 125 | 125
f Ei{AMi=1 (bysymmetry)
37 44 88
v = OFRwg et BT g
ar() 125 125 125 )

UL

h o Var( X)) = Var(W) choose X

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise D, Question 1

Question:

A sample of size 6 iz taken from a normal distribution (10,2} "What iz the
probability that the sample mean exceeds 127

Solution:

X e N10, 2%
Emmm%)

P(X =12) :szgjq

\{;I

= P{Z =2449 )
/ "-><w:u
— - ‘m Tse 2.44
= 1-0.9927
= 0.0073 {tables)
or = 000715 {(from calculator)

o accept awrt 0.007
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Estimation, confidenceintervals and tests
Exercise D, Question 2

Question:

& machine fills cartons in such a way that the amount of drink in each carton iz
distributed normally with a mean of 40 cm® and a standard deviation of 1.5 cm®.

a A zample of four cartons is examined Find the probability that the mean amount
of drink is more than 40.5 cm’

b A zample of 49 cartons i examined Find the probability that the mean amount of
drink is more than 40.5 cm® on this occasion,

Solution:

D N0, 1,55

_ 2
Dira N(4U,%}

a

/71N 07486 — 3 40.5-40
/,\m P(D=405 = P[Z & T]
1 U 7
0.67 = P(Z>3 Use 0.67
= 1-0.7486
= 0.2514 (tables)
or = 025249 {calculator)
S0 accept awrt 0251 or 0,252
2
b E’NN(40,£)
49
/ .}{;_.mm DT >405) = P[Z>4D'?;4U]
___...--'/- ',-‘"-' B, T
333 = P(Z=233.) Tse 2.34
= 1-0.9504
= 0.00%4 {tables)

or = 0009815, .
S0 accept awrt 00028 ~o 00096
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Estimation, confidenceintervals and tests
Exercise D, Question 3

Question:

The lengths of bolts produced by a machine have an unknown distribution with mean
3.03 cm and standard deviation 0.20 cm. A sample of 100 bolts 15 taken.
a Estimate the probability that the mean length of this sample 15 less than 3 cm.

b  “What size sample is required if the probability that the mean 15 less than 3 cm 15 to
ke less than 1947

Solution:

L~ N(3.03,0.20%)

0.20°
)
0

L e=ro B(2.03,

a

/,_.—-....>{:|p_'¢_1_13 PE<3) = P[Z{B—z.ozj
G T P 0.02
NN z = B(Z<=-15)
-1 = 1-09332
= 0.06638 (tables)
or = 0.066807.. (calculator)

2o accept awrt 00665

2-303
0.2

N

= —2.3263

b B(Z<3=P|Z< =001

3—3.03

~To2

£

0.03 0.2
2.3263 N
o= 1550,

»oo= 24051
Ln=241 (or more)
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Estimation, confidence intervals and tests
Exercise D, Question 4

Question:

Forty observations are taken from a population with distribution given by the
probability density function

Ex, 0= x=3,
fixi=99

0, otherwize.

a Find the mean and variance of this population
b Find an estimate of the probabality that the mean of the 40 cbservations 15 more

than 2.10.
Solution:

Fix) &

3

a =2 (Centroad of &) or fromj. xxgxdx
0

3
a = fgxzdx—f

Il
1
o | o

B
=,
L
= [ )

|

I

= E—0—4= 0.5
2
40
S| X8 pEs210)=D| 2> e
/ J'}JJ \:';-:T',".":-. S
|| 40
0.59 =P(Z = 0.8%44 )
=1-08133 Tze 0,89
=101267 {tables)
or = 0.18535466... (calculator)

so accept awrt 0,186 ~ 0,187

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics
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Exercise D, Question 5

Question:

A fair die 12 rolled 35 times.
a Find the approximate probability that the mean of the 35 scores 15 more than 4.
b Find the approximate probability that the total of the 35 scores 13 less than 100

Solution:

S=score on die See 31

E()=35 Var(d) =%

35
a
B3
7| N 09582 = = 4=35 | g B
P \ st Rl ki 35 12
e &7 "“‘//_*; ﬁ
1.73 = P(Z>1732..) Use 173
= 1-0.5582
= 00418 (tables)
or = 0041632, (calculator)
so accept awrt 0.042
b T =total score, T =358
P(T=100) = P(Ea@]
35
0y
. = PlZ=
P B 10T 1
// /.-;\ e
I@,f” ’_f'" i - 12
B = D(Z<-22269._) Tse —2.22
= 1-05868
= (00132 {tables)

or = 001297618,
so accept avert 0013
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Exercise D, Question 6

Question:

The 25 children in a class each roll a fair die 30 times and record the number of sixes

they obtain. Find an estimate of the probability that the mean number of sixes
recorded for the class 1s less than 4.5

Solution:

Let & =number of sizes in 30 rolls of a die

S~B(30,7)

25
H=a B =€ TTzing formula in 32, mean = ap

[§] variance = apil— p)
S es N S,L

25

| TS U 0.8888 _ o
X P(S <4.5) P[Zﬁfﬁﬁ}
== 3

= P2 =-12247.) Tee —1.22.

= 1-0.8888
= 01112 (tables)
or = 0110335 (calculator)

©oaccept awrt 0.11
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Exercise D, Question 7

Question:

The error in mm made in measuring the length of a table has a uniform distribution
over the range [—3,5]. The table 13 measured 20 times. Find an estimate of the

probability that the mean error 1s less than —1mm

Solution:
E=error
E ~s U[-5,5]
2
(=0 f:ﬂ:@:% see formula in 22,
12 12 3
ey
E"_"‘MN O,i
20
1-0 3]
P(E<-1) = P|Z<—— |since —=—
/71 TN 09304 s 200 12
i f-“"/\~ __ 12
o] | = P(Z<-15481.)  Tee -1.55
~1.55
= 1-0535%4 (tables)
= 0.0606 {calculator)

or = 0060667 .
o accept awrt 0.061
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Exercise D, Question 8

Question:

Telephone calls arrive at an exchange at an average, rate of two per minute. Ower a
period of 20 days a telephonist records the number of calls that arrive in the five-
minute pertod before her break

a Find an approximation for the probability that the total number of calls recorded
1z mote than 3350,

b Estimnate the probability that the mean number of callz in the five-minute interval
12 lezz than 9.0,

Solution:

T =number of calls that arrive in S-minute period

& ra Po(10)
w =230
s 10
e ea 10, =
T = total number of calls in 30 days

T =30C
a
CHT>350) = P(C>22)
o9l - A0
.,‘_._./ "\
AN\ B 1o
- N = plEm3
- ) 1
2,90 3
= P(Z=28667.) Tze 2.90
= 1-0.9%231
= 00019 (tables)
or = 0.001%46 {calculator)
o accept awrt 0.001%
b
S vese B@=9 = plz<0
4 L
/ . =
P 3
B | = P(Z<-1732.) Use =173
-1.73
= 1-05582
= 00418 (tables)
or = 0041632 (calculator)

S0 accept awrt 0042
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Exercise D, Question 9

Question:

How many times must a fair die be rolled in order for there to be a less than 1%
chance that the mean of all the scores differs from 2.5 by more than 0.17

Solution:

S =szcoreon a die

35

=55 A

F 12
E’“_"NN(E_j,E]

12

B(|8-325|>0.1) <001

=P[|Z|> vl ] 20.01
f£
12n

UL o 25758

—

35

( 0
2 5758

. need » at least 1936

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise D, Question 10

Question:

The heights of women in a certain area have a mean of 173 cm and a standard
deviation of 2.5 cm. The heights of men in the same area have a mean of 177 cm and
a standard deviation of 2.0 cm. Samples of 40 women and 50 men are taken and their
heightz are recorded Find the probability that the mean height of the men iz more
than 3 cm greater than the mean height of the women

Solution:

W =height of a woman
W~ MN(175,2.5%)
M = height of a man
Moo~ N(1772%)

Ziiad P
o N[m,—] MmN[lT?,—]
40 50

=

P(M - = 3) requires X=M-W

2 TR S
X e N[E,—+—J—+—:U_23625
50 40 /50 40
"'_“>(-H.UHH.’- Pk = P(Zb 3-2 J
) / A \\.?? i 023623
B = P(Z>20573-)  TUse2.06
= 1-0.9803
= 0.0197 (tables)
or = (00198248 (ralculator)

So accept awrt 00157 ~2 0198
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Exercise D, Question 11

Question:

A computer, in adding numbers, rounds each number off to the nearest integer. All

the rounding errors are independent and come from a uniferm distribution over the

range [-0.5,0.5].

a Given that 1000 numbers are added, find the probability that the total error is
greater than +10

b Find how many numbers can be added together so that the probability that the
magnitude of the total error 15 less than 10 13 at least 0.95.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics &

E=rounding error

B~ T[-0.5,0.5]

1

L ]

e 12
2=1000 E e~ N U,;
12 000

T = total error = 1000F

P(T>10) = P[E:» 10]

0.8643 1000
8643+ !
/}‘\\\H \ = oz D.Ull 0]
- R 12000
= P{Z=10%544 ) TTze 1.10
= 1-0.8643
= 0.1357 itables)
or = 0136660 {calculator)

S0 accept awtt 0136 ~ 0137

b =M T= NE where Ef o N[U, L]
124

PI|T’|¢IUI=P[|E|¢EJEU_95
N

10
N

6l
12V

2196 =10/12 =196

=P||Z|= =095

10
=

12N

ﬁilﬂw’ﬁ

1.96
NI 217673
N <3123
soneed 312

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise D, Question 12

Question:

An electrical company repairs wery large numbers of telewvision sets and wishes to
estitnate the mean time taken to repair a particular fault It 18 known from previous
research that the standard dewviation of the time talcen to repair thiz particular fault is
2.5 minutes.

The manager wishes to ensure that the probability that the estimate differs from the
true mean by less than 30 zeconds 15 0,95

Find how large a sample is required.

Solution:

T = time to repair fault

Trra N{g2,2.5%)
- 25
Toteo Mg, —)
M
P(T-z|<0.5 =095 .
0.5 /1N
=P||Z|<——=|=0395 P N, 0025
[2-5] =1 | Y
N 1.96

2.5
z

1.96%2.5
V= 0.5

n o= 9.8 =9604
Soneed 97 (accept 96)

1.96

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

A random sample of size 9 1z taken from a normal distribution with variance 36 The
sample mean 1z 128,
a Find a 95% confidence interval for the mean £ of the distribution

b Find a 99% confidence interval for the mean g of the distribution

Solution:

s R S g

a 95% CIL for 4 is 128i1_96><%=(124.08,131.92...)
=(124,132) (3s.£)

b 99% CI for uis 12812.5?58><i=(122.84...,133.15...}

¥9

={123,133) (3.1

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 2

Question:

A random sample of size 25 1z taken from a normal distribution with standard
deviation 4. The sample mean 15 85,

a Find a 20% confidence interval for the mean £ of the distribution
b Find a 95% confidence interval for the mean i of the distribution

Solution:

=25 ag=4 T=85

a 90% CL for i is 85+1.6449 x —_ = (83.684._86.315..)

25

=(83.7,86.3)

b 95% C.L for 4 is 851,96 % —0_ = (93 432, 86.56%)

25

=(83.4,86.6)

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

A normal distribution has mean & and wvariance 441 A random sample has the

following values:
231,218, 246,225
TTze this sample to find 98% confidence limits for the mean 4.

Solution:

n=d T =441, 5=23

441
983 CT for wis 23+ 23263 ‘fT

= (20.557, 25.443)
={20.6,254) (31

© Pearson Education Ltd 2C
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Exercise E, Question 4

Question:

A normal distribution has standard deviation 15, Estimate the sample size required if
the following confidence intervals for the mean should have width of less than 2.

a 90%
b 95%
e 99%
Solution:
a=15
Clis FHzx—m
N>
Wil =
N
a  90% = z=1460449 _._waz
M

== 2467 L n>60875.

So x=60%
b 95%:}>z=1.96_1m{2

[

= fn > 1.96x15" 2 > 864.36...

Do m=a65
¢ 99% =>z=25758 '.'@{2

L
=fn > 2575815 - n>1492817...

so xp=1493

© Pearson Education Ltd 2C
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Exercise E, Question 5

Question:

Eepeat Question 4 for a normal distribution with standard deviation 2 4 and a desired
width of less than 0.3,

Solution:
a=24
TR L
Jn
bl = @ :62

a z=16449 - »n>97405... Son=09%
b z=196 - x>13229... Son=139

¢ z=25758 . w>=23B85. Soan=230

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 6

Question:

An ezperienced poultry farmer knows that the mean weight g kg for a large
population of chickens will vary from season to season but the standard deviation of
the weights should remain at 0.70kg A random sample of 100 chickens 15 taken from
the population and the weight x kg of each chicken in the sample is recorded, giving
Ex=1902 . Find a 95% confidence interval for i

Solution:

a= U_?D,n=100,f=w=l_902
100
. o
9500 C L for fris x£1.96x%
100

1.902i].96><E
10

(17648, 2.0392)
(1.76,2.04) (3sf)

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests

Exercise E, Question 7

Question:

A raillway watchdog iz studying the number of seconds that express trains are late in
arriving. Previcus surveys have shown that the standard dewiation 13 50, A random
sample of 200 trains was selected and gave rise to a mean of 310 seconds late. Find a
0% confidence interval for the mean number of seconds that express trains are late,

Solution:

=50 x=200 T=310
fag

{200

50
= (310i1_6449 x—]

4200

= (304.184...,315.815..)
= (304,316) (3sf)

300 CL 1z ¥X1.6449 %

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests

Exercise E, Question 8

Question:

An investigation was carried out into the total distance travelled by lorries in current
use. The standard deviation can be assumed to be 15 000 km. A random sample of B0
lorries were stopped and their mean distance travelled was found to be ¥ 872 km.
Find a 90% confidence interval for the mean distance travelled by lorries in current

UEE.

Solution:

o=15000 »=80 T=75872
Ty VAR LIk L [ W

80

=75 87"2i1_6-449><M

N

= (7311341, 7863058,

= (72113, 78 631) (nearest integer)
or (73100, 78 6000 (3 5. £

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 9

Question:

It 15 known that each wear the standard dewiation of the marks in a certain
examination 15 13.5 but the mean mark g will fluctuate. An examiner wishes to

estimate the mean mark of all the candidates on the examination but he only has the

matls of a sample of 250 candidates which give a sample mean of 654,

a What assumption about these candidates must the examiner make in order to use
this sample mean to calculate a confidence interval for 7

b Assuming that the abowve assumption is justified, calculate a 95% confidence
interval for g

Later the examiner discovers that the actual value of g was 653
¢ "What conclusions might the examiner draw about hiz sample?

Solution:

a=135 »x=250 T=684

a  Must azsume that these students form a random sample or that they are
representative of the population.

b 35% CIis 6844196 XE

w250

= (66726 70073 )
(66.7.70.1) (35.£)

¢ If 4=6575 that 1z cutside the C1 so the examiner’s sample was not

representative. The examiner marked mote better than average candidates,

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 10

Question:

The number of howrs for which an electronic device can retain information has a
uniform distribution over the range [£—10, £4+10] but the value of £ 15 not known.
a Show that the wvariance of the number of hours the dewice can retain the

information for 1s g :

A random sample of 120 devices were tested and the mean number of hours they
were retained information for was 787

b Find a 95% confidence interval for g

Solution:

H o Ul =10, £ +10]

2 .
a E(Hi=u Wfar(Hjl:%:%:g Tse formula in 52,

b 2=120 & =727
100

- 3
9504 C.1 is h+1.96x%
J120

{ 100
L?B.? +1.96 % ’ﬁ}

(77666, 79.733.)
(777,797 (3s£)

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 11

Question:

A statistics student calculated a 25% and a 9%% confidence interval for the mean &

of a certain population but failed to label them The two intervals were (227, 27.3)
and (232, 26,87

a State, with a reason, which interval 15 the 25% one.

b Estimate the standard error of the mean in this case,

¢ What was the student's unbiased estimate of the mean g inthiz case?

Solution:

a (232, 26 8) 12 95% C.L since it 15 the narrower interval

b X=.(232+268)=25

B L

N

=09183...=05918 (3:zf)

o ﬂ":‘
Il

T =25 {mid-point of the intervals)

© Pearson Education Ltd 2C
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Exercise E, Question 12

Question:

A 95% confidence interval for a mean g o1z 8531235 Find the following
confidence intervals for z.

a 50%

b 98%

c 999

Solution:

T+196-2 =853+235

Jr
O g 20, S s
S 196
a 90% CL is 85.3i1.6449><%

= (83327 .,87272.0)
= (833,873 (3:f)

b 58% CIis 8531 2.3263><%

= (82.210.., 88083
(82.5,88.1) (3:af)

¢ 89 CL iz B53f Z.STSBX%

= (82.211...,88.38E..)
(822, 804) (3sf)
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Estimation, confidenceintervals and tests
Exercise E, Question 13

Question:

The managing director of a certain firm has commissioned a survey to estimate the
mean expenditure of customers on electrical appliances. A random sample of 100
people were questioned and the research team presented the managing director with a
25% confidence interval of (£128.14, £141 86). The director says that this interval is
too wide and wants a confidence interval of total width £10.

a Tsing the same walue of T, find the confidence limits in this case.

b Find the level of confidence for the interval in part a.

The managing director is still not happy and now wishes to know how large a sample
would be required to obtain a 99% confidence interval of total width ne more than

£10.

¢ Find the smallest size of sample that will satisfy this request

Solution:

a ¥ =%(128_14+141_85)=2;_0=135

o C.L will be (130, 140)

& [
b zx—==3 but 196——==686
N N

& = =14285._.
ik (6 86] Tse 1,43

A

C 0T s 2%(0.9236-0.5)

= (8477 (tables)
- or = 0.846872.. (ralculator)
© T 15 85%

a
¢ Mowweknow 1,96 —=1061586
Af100

_ 686x10_ ..
1.96

and require z><£=5 where z =196

N

1.96;35 _ &

= »r = 18823 ..
o HMeed # =182 or more

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 14

Question:

A plant produces steel sheets whose weights are known to be normally distributed
with a standard dewiation of 24 kg A random sample of 36 sheets had a mean weight
of 314 kg Find 99% confidence limits for the population mean.

Solution:

WM, 24% n=36 w=314

999 C I 1z 31.4i2.5?58><£

36

(30,369, 32430 )
(30.4,32.4) (3sf)

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 15

Question:

A machine 1z regulated to dispense liqud inte cartons in such a way that the amount
of liquid dispensed on each occasion 13 normally distributed with a standard dewviation
of 20 ml. Find 99% confidence limits for the mean amount of ligquid dispensed if a
randotn sample of 40 cartons had an average content of 266 ml.

Solution:

a=20,2=40, % = 266

99% C 1 1z 266i2.5758><£

a0

(257.854...,274.145..)
(258,274) (3s.£)

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 16

Question:

a The error made when a certain instrument 15 used to measure the body length of a
butterfly of a particular species 15 known to be normally distributed with mean 0
and standard dewiation 1 mm. Calculate, to 3 decimal places, the probability that
the error made when the instrument iz ueed once is numerically less than 0. dmm.

b Given that the body length of a butterfly 1z measured 9 times with the instrument,
caleulate, to 3 decimal places, the probability that the mean of the 9 readings will
ke within 0.5 min of the true length

¢ iven that the mean of the 9 readings was 2253 mm, determine a 98%
confidence interval for the true body length of the butterfly

Solution:
E a0, 1%

a PE|<04)=(0.6554-0.5)%2
= 0,3108

b E ~ N(0, )
0.5
T)
5
= (0.9332-0.5) %2
= 0 8664

P(E|<05=P(Z|=

c BE%CL s 22.53% 2.3263><L
N

=(21.754..., 23305, )
=({21.8.233) (3sf)
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Estimation, confidenceintervals and tests
Exercise F, Question 1

Question:

A random sample of size # 15 taken from a population having a normal distribution
with mean g and variance o°. Test the hypotheses at the stated lewels of
significance.

Hu=21H u4=21,2=20, =212, og=15, at the 5% level

Solution:
Hy: =21 H;:u=21 SMocw 1z z=41.96
=z= (21'12;21) =0.5%...<1.96 Mot significant
20
Aceept Hy

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3
Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise F, Question 2

Question:

A random sample of size » is taken from a population having a normal distribution

with mean 4 and variance o°. Test the hypotheses at the stated levels of
significance.

H,u4=100H,: g =100, =36 ¥ =985, =50, at the 5% level

Solution:
Hy:4=100 H;: <100 5% cv iz z =-1.6449
=z= (98'5;100) =-18<-1.644% Significant
36
Eeject H,

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise F, Question 3

Question:

A random sample of size # 15 taken from a population having a normal distribution
with mean g and variance o°. Test the hypotheses at the stated lewels of
significance.

Hyu=5H g=5xn=25x=61 a=30, atthe 3% level

Solution:
Hy:u=5 H:u=5 SMcw 1z z=41.96
=z= (6'13_ 5) =183...<19 Mot significant
V25
Accept Hy

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise F, Question 4

Question:

& random sample of size » is taken from a population having a normal distribution

with mean g and variance . Test the hypotheses at the stated lewels of
significance.

Hyu=15H: u=1512=40,7 =165, =335, atthe 1% level

Solution:
Hy:u=15 H u=15 1% cw 15 2= 23263
=z= (]62215] =2710_. = 23263 Significant
N
Eeject H,
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Estimation, confidenceintervals and tests
Exercise F, Question 5

Question:

A random sample of size # 15 taken from a population having a normal distribution
with mean g and variance o°. Test the hypotheses at the stated lewels of
significance.

Hu=50H:u=50n=607=455% ag=4.0, atthe 1% level

Solution:
Hy: =50 H, =30 1% cv. 1z z =22.5758
=z= (48'94_ 50) =-2130__. =-25758 Mot significant
6o
Accept Hy
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Exercise F, Question 6

Question:

A sample of size # is taken from a population having a {4, o) distribution. Find

the critical regions for the test statistic ¥ in the following test.

H,:pw=120H,: g =120, =30, ag=2.10, atthe 3% level

Solution:

Hy:w=120 H:u=120 cwv. 1z Z2=-1.6449

7 X -120)
2
=)
Eeject Hyfor £ = -1.6445%
= f=:120—1_6-4-49><i
30

te. X <11939.  or 119 (3sf)
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Exercise F, Question 7

Question:

A sample of size » is taken from a population having a Nz, o) distribution. Find

the critical regions for the test statistic X in the following test.

Hy:g=125H,: u=125u=25 a=15, atthe 1% level

Solution:

Hy:w=125 Hp w=125 cwvisd =23263

(X-125)
Voot ML
(].5 ]
<25
Eeject Hyfor 2 = 23263
= X >125+23263x—
25

ie. F >13.19789
F =13203sf)
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Exercise F, Question 8

Question:

4 sample of size » is taken from a population having a Nz, &*) distribution. Find

the critical regions for the test statistic X in the following test.
Hy:g=85H,: 4 =85 n=50, o=4.0,, at the 10% level
Solution:

Hy: w=85 H:u<8 cwv.isd=-1281§
(X -85)

(%)

Reject Hyfor £ < -1.2516

s

&
L]

— T <85-12816x—_

50

ie X <842750. or X <843
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Exercise F, Question 9

Question:

A sample of size # is taken from a population having a Nz, o) distribution. Find

the critical regions for the test statistic X in the following test.

Hy: w=0H:pu=0,n=45 =310, atthe 5% level

Solution:

Hy =0 H;y 420 cvisZ=x1596

Z:':X;m Reject Hy for | Z | = 1.96
7
_ 3 - 3
= X=>0+196x or T<0-196x—
45 45

ie. X =087653. or X <— 087653,
ie X=08770r X <—0877 (3:f)
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Exercise F, Question 10

Question:

A sample of size » is taken from a population having a Nz, o) distribution. Find
the critical regions for the test statistic ¥ in the following test.

Hy:pg=-8H: u=-8#r=20, a=12, at the 1% level

Solution:

Hy wu=-8 H,:u=-8 cwvisI=%25758

|_}_J_f— —8%1
=% Eeject H,, for | 2| = 2.5758
)
=X »-84+2.5758x% b2 orf¢—8—25?58><£
' J20 ' V20

X >-73088.. or £ <-8.6911...
e T>-73lor T <-869 (3s£)
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Question:

The times taken for a capful of stain remover to remove a standard chocolate stain
from a bab¥'s bib are normally distributed with a mean of 1825 and a standard
deviation of 195, The manufacturers of the stain remowver claim to have developed a
new formula which will shorten the time taken for a stain to be removed. A random
satnple of 25 capfuls of the new fortmula are tested and the mean time for the sample
12 179,

Test, at the 5% lewvel, whether or not there 15 ewvidence that the new formula is an
improvement

Solution:

a=15 x#=25 =179

H,: 2=185 (no improvement) H,: 4 =185 (shorter time)
_ (179-185)
(15

V25

Eesult 15 significant, so reject H,

ts 15z =-2<-16449 S%cv.isz=-1644%

There iz evidence that the new formula i3 an improvement

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise F, Question 12

Question:

The I scores of a population are normally distributed with a mean of 100 and
standard deviation of 15, A psychologist wishes to test the theory that eating
chocolate before sitting an IQ test improves vour score. & random sample of 100
people are zelected and they are each given a 100 g bar of chocolate to eat before
taking a standard I test Their mean score on the test was 1025 Test the
peychologist's theory at the 5% lewvel,

Solution:

a=15,r=100,T=1025

H,:x4=100 H;: g4=100 (mproved score)
_ (102.5-100)
(15

~100

Eesult 15 significant so reject H,.

ts. sz =1.66=>1.6445 5% cwv. iz z=1.644%

There 1z evidence to support the psvchologist's theory.
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Question:

The diameters of circular cardboard drinks mats produced by a certain machine are
normally distributed with a mean of 9 cm and a standard dewation of 0.15 cm. After
the machine iz serviced a random sample of 30 mats iz selected and their diameters
are measured to see if the mean diameter has altered The mean of the sample was
2.95 cm. Test, at the 5% lewvel, whether there is significant evidence of a change in the
mean diameter of matz produced by the machine,

Solution:

a=015r=30F=895
H,: 4=9 (no change) H,: 4= 9 (change in area diameter)
_(895-9) _

; i A i
t.s. 152 015 18257, SMcwvisz=2x1.96

30

—1.8257... = —196 zo result 15 not significant.
There 1z insufficient evidence of a change in mean diameter.
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Exercise F, Question 14

Question:

a FEesearch workers measured the body lengths, in mim, of 10 specimens of fish
spawn of a certain species off the coast of Eastern Scotland and found these
lengths to be
125 102 111 %96 121 23 107 114 147 104
Obtain unkiased estimates for the mean and variance of the lengths of all such fish
spawn off Eastern Scotland.

b  Eesearch shows that, for a very large number of specimens of spawn of this
species off the coast of Wales, the mean body length 15 10.2 mm. Assuming that
the variance of the lengths of spawn off Eastern Scotland iz 2.6, perform a
significance test at the 5% level to decide whether the mean body length of fizh
spawn off the coast of Eastern Scotland iz larger than that of fish spawn off the
coast of Wales,

Solution:
n=10, T x=112, X x* =1277.26 . 1277.26-10x11.2%
IS' =
a f=£:11_2 " 2
10 s =254
o =256
b H,.u = 102 H,:u=102 (Scottish fish are longer)
t.s.isz=w=l.9?6... Mecw isz=16449
2.56
10

1976 . =16449 so the result is significant

There 1z evidence that the fish off the coast of Eastern Scotland are longer than
those off the coast of Wales.
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Question:

a Explain what you understand by the Central Limit Theorem.

b An electrical firm claims that the average lifetime of the bulbs it produces 1z
200 hours with a standard dewviation of 42 hours To test this claim a random
samnple of 120 bulbz was taken and these bulbs were found to have an average
lifetime of 789 hours. Stating your hypotheses clearly and using a 3% lewel of
significance, test the claim made by the electrical firm.

Solution:

a The Central Limit Theorem enables you to assume that X has a normal
distribution no matter what the distribution of X since it states that no matter what
the distribution of the parent population, provided the size of randomly chosen
samples iz sufficiently large, then the distribution of the mean of such samples
will be approzimately normally distributed

b #=120, =788, =42

H,: =800 (claim is true) H,: p= 800 (claim is false)

t.s.isz=(?894_28m)=—2.869..., o isz==196

120

—2.869 < 196 50 the result 15 significant

There iz evidence that the mean length of lifetime of the bulbs 12 not 800 hours,

suspect the claim made by the firm.
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Question:

Catry out a test on the given hypotheses at the given lewel of significance.

The population from which the random sample 15 drawn 15 normally distributed.
Hy = Hy g m o m=15,0=50,n,=20, g,=45,57=238 and %, =215

using a 5% level

Solution:
Hy =m0 Hyw= i Socw 13 2 =1.6449
T L

04 w03

RS

15 20

13699 = 1.6449 so result 13 not sigrificant, accept Hy,
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Exercise G, Question 2

Question:

Carty out a test on the given hypotheses at the given level of significance.
The population from which the random sample 15 drawn 15 normally distributed.

Hy = H g2 m=30,0=42n=25ag=56x5=456 and %, =517

using a 3% lewvel

Solution:
Hy =0 Hyw=i4 SMoow 1z z=41.96
t.s. isz=w Choose T, — X toget z =0
42 358
it S
sl 25

te 1sz=158%_ =196 soresult s significant, reject H,.
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Exercise G, Question 3

Question:

Catry out a test on the given hypotheses at the given lewel of significance.
The population from which the random sample 15 drawn 15 normally distributed.

Hy = Hypg =y =25, 0,=0081,n,=35,,=0757 =362 and

T =411 using a 1% lewvel

Solution:

Hopg=py Hytpg =gy

t.a. 1
0.21% 075

+
250 36

tsois — 23846 . = 23263 soresult i significant, reject H,.
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Exercise G, Question 4

Question:

Carry out atest on the given hypothesis at the given level of significance. What 15 the
significance of the Central Limit Theorem in these three questions?

Hy = Hyr g =20 =085, 0,=82,5,=100,g,=11.3, 5 =112.0 and

T, =108.1 using a 1% lewvel

Solution:
Hypg=m Hypg=ig 1% v 13 2 =22.5758
e R

g.2% 113
Sl M
g5 100
significant result so reject Hy .

Central Limit Theoretn applies since #, #, are large and enables you to assume X

and X, are both normally distributed.
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Question:

Carry out a test on the given hypothesis at the given level of significance. What 15 the
significance of the Central Limit Theotem in these three questions?

Hy: =0 0y gy > 00, =100, =183, 1, =150, o, =154, 5y =72.6 and
T =695 using a 5% lewvel

Solution:
Hy =50 Hypg =i SYocw 1z 2=1.96
mesiepe a0 -0 00 08 uage 2 ge
1237 1547
+
100 150

Result is not significant so accept H,.

Central Limit Theorem applies since #,, #, are both large and enables youto assume

X, and X, are normally distributed.
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Exercise G, Question 6

Question:

Carty out a test on the given hypothesis at the given level of significance. What 1z the
significance of the Central Limit Theorem in these three questions?

Hy: =00 Hy gy < =120, g =0.013, 5, =90, = 0.015, 5, = 0.863 and
T, = 0.868 using a 1% level

Solution:

Hym=p Hy i <ig 1%ocw 1z 2 =-2.3263
T (0.863-0.868) -0

ts is =5 500 e =23963
Jo.olzﬂ 0.0152

+
120 20

Eesult 15 significant so reject Hy .
Central Limit Theorem is used to assume X, and X, are normally distributed since

koth samples are large.
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Question:

& certain factory has two machines designed to cut piping. The first machine worls
to a standard dewiation of 0.011 cm and the second machine has a standard dewviation
of 0015 em. A random sample of 10 pieces of piping from the first machine hasz a
mean length of 6531 cm and a random sample of 15 pieces from the second machine
haz a length of 6524 cm. Assuming that the lengths of piping follow a normal
distribution, test, at the 5% level, whether or not the machines are producing piping of
the same mean length,

Solution:

g, =0011 »=10 %=6531
o, =0015 =15 % =6.524

Hy =0 H =i, SMeovisz=2136
. Z=(6.531—6.524}—U

ts iz =134466_ . =1.96
0.011% 0:015°
+
10 15
Mot significant.
Accept Hy.

There 1z insufficient evidence to suggest that the machines are producing pipes of

different lengths.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise G, Question 8

Question:

& certain health authority set up an investigation to examine the ages of mothers

when they give birth to their first children

A random sample of 250 first-time mothers from a certain year had a mean age of

2245 yvears with a standard dewviation of 2.9 years. & further random sample of 280

first-time mothers taken 10 years later had a mean age of 22,96 years with a standard

deviation of 2.8 years.

a Testwhether or not these figures suggest that there 1z a difference in the mean age
of first-time mothers between these two dates.

b State any assumptions you have made about the distribution of ages of Hrst-time
mothers.

Solution:

m =250 %=2245 §=29
n, = 280 X, =2296 §,=28

Agsume 5 =, since samples are large.

Hy:p=p, Hi:w=u, Use S0 significance lewvel
cv. 152 =+1.96
5 o (22.96-22.45)-0
2'_92+£ Use x, — 7 to make
250 280
te. = Z=2054. =196

Eesult 1z significant.

There iz evidence of a difference in mean age of first-time mothers between these
two dates.

b There 1z no need to have to assume that both populations were normally
distributed since both samples were large so the Central Limit Theorem allows

youto assume both sample means are normally distributed.
We have assumed that 5=, and 5, =a,
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Exercise H, Question 1

Question:

An experiment was conducted to compare the drying properties of two paints,
Cuickdry and Speedicover. In the experiment, 200 zimilar pieces of metal were
painted, 100 randomly allocated to Quickdry and the rest to Speedicover,

The table below summarises the times, in minutes, taken for these pieces of metal to
becotne touch-dry.

Ouickdry | Speedicover

Mean 287 306
Standard 782 2.5
deviation

TTeing a 2% significance lewvel, test whether or not the mean time for Quickdry to
becotne touch-dry is less than that for Speedicover. State your hypotheces clearly,. £

Solution:

np o= D0 Fy=08 weg=1730
ng = 100 %, =306 s,=351

Ho ptg=ps Hyt gy <ty {ie. Quickdry dries in a shorter
time than Speedicover)
. (206-287N-0
ts 152 | ey TE—
?13[2] +31'§é Test fy = fip toget 220,
= 234 Mocw 15 z=1.6449

ts 1z 2 34 =1 6449 20 the result is significant.
There 1z evidence that Quickdry dries faster than Speedicover.
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Exercise H, Question 2

Question:

A supermarket examined arandom sample of 80 weekend shoppers' purchases and an
independent random sample of 120 weekday shoppers' purchaszes. The results are
sumimarised in the table below.

e X g
Weekend a0 3864 | 659
Weekday | 120 | 4013 | B.23

a otating your hypotheses clearly test, at the 5% lewvel of significance, whether there
15 evidence that the mean expenditure in the week 15 more than at weekends.
b State an assumption you have made in carrying out this test

Solution:

a =80 % =3864 5=659
n, =120 %, =4013 5 =823

Hy =5 Hyp=4y 5% cow 13 z=16449

_ (40.13-38.64) 0

\/6.592 827

80 120

ot significant

There 1z insufficient evidence to confirm that me an expenditure in the week 13
mote than at week ends.

=1.415% =1.644%

ts 15z

b We have assumedthat s = and 5, =,
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Exercise H, Question 3

Question:

Tt 1z claimed that the masses of components produced in a small factory have a mean

mass of 10 g A random sample of 250 of these components 15 tested and the sample

mean, X .15 288 g and the standard dewiation, 5,12 1.12 g

a Test, at the 3% level, whether or not there has been change in the mean mass of a
cotnponent

b State any assumptions you would make to carry out this test.

Solution:

g=g=112,#=230,7T =388

a H,: 4=10 H;} u=10 S oovo1sz=21.96
t.s.isz=w=—l_694_?—l_96
ldi2?
250

Mot significant
Inzufficient evidence to support a change in mean mass.

b We have assumed that 5= o since # 1z large.
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Question:

Two independent samples are taken fom population A and population B Carry out
the following tests using the information given.

a Hyp,=u, Hp:p, = ppusing a 1% level of significance
ny=90, n,=110, x,=841, x,=879, 5,=125, s,=14%6

b Hy:p,—f=2 Hp:p,— i =2 using a 3% level of significance
n, =150, n, =200, x,=1251, %, =1193, 5,=232, s5,=184

¢ State an assumption that vou have made in carrving out these tests.

Solution:

a Hy:u, =4, Hpy<py cvisz=-23263

. (84.1-87.9-0
15152 = aeae—m————
125 146
+
0 110

Mot significant so accept Hy,.

—1.9825 . = -2 3263

b Hy o, —pp=2 Hyip—Hz=2 cwvizz=16448
_(1251-119.3)-2
95 R gy

+
150 200

significant so reject Hy.

tsisz =1.6535.. = 1.6449

¢ We have assumed s, =, and 5, = g, since the samples are both large.
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Question:

A shopkeeper complains that the average weight of chocolate bars of a certain type
that he 15 buving from a wholesaler 15 less than the stated wvalue of 850 g The
shopkeeper weighed 100 bars from a large delivery and found that their weights had a
mean of 826 g and a standard dewiation of 7.2 g Teing a 5% zignificance level,
detertnine whether or not the shopkeeper is justified in his complaint. State clearly the
null and alternative hypotheses that you are using, and ezpress your conclusion in

words. K

Solution:

=100, T =836, =72
Hy: u=8>5 H:u<8> cv.izz=-16449

tgisz= (83.6 -85) =_1044  =—16449
70
100

=ignificant

There iz evidence that the weights of chocolate bars are less than the stated value
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Exercisel, Question 1

Question:

The breaking stresses of rubber bands are normally distributed. & company uses

bands with a mean breaking stress of 4650 M. & new supplier claims that they can

supply bands that are stronger and provides a sample of 100 bands for the company to

test. The company checked the breaking stress, x, for each of these 100 bands and the

results are summarizsed az follows:

#=100 Ix=4715 Ix*=222910

a Test, at the 5% level, whether or not there 15 evidence that the new bands are
better.

b Find an appromimate 95% confidence interval for the mean breaking stress of
these new rubber bands,

Solution:
a 7= 4715
100
2
_ \{222910 ;gom?.lﬁ g

H,: 4=4650 (no better) H;: p=4650
(47.15- 46.50)

ts 15z = S AET =2645__.

~100

% cw 1z z=1.644%
t.z. 15 2.645 =1 6449

Eesult 15 significant so reject Hy .
There 1z evidence that the new bands are better.

; a
b 95% Clis ¥+196——
Jn

24572 ..

~100

= (466633 476316.)
= (467.476) (3sf)

MNE Zince # is large, we have assumed =2

= 47154196
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Exercisel, Question 2

Question:

On each of 100 days a conservationist took a sample of 1 litre of water from a
particular place along a river, and measured the amount, x mg, of chlorine in the
satmple. The results she obtained are shown in the table.

x 1 2 3 4 5 & 7 2 9
Nisrzher
af dvs 4 3 20 22 16 13 10 & 1

a  Caleulate the mean amount of chlorine present per litre of water, and estimate, to
3 decimal places, the standard error of thizs mean.

b OChtain approzimate 98% confidence limits for the mean amount of chlorine
present per litre of water.

Civen that measurements at the same point under the same conditions are taken for a

further 100 days,

¢ estimate, to 2 decimal places, the probability that the mean of these measurements

will be greater than 4.6 mg per litre of water, E

Solution:

=100, D x=453, > x'=2391

g w2l g
10
2
_ \fzzm 100x4.58 ooy
99
Standard error = % =0185 (2dp)
Fd
b 98 CLis T+2.3263- Ugereis

= N

(4.0995...,4.9604)
(4.10,4.96) (3sf)

P(x=46) = P z;w
‘. 0185,
L6480
/, ) = P{Z=0378_) Tse 0.38
— n = 1-0.6480
Skt = 03520 (tables)
or = 0.3523% {calculator)

=0 accept awrt 0352 ~ (353
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Exercisel, Question 3

Question:

The amount, to the nearest mg, of a certain chemical in particles in the atmosphere at
a meterological station was measured each day for 300 days. The results are shown in

the table.

Amount of chemical (mg) | 12| 13| 14 | 15| 16
Number of days 5 42 210 31 |12

Find the mean daily amount of chemical over the 300 days and estimate, to 2 decimal
places, itz standard error.

Solution:

2 =300, x=4203, 3 7" = 59025

3¢ 37 = S50y
300
2
_ [p9025-300x140F _ oo
299
Standard error = —— =0.039643.. =004 (2dp)

e
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Exercisel, Question 4

Question:

From time to time a firm manufacturing pre-packed furniture needs to check the mean
distance between pairs of holes drilled by machine in pieces of chipboard to ensure
that no change has occurred. It 15 known from experience that the standard deviation
of the distance iz 0,43 min. The firm intends to take a random sample of size #, and to
calculate a 9% confidence interval for the mean of the population. The width of this
interval must be no mote than 060 mm.

Caleulate the minimum value of ». E

Solution:

=043
Width of 59% C.L is 2% 2.5758——

N

2w 2 5758 x 043 < 0.60

5
-\,."; n 2x2 5T0Rx 043

0.6
n=1363

2o the smallest value of 2 15 14

Eequire

=3691...

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercisel, Question 5

Question:

The times taken by five-year-old children to complete a certain task are normally
distributed with a standard dewviation of 8.0s. A random sample of 25 five-year-old
children from school A were given this task and their mean time was 44 2z,

a Find 95% confidence limits for the mean time taken by five-year-old children

trom school A to complete this task.

The mean time for a random sample of 20 five-year-old children from school B was
409 5. The headteacher of school B concluded that the owverall mean for school B
tnust be less than that of school A Given that the two samples were independent,

b test the headteacher's conclusion using a 5% significance level State your
hypotheses clearly. E

Solution:

a=510
ny,=25 x,=442

a 9% QL s 44.2i1.96x£

25

(41.064, 47 336)
(41.1,47.3) (3sL)

b ox,=20 X,=40.9

Hyrp=0 Hype = py % ocwoisz=—16449
OO L L W

g? g2

= SRS o

DhE-o5

Mot significant so accept H.
There 1z insufficient evidence to support the headteacher’s claim.
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Question:

The random variable X has a normal distribution with mean & and standard deviation
2.

A randotmn sample of 25 observations is taken and the sample mean X is calculated in
order to test the null hypothesis 4=7 against the alternative hypothesis 4=7 using

a 5% lewel of significance.

Find the critical region for X . E
Solution:
X o M{, 27)
5y
w=25 ENN[,M,[E] J
H, ou=7 H :u=7 o 15 z=1.6449

Eeject H, for Z =1.6443
(=)

g

£ =

s 2
=X = ?+1.6449><§

e X =76579
e X¥=766(:f)
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Exercisel, Question 7

Question:

A certain brand of mineral water comes in bottles, The amount of water 1n a bottle, in
millilitres, follows a normal distribution of mean (£ and standard dewiation 2. The
manufacturer claims that g is 125 In order to maintain standards the manufacturer

tales a sample of 15 bottles and calculates the mean amount of water per bottle to be
124 2 millilitres,

Test, at the 3% lewel, whether or not there is evidence that the value of £ 15 lower
than the manufacturer's claim. State vour hypotheses clearly. E

Solution:

B~ N{g, 2%)
n=15 ENN(;;,%) E=1242

Hy =125 Hp:u=125 cwizz=-1.6449

: (124.2-125)-0
ts1sz= -

15
Mot significant, se accept H,.

=-1.54%1.. > -1.6449

There is insufficient evidence to suggest that the mean contents of a bottle iz lower
than the manufacturer’s claim.
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Question:

The random wariable X is normally distributed with mean 4 and variance o

a Write down the distribution of the sample mean X of arandom sample of size &

An efficiency expert wishes to determine the mean time taken to drill a fized number
of holes in a metal sheet.

b Determine how large a randem sample 15 needed so that the expert can be
95% certain that the sample mean time will differ from the true mean time by less
than 13 seconds. Assume that it iz known from previous studies that
a=40zeconds . E

Solution:

X oWy, 0*)
2 FeoNp )
M

b P(E-u|<15=D[|Z|< 2

F _

5
. i
Require P[|Z|e: &Jboaﬁ 0.025. 4\ \?f,u_uzﬁ
17

a i

e 15\-"; 21,96 -1.96 1.96 =
o
40x1.96

aT=40=f = T=5_2266...
Lm e 27.318.

=oneed 2 =128 or more
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Question:

A commuter regularly uses a train service which should arrive in Londeon at 0931 He
decided to test this stated arrival time. Each working day for a period of 4 weeks he
recorded the number of minutes x that the train was late on arrival in London If the
train arrived early then the value of x was negative. His results are summarised as
follows:

n=20 Tx=150,Tx*=103.21.

a Calculate unbiased estimates of the mean and variance of the number of minutes
late of his train service.

The randem wariable X represents the number of minutes that the train iz late on

arriving in London Eecords kept by the railway company show that over fairly short

periods, the standard dewiation of X iz 2.5 minutez. The commuter made 2

assumptions about the distribution of & and the walues obtained in the sample and

went on to calculate a 95% confidence interwal for the mean arrival time of this train

SErVICE.

b State the two assumptions.

¢ Find the confidence interval

d  Given that the assumptions are reasonable, comment on the stated arrival time of

the service. X
Solution:
&'x
a f———ﬂ=0.75
b 20
i 2
2 103.21-20=075 — 454
15
b ao=25

1 assume that X has a normal distribution
1 assume that the sample was random.

¢ 95% CLis fil.%%
Frd

U.?5i1.96><£

~20

(—0.34567...,1.8456..)
(—0.346,1.85) (3s£)

d  Since 0ig in the interval it 15 reasonable to assume that traing do arrive on time.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Statistics & Pagel of 2

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercisel, Question 10

Question:

The random wariable X iz normally distributed with mean g and variance o .

a  Write down the distribution of the sample mean X of arandom sample of size 2.

b Explain what you understand by a 95% confidence interval.

A garage sells both leaded and unleaded petrol. The distribution of the values of sales

for each type 15 normal During 1920 the standard deviation of individual sales of

each type of petrol 13 £3 25 The mean of the individual sales of leaded petrol during

this time 1z £2.72. A random sample of 100 individual salez of unleaded petrol gave a

mean of £9.71.

Calculate

¢ an interval within which 20% of the sales of leaded petrol will lie,

d a 25% confidence interval for the mean sales of unleaded petrol

The mean of the zales of unleaded petrol for 1989 was £9.10.

e Tlzing a 5% significance level, investigate whether there 18 sufficient ewvidence to
conclude that the mean of all the 1990 unleaded sales was greader than the mean
of the 1989 sales,

f Find the size of the sample that should be taken so that the garage proprietor can
ke 95% certain that the sample mean of sales of unleaded petrol during 1290 will
differ from the true mean by less than 50p. E

Solution:
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d

-,

X e Nig, %J

95% C.1 iz an interval within which we are 92% confident £ lies
L =zales of leaded petrol {7 = zales of unleaded petrol
L (872, 3:259) I~ WF(9.71, 3,259

90% of £ between 8.72+1.6449x3 25
= (33740 . 14.0659_)

= (337,141 3:1)

=100 7=571

959 CL for g, 180 9712196 50
100
= (90731034
= (807 1035 (nearest penny)
Hy:p,=%10 (ie same as 1985) H,: i, =510 (1990 zales = 1989 zales)
Mo ocw 1z z=164458
tsisz= [9'?]3_22'10) =1876%9 . =1.6449 significant so reject Hy,
~ 100

There iz evidence that the mean sales of unleaded petrol in 1990 were greater than
in 1989

=1.96

P(| - |<0.50)>095= 0'3 ;’f

te. fr =127 or n=>16230.. . n=163
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Question:

a Explain what iz meant by a 5% confidence interval for a population mean.

The lengths, in cm, of the leaves of willow trees are known to be normally distributed
with variance 1.33cm?.

A zample of 40 willow tree leaves iz found to have a mean of 1020 cm.

b Estimnate, giving wour answer to 3 decimal places, the standard error of the mean.
¢ Tlze this value to estimate symmetrical 95% confidence limits for the mean length
of the population of willow tree leaves, giving your answer to 2 decimal places.

d Find the minimum size of the sample of leaves which must be taken if the width

of the symmetrical 98% confidence interval for the population mean 18 at most
1.50 cin. K

Solution:

a A SB% CL isan interval within which we are 98% sure the population mean wrill
lie.

b 1L =length of willow tree leaves Lo N p 1,33

n=40,L=1020

Standard error of the mean = S5 ﬁ =018234 .

=0.182 (3dp)
¢ 95% CIis 10.2041.96%0.182---

= (9.8426...,10.5573..)

= (9.84,10.56) (2 d.p)

d Width of 98% C.L is 2x 2.3263x ——

N

2¥ 232631 J1.33 <150

N

. Eequire

or «fn =357
Le »n=1279__.
L need =13
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Question:

The distance driven by a long distance lorry driver in a week 15 a normally distributed

variable hawving mean 1130 km and standard deviation 106 km.

a Find, to 3 decimal places, the probability that in a given week he will drive less
than 1000 km.

b Find, to 3 decimal places, the probability that in 20 weeks his average distance
driven per week is more than 1200 km.

MNew driving regulations are introduced and, in the first 20 weeks after their

intreduction, he drives a total of 21 200 lem.

Azzuming that the standard deviation of the weekly distances he drives 15 unchanged,

¢ test, atthe 10% level of significance, if his mean weekly driving distance has been

reduced State clearly vour null and alternative hypotheses. E

Solution:
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D~ N(1130,106%)

a

L os  B0<lo0p = p(z <2
b 106
S = P(Z<-12264_3y TUse —1.23
= 1-0.8907
= 010932 (tables)
or = 011002 (calculator)

soaccept 0.10% or 0110 (3 dp))

2
b x#==Z0 ﬁmN[l]BD,mG]
20

. (1200-1130)

o P(D=1200) = P|Z
//”f \\x' (LU9%4 ¢ ) 106
PN
. _'__.d--" .__..-’ ‘Elf-:':."-' - JZ_O
‘;ff"’/ = P(Z>2953) TUse295
o = 1-0.9984
= 00016 atiles)
ar = 0001572 {calculator)
Soaccept 0,002 (3 dp)
¢ H,: x=1130 (zame) H,:p0= 1130 (reduced)
1% cow 15 z=-1.2816
a4 =M=1095
20
Ctsisz= (1095-1130) =-14766...<-1.2816
106
20

significant so reject Hy

There iz evidence that his mean weekly driving distance has been reduced.
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Exercisel, Question 13

Question:

Climbing rope produced by a manufacturer 15 known to be such that one-metre

lengths have breaking strengths that are normally distributed with mean 170.2 kg and

standard deviation 10.5 kg Find, to 2 decimal places, the probability that

a a one-metre length of rope chesen at random from those produced by the
manufacturer will have a breaking strength of 175 kg to the nearest kg,

b arandom sample of 50 one-metre lengthe will have a mean breaking strength of
tore than 1724 kg

A new component material iz added to the ropes being produced. The manufacturer

keliewes that thiz will increase the mean breaking strength without changing the

standard dewiation A random sample of 50 one-metre lengths of the new rope is

found to have a mean breaking strength of 1724 kg

¢ Perform a significance test at the % level to decide whether this result provides
sufficient evidence to confirm the manufacturer's belief that the mean breaking
strength is increased. State cleatly the null and alternative hypotheses that yvou are
using. [E]

Solution:
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B =breaking strength ~ M(170.2, 10.5%)

a

P{1745< 8<1755) = P(0.4095< Z <0.5047-)
= 06915-0.6591

yd = 00324 (Hables)
or = 0054214 (calculator)
S0 accept 0022 ~ 0024
= 10.5%
b »w=230 BNN[I?D.E, ]
50
pes P(E=1724)=P| Z > 1724-170.2
M 09306 10.5
50
A =Ha 148150 Tse 1.48
=1-09308
= 0.06%4 {tables)
of = 0069229 {calculator)
1.e. accept awrt 0.069
e H, 4=1702 H;:u=1702 S% covo1sz=1.6449
ts isz = (1?2"10—;?0'2) =14815... <1.644% . Mot sigmficant so accept H,
50
Insufficient evidence of an increase in the mean breaking strength of climbing
rope,

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercisel, Question 14

Question:

A machine fills 1 kg packets of sugar. The actual weight of sugar delivered to each
packet can be assumed to be normally distributed. The manufacturer requires that,
1 the mean weight of the contents of a packet 15 1010 g, and
n  95% of all packets filled by the machine contain between 1000 g and 1020 g
of sugar.
a  Z=how that thiz iz equivalent to detanding that the wvariance of the sampling

distribution, to 2 decimal places, is equal to 26.03 g%,

A sample of B packets was selected at random from those filled by the machine.

The weights, in grams, of the contents of these packets were,

10126 10177 10152 10157 10200% 10057 100%9% 10114

Aszsuming that the variance of the actual weights is 26.03 g%,

b test at the 2% significance lewel, (stating clearly the null and alternative

hypotheses that vou are using) to decide whether this sample prowvides sufficient
evidence to conclude that the machine is not fulfilling condition 1 K

Solution:

W =weight of sugar
W e HE1010, o)

a PO000D < <10200=0.95
= 1.96c=10
509 . EE=060308... HEr=2603 0 d)

b 2=83x=8109.1, T2’ =8219 846.85|

T=10136375
Hy:px=1010 H;: q=1010 2% cv 13z =32 3263

tgisz= (1013.6375 -1010) =20165... < 23263

%)

Mot significant so accept H, .

There 15 insufficient evidence of a dewiation in mean from 1010, so we can
assume that condition i is being met.
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Exercisel, Question 15

Question:

a “Write down the mean and the variance of the distribution of the means of all
possible samples of size # taken from an infinite population having mean i and

variance o .

b Describe the form of this distribution of sample means when
i #islarge,

i the distribution of the population is normal.

The standard dewiation of all the till receipts of a supermarket during 1984 was £4.25,

¢ (iven that the mean of a random sample of 100 of the till receipts 15 £15.50,
obtain an approzimate 5% confidence interval for the mean of all the till receipts
during 1984,

d Find the size of sample that should be taken so that the management can be 95%
confident that the sample mean will not differ from the true mean by mote than
.

e The mean of all the till receipts of the supermarket during 1283 wasz £12.40,
Tzing a 5% significance level, investigate whether the sample in a above provides

sufficient ewvidence to conclude that the mean of all the 1984 till receipts is
different from that in 1953 E

Solution:
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ED=u Var(B)=Z

a

(=2

- a
i By Central Limit Theoretn X = r MNotrmal 1e XNN[,H, -

ii E’NN(,u,i]

e
a=425

c x=100 x=18.30

95% C T 1s 185011 96 xﬂ

+100

= (17.667,19.333)
= (17.7,19.3) (3ef)

d P(X-u|<050> 095

0.50 x~fn

4,25
ie. fr 1666 ien=27755._.

e, n=2780or more

=1.96

e H,:u=1%4 H; u=13%4 S ocov 1sz=21.96
t.s. isz=(18'5jz_5]9'4) =-21176_. <=-1%& significant so reject Hy.
100

There 15 evidence that the mean of till receipts in 1984 15 different from the mean
value in 1983,
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Exercisel, Question 16

Question:

The diameters of eggs of the little gull are approximately normally distributed with

mean 4. 11 cm and standard deviation 0.19 cm.

a Calculate the probability that an egg chosen at random has a diameter between
39 cmandd 5em

A sample of B little gull egge was collected from a particular island and their

diameters, in cim, were

44,4541,35% 44, 46,45,4.1

Aszsuming that the standard dewiation of the diameters of eggs from the island 15 also

0.1% cm,

b test, at the 1% lewel, whether the results indicate that the mean diameter of little
gull eggs on this island is different from elsewhere, E

Solution:

D=diameter ~I7(4.11,0.15%

a

P(3.9<D<45 =P(-1.105... < Z <2.052..)
= 0.480340.3665
= (1.5468 (tables)

or = 0.845423 {calculator)
so accept awrt 0 845 ~a 0 847

b o=01%r=82x=3457%=43125

Hy: =411 H;: u=411 1% significance lewel cow 15 z =12.5758

ts isz= (4'31351_94'11) =30145...= 25738 significant so reject Hy,
VB

There 15 evidence that the mean length of eggs from this 1zland 15 different from

elsewhere.
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Question:

Eecords of the diameters of spherical ball bearings produced on a certain machine
indicate that the diameters are normally distributed with mean 0,224 cm and standard

deviation 0.046 cm. Two hundred samples, each consisting of 100 ball bearings, are
chosen

a  Calculate the expected number of the 200 zamples having a mean diameter less
than 0 823 cm.

Cn a certain day it was suspected that the machine was malfunctioning It may be

assumed that if the machine is malfunctioning 1t will change the mean of the

diameters without changing their standard deviation. On that day a random sample of
100 ball bearings had mean diameter of 0,824 cm.

b  Determine a 28% confidence interval for the mean diameter of the ball bearings
keing produced that day.

¢ Hence state whether or not wou would conclude that the machine is
malfunctioning on that day given that the significance level iz 2%, E

Solution:

D= diameter ~ N(0.824, 0.046%)
# =100

3 (0.823— 0.824)

(&)

a P(D<0823)=P|Z

= P(Z<-02173..) Use —0.22
= 1-0.5871
= 04129 (tables)

or = 041395 (calculator)

te accept awrt 0413~,0414
so out of 200 =~ 83 samples will have mean < 0.823

b x=1004 =0234
0.046

~ 100

= (DB2325..., 084470,
= (082303845 (3:£)

98% CI 1z 0834 £23263x

¢ oince 0824 1z in the C. 1 we can conclude that there 15 insufficient evidence of a
malfunction.
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