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Exercise 5A

11
b—a 7T7-2
So a sketch of the probability distribution function (with the required probability shaded) is:

1 a 0.2

F(x) A

0.2+

0

=y

2 3 5 7
PB<X <5)=(5-3)x02=0.4
b P(X>4)=(7-4)x02=0.6

2 a Area under the probability distribution function curve is 1, so:
(k-2.6)x0.1=1
(k—-2.6)=10
k=12.6

b P(4<X<7.9)=(7.9-4)x0.1=0.39

3 a Area under the probability distribution function curve is 1, so:
kx(6—(-2)=1
8k =1

k=t
8

b P(-13<X<42)= %x(4.2—(—1.3)) = %XS.S =0.6875

c 3X<X+p:X<§
P[X<£)=O.5
2

:%z2:p:4

d Using P(4|B)=LUACB)
P(B)
1
p(X > 5| x50 PA>50X>0 PX>5) 1 1
P(X >0) P(X>0) & 6
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3 e P(X>O|X<3):P()(>0mX<3):P(0<X<3):§:§
P(X <3) P(X<3) $ 5

P(X<INn0<X<2) PO<X<I)

1
f P(X<1|0<X<2)= 2
P(0O< X <2) PO<X<2) 3

1
2

4 Sketching the probability distribution function:

ﬂ{:’] A
Shaded area=1-0.25-0.5
=0.25
k_ : 1 1 |
i 0.25 | P 0.5
0 a 5 7 b Y

P5<Y<7)=1-P(Y <5 -P(Y>7)=1-0.25-0.5=0.25
But from the sketch, P(5<Y <7)=(7-5)xk =2k

So 2k:0.25:>k:0.125=%

P(X>7)=(b—7)k=(b_T7)=%:>b=4+7=11

P(X<5):(5—a)k:(5+8a):%:>a:5—2:3

5 a As 2x2+4+5=9 and 2x8+5=21
Hence Y ~ U[9, 21]

1 1

b—a 21-9 12
)
P12 <Y <20)= (20—12)x— = =
( )=( 573

b For?Y,

6 a Continuous uniform distribution

b As 20-2x2=16 and 20-2x12=-4
Hence Y ~ U[-4, 16]

=6

By symmetry, E(Y) = w = 12

2

I 1 1

"b—a 16—(—4) 20
1 8 2

P(Y <4)=(4—(4)x—=—==
Y <4)=(4-(-4) 20°-20"3

¢ ForY
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6 d IfX<10,then Y>0, so
PY>4nY>0) P(¥Y>4) % 12 3

P(Y>4|X<10)=P(Y >4|Y>0)=

P(Y > 0) PY>0) & 16 4
7 a E(x)=2E)
_ 2 _(_ 2
b Var(X):(b a) _(5-(3)" 64 _16
12 12 2 3
16 19

¢ Var(X)=E(X?)-(E(X))’, so E(X2)=?+12 =3

d For —3<x<5, F(x)=[" ! dt:j"ldzzm _E,3_xts
3h—a 38 81, 8 8 8
So the cumulative distribution function is
0 x<-3
F(x) = x? _3<x<5
1 x>5
2 2
8 a B(X)=2t2_3*l_4 Var(xy=0=9" G- _16_4
2 2 12 12 12 3
2 2
b E(X):a+b:6+( 2):2 Var(X):(b Q) :(6 (-2)) :ﬁzm
2 2 12 12 12 3
9 a E(X)=5'5+3'5=4.5
2
b Var(X):(S'S 3.5) :i:l

12 12 3

¢ Var(X)=E(X?*)—-(E(X))
So % =E(X?)-4.5

= E(X?)=20.25 +% = % =20.6 (3sf)
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9 d For 3.5<x<5.5, F(x)= Dogref Lao| L] 227 277
35h—a 352 25 2 4 4
So the cumulative distribution function is
0 x<3.5 0 <35
2x-17
F(x)= 3.5<x<5.5 =40.5x-1.75 3.5<x<5.5
1 555 1 x>5.5
a+b
10 E(Y)= =1l=b=2-a 1
2
var) == 3 gy 16 @)
12 3
Substituting equation (1) in equation (2) gives:
2-a-a)’ =16

=2-2a=%4

=a=3 or -1

Ifa=3,b=2-3=-1
Ifa=-1,b=2-(-1)=3
As b > a, the solutionis a =—1 and b =3

S+(-1) _

11 E(X) = 2

Var(X) =W= 3

E(Y)=EM4X-6)=4E(X)-6=8-6=2
Var(Y) =Var(4X —6) =4>Var(X) =16x3= 48

12a E(R):#:S:}ﬂzlﬂ—a

2
Var(R)=(ﬁl—;)=§:>(10—2a)2 =1l6=>a=5+2=a=3o0r7

If a=7,=3;, if a=3,=7
But o < S so the solutionis a =3, f =7

b P(R<52)=>2"% =272=0.55

p—a

13 a The probability density function of X is
f(x)=

asx<pf
p—«a

0 otherwise
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13b E(X):a;’g:Z.S:ﬂ:S—a

14 a

15a

P(X<l)=z®_4_ lza 4
B-a 11 5-2a 1

=11-1la =20-8«

=3a=-9

>a=-3,=5-a=8

The probability density function of X is

=— substituting for S

12

4

f0=1,
—  =5<x4
9
0 otherwise
Sketching the probability distribution function gives:
f[T} A
-1
flx)= 9
i I
| |
1 |
| |
1 |
I l »
-5 0 4 .
_ _ 2 _(_ 2
E(X)=a+b=4+( 5__1 Var(X)=(b a _(4-(=5) _81_27
2 2 2 12 12
Var(X)=E(X?) - (E(X))’

27 Lo 1 L. 28
2 (X7) > (X7) 1

P(—O.2<X<0.6):w:%_i
4-(-5 9 45

P(X <0)=F(0) :%

d
f(x) = dxF(x)
So the probability density function is:
fx) =
1 —3<x<4
7
0 otherwise

X~ U[—3,4] , it has a continuous uniform distribution
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15d E(X):a;b:4+§—3):%
_(b-a) (-3 _ M
ValX) =" =1 12
16a E(X)=4+§_1)=%=1.5
b Var(X)=@=?—§

¢ Var(X)=E(X?)—(E(X))

So 2 =E(XY)-2mE(xY) =i 22 D
12 4 212 3
d P(x<14)=142CD 2444
4-(-1) 5

e Let the random variable Y represent the number of times that X is observed to be less than 1.4 in
6 observations, then using the result from part d, ¥ ~ B(6,0.48)

P(Y = 4) ={ J(O.48)4(10.48)2 = 6;5 x0.48% % 0.52% = 0.2153 (4 d.p.)

6
4

17a E(X):a;’g:7.5:>,3:15—a

P(X<10.5)=1-P(X >10.5)=1-0.25=0.75
105—-« 075 105-«a
p—a 15-2a
=105-a=11.25-1.5x

=>a=15, f=15-a=13.5

P(X<10.5)= =0.75 substituting for

bi P(x<c)=

ii P(c<X<9)=P(5.5<X<9)=31;25 !

Challenge

3 4 4
Sat-f-a (B-a)
a P(X<ia+iﬁj:7 7 =1 _4
7 7 p—a p—a 7

2 3 2
p-ca-_B (f-a)
b P(X>%a+%ﬂ]= S 5 U5 _2

p—«a p—a 5
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