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Exercise 4D

1 a Between (0,0.3) and (4,0) the curve is a negative quadratic. Otherwise f(x) is 0.
There is a maximum between x = 0 and x =4 (as when x = 1, for example, f(x) > 0.3).

f[x] A

0.3+

b To find the mode solve, %f(x) =0

ii(8+2x—x2)=0
dx 80
3
—(2-2x)=0
50272
2-2x=0
x=1

The mode is 1.
(To check this is a maximum, either use the sketch or differentiate again and see if £'{1)<0.)

2 a Ifx<0,F(x)=0 so F(0) =0
Ifo<x<4
<1 1,[ 1
F(x)=FO)+| —tdt=| -1 | =—x
(=FO+[ g [16 l 16~
So the full solution is:
0 x<0
1,
Flx)=5 —x° 0<£x<4
(x) T <
1 x>4
1, 5 . i
b F(m)zgm‘=0.5:>m‘=8:>m=\/§ (Note —\/glsnotmtherange 0sx<4)

So median =2.83 (3 s.f))

3 a AsF(2)= = and F(m) = 0.5, the median must lie in the range 0 < x < 2

(SSERN)

SoF(m)= —=05=>n" =3:>m=+x/§=1.732 (3dp) (as —V/3 1s not 1n the range)

c\|§N
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3 b Lower quartile is less than the median so it lies in the range 0 < x < 2
o

o025 00 =15=0,= J15=12247..=12253 dp)

AsF(2)= % , upper quartile lies in the range 2 <{ x <3

—%+2g—2=0.75

—0? +60,—6=225
~Q? +60,—825=0
QJ_—6i\/36—33

-2
0, =2.134 3d.p.) or 3.866 (3d.p.)
0, =2.134 (3 d.p.) as 3.866 does not lic in the range

Interquartile range = 2.1340 —1.2247 = 0.909 (3 d.p.)

4 a The graph is a straight line between (0,1) and (2,0). Otherwise f(x) is 0.

fla) a
14

0 2 x
b 0 (the mode occurs at the maximum point of the probability density function graph)

¢ Using Method 1:

f 1 1,[ 1
4]

Using Method 2:
For 0 < x <2, F(x)=j.l—%xdx=x—ixz+c
AsF2)=1,2-1+c=1=c=0
So the full solution is:
0 x<0
F(x)= x—ix2 0<x<g2

1 x>2
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4 d m—lm2=0.5
4
m —Am+2=0
_4EvV16-8 *’;6_8:21\/5

As2+ \E 1S not in range, median = 2 — \E =0.586 (3 s.f)

1
e 0,-,0;=075

Q -40, +3=0
(0, -0, -3)=0
So 0, =1 {other solution is not in the range 0 < x < 2)

1 1
5 a The graph is a straight line between (O,Ej and (3,3] . Otherwise f(x) is 0.

f(y) 4

o= pa|=
| |

Yy
b 0 (the mode occurs at the maximum point of the probability density function graph)

¢ Using Method 1:

1,[ »y 1
For 0<yv«3, F ___d_; P 2p| =2 2
. g )= '[ [2 18 l 2 18
Using Method 2:
y 1
For 0 < v«<3, F “vdv=2— te
¥ »= I y y= 5 18y

AsF(3)=1, g—2+c=l::>c=0
2 18

So the full solution is:

0 v<0
y 1,
F(y})=¢ =——y 0 y<L3
(r) ST ¥
| y>3
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sa ™ Lo_os
2 18
nt—9m+9=0
_9%B1-36 _9+445 _9+3Vs
B 2 22
9+35

As

9-3J5
2

= 7.85 lies outside the range, median = =1.15@3 sf)

6 a The graph is a positive cubic between (0,0) and (2,2). Otherwise f{(x) is 0.

flx) &

2_

(0]

[ By

b 2 (the mode occurs at the maximum point of the probability density function graph)

=1 1, 1
¢ For 0<x<2, Fx)=| -Fdr=| =" | =—x*
<x<2 F@=| 7 [16 } 7
So the full solution is:
0 x<0
1
F(x)= Ef 0<xgL2
1 x>2
d 116 ‘=05>m' =8=>m=148 (median must be the positive oot to be in the range)

So median = 1.68 (3 s.f.)
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7 a The graph is a positive quadratic between (—l,%) and (1,%}, with a minimum at (O,%) .
Otherwise f(x) is 0.

f(x)

oo|ws

et e ——

0

b The distribution is bimodal; it has two modes. They are at —1 and 1.

¢ The distribution is symmetrical. Median = 0

<3, 3 1, 3 [1, 3 1 3] 1,3 1
d For -1<x<, F(x)=| =x*+>dx=|-x"+>x| =|=X+>x|-|—=->|==x+>x+=
Sr<LF@=[ gty [8 8]1 [8 8 § 8| 8 '8 2
So the full solution is:
0 x<-1
1, 3 1
F(x)= §x‘+§x+5 -1<x<1
1 x>1

6
8 a The graph is a negative quadratic between (0,0) and (2,6), with a maximum when x = 1.5.

Otherwise f(x) is 0.
fla) &

0.6

O

N_-———————
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8 b Find the mode by solving

afe 3.,
dx\ 10 10 J

9 3 ,)
100 10

o 9 , 1 9
¢ For 0<x<2, F(x)zjo Ly Jd1= %IZ_EIS =%xz

So the full solution is:

0 x<0
9 b) 1 3
F(JC)= %JC —Ex 0~.<\ ‘C~.<\2
1 x>2
9 1

d F(123)=—x1.23"-—x1.23"=0495
20 10

9 1
F(1.24) = —x1.24* — — x1.24* = 0.501
20 10

1

3
-—x

10

Since F(m) = 0.5, F(1.23) <F(m) < F(1.24) and as F(x) is a cumulative distribution function this

shows that the median, m, lies between 1.23 and 1.24.

9 a f(x)=%F(x)

So where F(x) is constant, f(x) =0
a1, 1) 1
—| =x"—=|=—x
dx LS 8/ 4
So the probability density function is:

For 1< x <3, f(x)=

£(x)= Zx 1<x<3

0 otherwise
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9 b The graph of f(x) is a straight line between (1,0.25) and (3,0.75). Otherwise (x) is 0.

f{x} A

0 1 2 3 x

The mode = 3 (the mode occurs at the maximum point of the probability density function graph)

¢ Fomy='mt-1-05
8 8

1 5
=-m="=m=+5
8 8

Median = /5 =2.24 (3 5.£)

d Plh<X<k+D=P(X <k+)-P(X <k)=F(k+1)-F(k)
1 2 1., . _
So g((k+1) —1)—§(k ~1)=0.6

>kE4+2k+1-1-k*+1=438
=2k=38
=k=19

d
10a f(x)=—F
a f(x) ™ (x)
So where F(x) is constant, f(x) =0
For 0<x <1, f(x)= %(43:3 -3x)=12x"-12x

So the probability density function is:
12x*(1-x) 0<x<1

0 otherwise

f(x)=
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10b The graph of f(x) is negative cubic between (0,0) and (1,0) with a maximum between x = 0 and
x =1. Otherwise f(x) is 0

S A
2
1.5+
14
0.5

=y

0 0.5 1 1.5

To find the mode solve %f(x) =0

i(12x2 —12x’)=24x-36x" =0
dx
=12x(2-3x)=0

=x=0o0or z
3

Checking whether f(x) is a maximum or minimum at these points:
f"(x)= %(243: —36x%)=24-T2x
Atx=0,1"(x)=24. As ["(x) >0, there 1s a minimum at this point

2 . . . .
Atx= 3 f"(x)=-24. As f"(x) <0, there is a maximum at this point

So the mode = %

¢ P(02<X<0.5)=F(0.5-F(02)
= (4x0.5°—3x0.5")—(4x 0.2 ~3x02")
—0.5-0.1875—0.032+0.0048 = 0.2853

w20 , [0 , 20 ;" 25, 4 5 w
11a For 0 < w5, F(w)—_[o 5—51 (5—1)d1—[4x551 —stst} —S—SW —§W—5—5(25—4w)
So the full solution is:
0 w<{

4
F(w) = ”515(25—414;) 0< w5

1 w>5
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4
L (255 13.6)

=0.4875 (4d.p)

F(3.5)= =0.5282 (4dp)
So F(3.4) < 0.5 <F(3.5), hence the median Lies between 3.4kg and 3.5kg

3.5%(25-14)
-5

¢ To find the mode, solve %f(w) =0

d(20 \_60 ., 80

:>5—5w2(15—4w)=0

=w=0o0r E

f(w)>0 whenw<$and<0 whenw>%5, sow= % is a maximum

1
Hence mode = 75

(Alternatively justify the maximum by sketching f(w) or showing that £{3.75)<0)

1x 2x* 21 [T
12a E()():jozdzﬁj1 ?dx:{glﬁ[gl

1,32 1 _ 254248 273 _ .

8 25 25 200 200

b Ifx <0, F(x)=0 so F(0)=0
fogx<l1
X
F(x)=|—-dx=—+
) I4 e
AsF(0)=0= c=0
Ifl1gxg?2

4

F(x)= j dx——+d

AsF(2)=1> E+av 1= d=2 -
20 20

t.h\v—n

So the full solution is:

0 x<0
al 0<x <]
Fx) = r441
—+= 1<y 2
20 5
1 x>2
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12¢

13a

4

m 1
Fim)="—1-205
m=5*s

m'+4=10

m' =6

m=1.565 (3dp)

So median =1.565 (3 d.p.)

Lower quartile

A
% + 1 =025
20 5
O'+4=5

0 =1

Upper quartile

4
g1 o7
20 5

Q' +4=15

gl =11
0, =1.8212 (4dp.) (Note —1.8212 isnot inrange)

Interquartile range = 1.8212 — 1 =0.821 (3 d.p.)

X

1 2
—+—=0.4:>—+§=§:>x4=4:>x=l.414 @ dp)

decreases

f(x) 1s a continuously decreasing function in the range 2 < x < 1{), as x increases 105
xIn

So the mode occurs at x =2

IntT Inx In2 Inx-In2 In0.5x)
5|, W5 WS WS IS

2

1
For 2 < x < 10, F(x)=LRd1=

So the full solution is

0 x<2
In(0.5x)
In5

1 x>10

F(x)= 2<x <10

In0.5m Inm—In2
In5 In5

—Inm=05m05+I2=mn2y5)
= m= 2\/5

F(m) = =0.5
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13d Lower quartile
o -I2_ s
In5

=g =025In5+In2=1.09551 (5 d.p.)
=0, =¢""""=29907 (4d.p)

Upper quartile

=@, =0.75In5+m2=190023 (5 dp)
= 0, =" = 66874 (4d.p)

Interquartile range = 6.6874 —2.9907 = 3.697 (3 d.p.)

X

~ (" 285 g, [ 2 g 25
14a For x>0, F(A)_j[) 25e7 % dr=| e ] =1-e
So the cumulative distribution function is

F(x) = OV x<0
l-e=™ x2=20

F(m)=1-¢ 2" =05

=e " =05
=-25m=m0.5=-0.6931
— m=0277 (3 dp)

So median is 277 hours (to the nearest hour)

b Lower quartile
1-¢ 7% =025
=e % =075
= -2.50, =In0.75=—-0.28768
=0, =0.1151 (4d.p.)

Upper quartile
1-e 7% =0.75

=e % =025
= -2.50, =In0.25=-1.38629

=, =0.5545 (4dp)
Interquartile range = 0.5545 - 0.1151 = 0.439 (3 d.p.)

So to the nearest hour, the lower quartile is 115 hours, the upper quartile is 555 hours and the
interquartile range is 439 hours.
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15a The area under the curve must equal 1, so:

025
Iﬂ ksec’(mx)dx=1

= [Etan(m)[ =1
T
k_

= E(tan(o.zsn)—tzmo) =Z=1
T A

=>k==

b For 0<x <25 F(x)= Kﬂsecl(nr)dt =[tan(1tr)]z = tan(7x)

So the cumulative distribution function is

0 x<0
F(x}=< tan{mx) 0<x<0.25
1 x>025

¢ F(m)=tan(nm)=0.5
= mm=0.4636=>m=0.1476 (4dp)

16 a The area under the curve must equal 1, so:

[’ L
2 x(5-x)
4] 1

—+ dx =1
25x 5(5-x)

:%[lnx—ln(S—x)]z =1

= k(In4-In2+In3)=5

:kln[%J:khm:S

:k:i
In6
5 0 x 5 c0 1
b =2 dx =
0= 16) 365-9 1n6-[2(5—x)
5 4 5In3
=2 [—ln(5-x) | =2 =3.06572=3.066 (3 dp.
[ -n-0 ], =~ (3dp)
2z
¢ BX)=— [ e[ = [ e ax
m6%2 x(5-x) = I62(G-x) 6  (5-x)
5 « S35 5(5n3—2)
=2 [x—5G-x)] =22 = 2 (-4+2+5M3)= 2222 "% _ 97476 (4 dp.
el G0 ] =3 =16 )= "6 “dp)

Var(X) = E(X?)— (B(X))> =9.7476 — (3.0657)" =0.349 (3dp)
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- S
16d For 2<x<4, Fx)= =0 [y dr
6% ((5-1)  In6%: 5t 5(5-1)

1( ( 3 )
:—[lnt (-0 = (lnx In(5-x)—In2+1n3)= 1n6L1nL2(5 %))

So the cumulative distribution function is

0 x<2
Fx)={ ——| | —2 2<x< 4
6|\ 10—2x
1 x>4
e Fim)=— {ln 3m ) _os
m6\ 10-2m

m
thIO—ZmJZO'Sthh\/g

3m =\/E

=
10-2m

106

m=———=3.101 3dp.)

3+2\/g

f 4 because the probability distribution function curve is U-shaped and the maximum value of the
curve is at the endpoint 4.

g As the mean < median < mode, the distribution is negatively skewed.
Challenge

1 There are many possible answers. The sketches below show one set of graphs that satisfy the
respective conditions:

a The mode # median because there is no maximum.

flx) &

(
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Challenge (continued)

1 b The mode lies outside the interquartile range because the maximum is at an endpoint.

f(x} A

%

X

2 There are many possible answers. Consider this function:

¥ O<gx<1
f(x)= % l<x<2
0  otherwise
J&) A
1 .
0.5+
0 1 2

It is a probability distribution function as:
2T 2
ledx+jzldx= il + d =1+1—1=1
0 12 2 2 ' 2 2

The cumulative distribution function is:

0 x<0

X oogx<l
Fx)=1 -2

X jex<2

2

1 x>2

From the sketch, the mode = 1. From the cumulative distribution function F(1) = 0.5, so the median
is 1 and the median and the mode are therefore equal.
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