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Questions

Q1.

(a) Show that

10sinZ @ — 7cosO + 2

=4 — S5cosf
3+ 2cosf

(b) Hence, or otherwise, solve, for 0 < x < 360°, the equation

. 2
10sin” x — 7cosx + 2

=44+ 3siny
3+ 2cosx

(Total for question = 7 marks)
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Q2.

Solve, for 360° < x < 540°,
12sin?x+ 7 cos x—13=0
Give your answers to one decimal place.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

(Total for question = 5 marks)
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Qs.

(a) Show that the equation

4cosBb—-1=2sinBtan B
can be written in the form

6cos28—-cos6-2=0

(b) Hence solve, for 0 < x < 90°

4 cos 3x—1 =2 sin 3x tan 3x

giving your answers, where appropriate, to one decimal place.
(Solutions based entirely on graphical or numerical methods are not acceptable.)

(Total for question = 8 marks)
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Q4.

The curve C, in the standard Cartesian plane, is defined by the equation

. - T
x=4sm2y T <y<—

The curve C passes through the origin O

dy
(a) Find the value of dx at the origin.

(b) (i) Use the small angle approximation for sin 2y to find an equation linking x and y for
points close to the origin.

(i) Explain the relationship between the answers to (a) and (b)(i).
(c) Show that, for all points (x, y) lying on C,
dy _ |

de avbh —x*

where a and b are constants to be found.

(Total for question = 7 marks)
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Q5.

Given that 8 is small and is measured in radians, use the small angle approximations to find
an approximate value of

1 — cos4d
20sin 30

(Total for question = 3 marks)
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Q6.

(a) Solve, for —180° < x < 180°, the equation
3 sin?x + sin x + 8 = 9 cos?x
giving your answers to 2 decimal places.
(b) Hence find the smallest positive solution of the equation

3sin?(26 — 30°) + sin(26 — 30°) + 8 = 9 cos?(26 — 30°)

giving your answer to 2 decimal places.

(Total for question = 8 marks)
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Q7.

Some A level students were given the following question.
Solve, for -90° < 6 < 90°, the equation
cos 6=2sin 6

The attempts of two of the students are shown below.

Student 4 Student B
cos @=2sméb cos @=2smf
tand =2 cos’@=4sm’> 84

f=634° 1—sin* @ =4sin’ f
. 1
sin“f = —
J
. 1
sinfl = +—
J5
g = +26.6°

(a) Identify an error made by student A.

Student B gives 6 = —26.6° as one of the answers to cos 6 = 2 sin 6.

(b) (i) Explain why this answer is incorrect.

(ii) Explain how this incorrect answer arose.

(Total for question = 3 marks)



Trigonometric Identities - Year 1 Core PhysicsAndMathsTutor.com

Mark Scheme

Q1.
Question Scheme Marks AQOs
- T
@ 10sin? 6—Tcosg+2 _10(1-cos™ 6)-Tcos6+2 Mi L1b
3+2cosd B 3+2costd
_12-7cosf—10cos’ 6 Al L1b
N 3+2cosd
E(3+20m5](4—5c055) Mi L1b
3+2cosd
=4—5cosf * Al* 2.1
(4)
. 5
(b) 4+351nx=4—5cosx::=tanx=—§ M1 2.1
1.1b
x=awrt121° 301°
X =aw . Al Al 11b
(3)
(7 marks)
Notes
(a)

M1: Uses the identity sin’ @=1—cos’ & within the fraction
12-7cos8—-10cos’ 8
3+2cos@

3+2cosd)(4—5cosd 12— Tu—10u° :
( N ) Allow for #w}uf: they introduce u =cos @
3+2cosd 3+2u
We would condone mixed variables here.
M1: A correct attempt to factorise the numerator, usual rules. Allow candidates to use u =cosé
oe
Al*: A fully correct proof with correct notation and no errors.
Only withhold the last mark for (1) Mixed variable e.g. 8 and x's (2) Poor notation
cos& <> 00s’ @ or sin® =1-cos’ within the solution.
Don't penalise incomplete lines if it is obvious that it is just part of their working
10sin” 6—7cos@+2 _10(1-0c0s"6)-Tcos0+2 12 _7cosf-10cos’ @

Eg. 3+2cosd = 3+2cos8

Al: Correct (simplified) expression in just cos & or exact equivalent such

(b)

M1: Attempts to use part (a) and proceeds to an equation of the form tanx =%k, k=0
Condone 6«>x Do not condone @tany =0 tanx=b>x=.,
Alternatively squares 3sinx =-5cosxand uses sin” x =1-cos’ x oe to reach
sinx=4,-1<A4<1 orcosx=8,-1<B<1
Al: Either x=awrt 121° or 301°. Condone awrt 2,11 or 5.25 which are the radian solutions
Al: Both x=awrt121°and 301° and no other solutions.

Answers without working, or with no incorrect working in (b).
Question states hence or otherwise so allow

For 3 marks both x=awrt 121° and 301° and no other solutions.
For 1 marks scored SC 100 for either x =awrt 121° or 301°




Trigonometric Identities - Year 1 Core

PhysicsAndMaths Tutor.com

Alternative proot 1n part (a):
M1: Multiplies across and form 3TQ in cos & on rhs
10sin® 6 —7cos 6+2 =(4—5cos6)(3+2cosf )= 10sin® 8 —7cos@+2= Acos” +Bcosf+C

Al: Correct identity formed 10sin® 8—7 cos§+2 = —10cos” f—7cosf+12

dM1: Usescos” @=1—sin’ @ on the rhs or sin® 6 =1—cos’ on the Ihs
Alternatively proceeds to 10sin® @+10cos®* #=10 and makes a statement about

sin” @+cos” 8=1 oe

Al1*: Shows that (4—5c0s6)(3+2cos6) =10sin #—7cos #+2 oe AND makes a minimal
statement "hence true"

Q2.

Question Scheme Marks | AOs
Uses sinx=1—cos’x= 12(1-cos’ x)+7cosx—13=0 M1 31a
=12cos” x—7cosx+1=0 Al 1.1b
Uses solution of quadratic to give cosx= M1 1.1b
Uses inverse cosine on their values, giving two correct follow
thr B M1 L.1b
ough values (see note)
= x= 430.5°, 4355° Al L1b
(5 marks)

Notes

MIL: Uses correct 1dentity

Al: Correct three term quadratic

MIL: Solves their three term quadratic to give values for cos x — (The correct answers are
cosx =1 or +but this is not necessary for this method mark)

MI1: Uses inverse cosine on their values, giving two correct follow through values - may be
outside the given domain
A1l: Two correct answers in the given domain




Trigonometric Identities - Year 1 Core PhysicsAndMathsTutor.com

Q3.
Question Scheme Marks | AOs
(a) . . sinf
4eosf—1=2sinf tanf = 4cosF —1=2sinf = M1 1.2
cosd
= 4c0s°@—cosf=2sin’6 oe Al 1.1b
:}=4c0315—c036'=2(1—c05:9 } M1 1.1b
6eos @ —cosf—2=0 * Al* 21
&)
() For attempting to solve given quadratic M1 1.1b
; 2 1
[-COE'}I}:E‘_E Bl 1.1b
x—larccos El orlarccos —l] Ml 1.1b
- 3 \ 3 A 3 b 2 Py ) .
x=40° 80°, awit 16.1° Al 2.2a
)
(8 marks)
Notes
(a)
. . sind . . .
M1: Recall and use the identity tan& = P Note that it cannot just be stated.

Al: 4c0s’@—cosf=2sin"8 oe.
This 15 scored for a correct line that does not contam any fractional terms.
It may be awarded later in the solution after the identity 1—cos” 8 =sin’ & has been used Eg for

cosB(4cosf—1)=2 [ 1-cos’ 8 ) or equivalent

M1: Attempts to use the correct identity1 —cos® @=sin’ 8 to form an equation in just cosé
Al~: Proceeds to correct answer through rigorous and clear reasoning. No errors in notation or
bracketing_ For example sin’ & =sin &’ is an error in notation

(b)

M1: For attempting to solve the given quadratic "6 }-'] —y—2=0 "where y could be

cos3x, cosx, or even just y. When factorsing look for (ay+b)(cy+d) where ac=+6 and

bd =12

This may be implied by the correct roots (even award for [ ¥ i% l[ ¥ i% 1) , an attempt at

factorising, an attempt at the quadratic formula, an attempt at completing the square and even +
the correct roots.

2 1
B1: For the roots 373 oe

3
Al: x=40°80" awrt 16.1° only Withhold this mark if there are any other values even if they

are outside the range. Condone 40 and 80 appearing as 40.0 and 80.0

) . .21
M1: Finds at least one solution for x from cos3x within the given range for their —, ~3
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Part | Working or answer an examiner might | Mark | Notes
expect to see
dx dy 1 . R . o
(a) — =8cosly = = 5 M1 | This mark 1s grven for differentiating and
dv dx 8Bcos2y inverting
dv _ 1 . .. . dy
At(0,0), = = Al | This mark is given for finding — when
de 8 dx
y=0
(b)Y1) |sin2y=2y = x= 8y Bl | This mark is given for finding an
approximation for x
(b)11) | When x and y are small, x =4 sin 2y Bl | This mark 1s given for a valid explanation
approximates to the line x = 8y of the relationship between x and v when
both are small
(c) |sin’2y+ecos?2y=1 M1 | This mark 1s given for a method to use
= cos? 2y = 1 —sin® 2y find an expression for sin® 2y in terms
of x
x=4sm2y = smn’ly= : %I
dv _ Al | This mark is given for an unsimplified
dx expression for d—l
X
dy 1 Al | This mark is given for a fully correct
E_F’m answer witha=2 and b = 16
Question Scheme Marks AOs
2
) ) (46)  1-cosd@ M 1.1b
Attempts either sin38 =~ 38 or cos48 ~1- 5 M 5p-3p
(. (48)
) 1—‘ 1—{ 5 )
- (46) - M1 2.1
Attempts both sin 38 ~3& and cos4f ~1— 5 56%30 -
and attempts to sumplify
4
=3 oe Al 1.1b
®
(3 marks)
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48)’
M1: Attempts erther sin38~ 38 or cos48 = 1— % in the given expression.

See below for description of marking of cos 48

_ (a8Y’
M1: Attempts to substifute both sin38 ~ 38 and cos46 ~1- ! ﬁ)
[ (a8)
1 ‘ 1 ——
— T and attempts to simplify.

Condone missing bracket on the 48 so cos4@ = l—i would score the method

Expect to see 1t simplhified to a single term whach could be 1n terms of &
Look for an answer of & but condone k& following a slip

Al: Uses both identities and simplifies to 3 or exact equivalent with no mcorrect lines BUT allow

recovery on missing bracket forcos48 = 1— % .
i 27
| 48
l_l ]_(T:'
\ ] 88t 4
B 3g3e e 3 o MIMIAD

Condone awrt 1.33.

_1-cosde 1-(1-2sin°26) osin2g 2x(26)" 4
© 285138 28s1n38 28sin38  28x38 3

M1 For an attempt at sin 38 = 38 or the identity cos48 =1—2sin’ 28 with sin28=~ 28
M1 For both of the above and attempts to simplify to a single term.

Al ioe
3
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Q6.
Question Scheme Marks AOs
(a) Uses coszx=1—si112x:>35i.112x+si11x+8=9(1—5i.n2x) M1 3.1a
=12sm” x+sinx—1=0 Al | LIb
= (4sinx—1)(3sinx+1)=0 M1 1.1b
i 1 1
= =—.—Z Al 1.1b
E
Uses arcsin to obtain two correct values Ml 1.1b
All four of x=1448° 165.52° —19.47° —160.53" Al 1.1b
(6)
(b) Attempts 26-30°=-1947° Ml | 3.1a
= #=5.26" Alft | 1.1b
2)
(8 marks)
Notes:
(a)
M1: Substitutes cos” x=1—sin" x into 3sin’ x +sinx+8=9cos” x to create a quadratic
equation in just sin x
Al:  12sin® x+sinx—1= 0 or exact equivalent
M1: Attempts to solve their quadratic equation in sin x by a suitable method. These could
include factorisation, formula or completing the square.
Al: sinx = L ,—l
4 3
M1: Obtains two correct values for their sinx=Fk
Al:  All fourof x=14.48°165.52° -19.47°, -160.53°
(b)
M1: For setting 26—30° =their'-19.47°'
Alft:  8=5.26"but allow a follow through on their '—19.47°'
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Q7.
Question Scheme Marks AOs
(a) . cosd
Identifies an error for student A: They use — i tan &
g Bl | 23
It should be ~—— = tan &
cost
1)
(b) (i) Shows c0s(—26.6°) # 2sin(—26.6°), so cannot be a solution - -
(i1) Explains that the mncorrect answer was introduced by squaring B1 24
2)
(3 marks)
Notes:
(a)
Bl:  Accept aresponse of the type 'They use c'.)se = tan & . This 1s mcorrect as smg =tan '
Cos
It can be implied by a response such as 'They should get ran & =% not tangd=2'
Accept also statements such as 'it should be cot@=2"
(b)
B1l:  Accept a response where the candidate shows that —26.6 is not a solution of
cos @ = 2sin & This can be shown by, for example, finding both cos(—26.6°] and
251'11(—26.-5“) and stating that they are not equal. An acceptable alternative 1s to state that
cos [—26.6°] =+ve and 2sin (—26.6"] =—ve and stating that they therefore cannot be
equal.
Bl:  Explains that the incorrect answer was mtroduced by squaring Accept an example showing
this. For example x =35 squared gives x* =25 which has answers 15






