Trigonometric Equations - Year 1 Core PhysicsAndMathsTutor.com

Questions

Q1.

Solve, for 360° < x < 540°,
12sin?x+ 7 cos x—13=0
Give your answers to one decimal place.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

(Total for question = 5 marks)
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Q2.

(a) Show that the equation

4cosBb—-1=2sinBtan B
can be written in the form

6cos28—-cos6-2=0

(b) Hence solve, for 0 < x < 90°

4 cos 3x—1 =2 sin 3x tan 3x

giving your answers, where appropriate, to one decimal place.
(Solutions based entirely on graphical or numerical methods are not acceptable.)

(Total for question = 8 marks)
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Qs.

Vi

-Y

Ple, d)

Figure 3
Figure 3 shows part of the curve with equation y = 3 cos x°.

The point P(c, d) is a minimum point on the curve with ¢ being the smallest negative value of
x at which
a minimum occurs.

(a) State the value of ¢ and the value of d.

(b) State the coordinates of the point to which P is mapped by the transformation which

transforms the curve with equation y = 3 cos x° to the curve with equation

)
(i) y=3cos \ 4
(i) y=3cos (x—36)°
(c) Solve, for 450° <0< 720°

3cos6=8tan 6
giving your solution to one decimal place.
In part (c) you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(Total for question = 8 marks)
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Q4.

In this question you should show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(i) Solve, for 0 < 6 <450°, the equation

5 cos?6 = 6 sin 6
giving your answers to one decimal place.

(i) (a) A student's attempt to solve the question

"Solve, for —90° < x < 90°, the equation 3 tan x — 5 sin x = 0"
is set out below.

Jtanx —Ssmx =10

sinx .
3 —Ssmx =10
COS X

3sinx —Ssinx cosx =10

3
COSX = —
5
x=53.1°

Identify two errors or omissions made by this student, giving a brief explanation of each

The first four positive solutions, in order of size, of the equation

3
cos (Sa +40°) = E

are a4, az, az and as
(b) Find, to the nearest degree, the value of a4

(Total for question = 9 marks)
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Q5.

(a) Show that

10sinZ @ — 7cosO + 2

3+ 2cosf =4-—Teasd

(b) Hence, or otherwise, solve, for 0 < x < 360°, the equation

. 2
10sin” x — 7cosx + 2 ,
=4+ 3sinx

3+ 2cosx

(Total for question = 7 marks)
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Q6.

f(x)=-3x3+8x>-9x+ 10, xR
(a) (i) Calculate f (2)
(ii)) Write f (x) as a product of two algebraic factors.
Using the answer to (a)(ii),
(b) prove that there are exactly two real solutions to the equation

-3y + 8y -9y2+10=0

(c) deduce the number of real solutions, for 71 < 6 < 1017, to the equation

3tan®9-8tan?60+9tan6-10=0

(Total for question = 6 marks)



Trigonometric Equations - Year 1 Core PhysicsAndMathsTutor.com

Q7.

Some A level students were given the following question.
Solve, for -90° < 6 < 90°, the equation
cos 6=2sin 6

The attempts of two of the students are shown below.

Student 4 Student B
cos @=2sméb cos @=2smf
tand =2 cos’@=4sm’> 84

f=634° 1—sin* @ =4sin’ f
. 1
sin“f = —
J
. 1
sinfl = +—
J5
g = +26.6°

(a) Identify an error made by student A.

Student B gives 6 = —26.6° as one of the answers to cos 6 = 2 sin 6.

(b) (i) Explain why this answer is incorrect.

(ii) Explain how this incorrect answer arose.

(Total for question = 3 marks)
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Q8.

(a) Solve, for —180° < x < 180°, the equation
3 sin?x + sin x + 8 = 9 cos?x
giving your answers to 2 decimal places.
(b) Hence find the smallest positive solution of the equation

3sin?(26 — 30°) + sin(26 — 30°) + 8 = 9 cos?(26 — 30°)

giving your answer to 2 decimal places.

(Total for question = 8 marks)
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Q1.
Question Scheme Marks | AOs
Uses sin®x=1—cos*x= 12(1-cos’ x)+7cosx—13=0 M1 3.1a
=12cos’ x—7cosx+1=0 Al 1.1b
Uses solution of quadratic to give cosx= M1 L.1b
Uses inverse cosine on their values, giving two correct follow
; M1 1.1b
through values (see note)
= x= 43057 4355° Al 1.1b
(5 marks)
Notes
MI1: Uses correct identity
Al: Correct three term quadratic
MI1: Solves their three term quadratic to give values for cos x — (The correct answers are
cosx =7 or | but this is not necessary for this method mark)
MIL1: Uses inverse cosine on their values, giving two correct follow through values - may be
outside the given domain
Al: Two correct answers i the given domain
Q2.
Question Scheme Marks | AOs
(a) ) ) sin@
4cosB—1=2zin8 tanf = 4cosf—1=2sinf = M1 12
cos @
= 4cos B —cos#=2sin"@ oe Al 1.1b
:‘=4c0519—c059=2(1—c0529 } M1 1.1b
6c0s’0—cosf—2=0 * Al* 21
(4
(h) For attempting to solve given quadratic M1 1.1b
. 2 1
[.cos3x}=§,—§ Bl 1.1b
= El = ‘ 1‘] M1 1.1b
l—jarccostgfcngarccos‘ 3 \ :
x =40 80, awrt 16.1° Al 22a
)
(8 marks)
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Notes
(@) .
M1: Recall and use the identity tan &= sing

cos

Note that it cannot just be stated.

Al: 4c0s’@—cosf=2sin"8 oe.

This 15 scored for a correct line that does not contam any fractional terms.

It may be awarded later in the solution after the identity 1—cos” 8 =sin’ & has been used Eg for
cos 8(4cosf—1)= 2{-1 —cos’ @ ) or equivalent

MI1: Attempts to use the correct identity 1 — cos® f=sin’ 8 to form an equation in just cosé
Al~: Proceeds to correct answer through rigorous and clear reasoning. No errors in notation or
bracketing_ For example sin’ & =sin &’ is an error in notation

(b)

M1: For attempting to solve the given quadratic "6 y] —y—2=0 "where y could be

cos3x, cosx, or even just y. When factorsing look for (ay+b)(cy+d) where ac=+6 and

bd =12

This may be implied by the correct roots (even award for [ ¥ i% l[ ¥ i% 1) , an attempt at

factorising, an attempt at the quadratic formula, an attempt at completing the square and even +
the correct roots.

2 1
B1: For the roots 373 oe

) . .21
M1: Finds at least one solution for x from cos3x within the given range for their 373

Al: x=40°80" awrt 16.1° only Withhold this mark if there are any other values even if they
are outside the range. Condone 40 and 80 appearing as 40.0 and 80.0
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Qs.
Question Scheme Marks AOs
(@) (—180°,-3) Bl 1.1b
(1
® @ (-720°-3) BIft | 22a
(1) (—144°.-3) Bift | 22a
(2)
© | Attempts to use both tan8=""22 i’ 9+ cos’ #=1and solv
empts to use both tan&=———5 sin &+cos F=landsolves | ., 31a
a quadratic equation m sin & to find at least one value of &
3cos@=8tan# =>3cos #=8sind Bl 1.1b
3sin O+8sin@—3=0
. _ M1 1.1b
(35m6—1)(sin8+3)=0
sin = % Al 22a
awrt 520.5° only Al 2.1
&)
(8 marks)
(@)
Bl: Deduces that P(-180°-3) or ¢=-180"" d=-3
(b))
BIft: Deduces that P'(-720° -3) Follow through on their (c.d ) — (4c.d) where d is negative
(b)(x)
B1ft: Deduces that P'(—144°.—3) Follow through on their (c.d ) — (c+36°.d ) where d is
negative
© | .
MI1: Anoverall problem solving mark, condomng slips, for an attempt to
sind
o use tanf=——
cos &
e use tsin ffcos F=x1
» find at least one value of & from a quadratic equation in sin &
Bl:  Uses the correct identity and multiplies across to give 3cos@=8tand =3 cos’ & =8sind
oe
MI1: Uses the correct identity sin’ 6+cos 6=1to forma 3TQ in sin & which they attempt to
solve using an appropriate method. It 1s OK to use a calculator to solve this
. 1 : 1 e, -
Al: smfd= 3 Accept sight of 5 Ignore any reference to the other root even 1f it 1s "used"
Al: Full method with all identities correct leading to the answer of awrt 520.5° and no other

values.
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Q4.
Question Scheme Marks AOs
( Uses cos-@=1-sin"8 M1 1.2
5cos’@=6sin8= Ssin” B+ 6sind—-5=0 Al 1.1b
:»sm.s?:L:@:e;__ dM1 | 3.1a
- Al 1.1b
=34.5°,145.5°,394.5°

=F=345°14 394.5 Wi L1b

(8]

(ii) (a) | One of
» They cancel by sinx (and hence they miss the solution
smx=0=x=0)
_ _ 3 Bl 2.3
» They do not find all the solutions of cosx = E (1n the
given range) or they missed the solution x=-53.1°

Both of the above Bl 23

2)
(ii) (b) Sets Sar+40°=720°-53.1° M1 3.1a
o =125° Al 1.1b

2

(9 marks)
Notes
(i

M1: Uses cos’ @=1—sin" @ to form a 3TQ in sin &
Al: Correct 3TQ=0 5sin’ 8+6sinf—-5=0

dM1: Solves their 3TQ in sin& to produce one value for &. It 1s dependent upon having used
cos’@=xl+sin’ @

Al: Two of awrt @=234.5°.145.5°.394.5°  (or if in radians two of awrt 0.60, 254 6.89)
Al: All three of awrt &=34.5°,145.5°,394.5% and no other values

(@) (a)

See scheme

(ii)(b)

MI1: Sets 5o+ 40°=666.9" o.e.

Al: awrt o =125°
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Q5.
Question Scheme Marks AOs
- 5
@) 10sin? 9 7cos0+2 _ 10(1-cos” 9] ~7cos9+2 M ™
3+2cosf 3+2cosd
El2—7c086—10c0326 Al L1b
3+2cos8d
E(3+2ms6‘](4—5ms6‘) Ml L1b
3+2cost
=4 5¢cos8 * Al* 2.1
(4)
. 5
®) 4+381nx=4—5msx::=tanx=—§ M1 2.1
1.1b
x=awrt121% 301°
X =aw . Al Al 11b
(3)
(7 marks)
Notes
(a)

M1: Uses the identity sin’ @=1—cos’ @ within the fraction
12—7cosf—10cos” &
3+2cost

(3+2cosd)(4-5c0sd) 12— Tu—10u"

S Allow for T\\-‘herc they introduce u =cos@

‘We would condone mixed variables here.
M1: A correct attempt to factorise the numerator, usual rules. Allow candidates to use u =cos#@
oe
Al*: A fully correct proof with correct notation and no errors.
Only withhold the last mark for (1) Mixed variable e.g. & and x's (2) Poor notation

cos & <> c0s’ @ or sin® =1-cos” within the solution.
Don't penalise incomplete lines if it is obvious that it is just part of their working
10sin6—7cosg+2 _10(1-00s"6)-Tcos@+2 12 -7cos6-10cos’ @
= 3+2cos8 = = 3+2cos8

(b

M1: Attempts to use part (a) and proceeds to an equation of the form tanx =%, k=0
Condone €+>x Do not condone atanx =0> tanx=b=x=...

Alternatively squares 3sin x = -5 cos xand uses sin” x =1-cos” x oe to reach
sinx=4,-1<4<1 orcosx=58,-1<B<1
Al: Either x=awrt 121° or 301°. Condone awrt 2.11 or 5.25 which are the radian solutions
Al: Both x=awrt121°and 3017 and no other solutions.

Al: Correct (simplified) expression in just cos 8 or exact equivalent such

Answers without working, or with no incorrect working in (b).
Question states hence or otherwise so allow

For 3 marks both x=awrt 121°and 3017 and no other solutions.
For 1 marks scored SC 100 for either x =awrt 121° or 301°
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Alternative proot 1n part (a):
M1: Multiplies across and form 3TQ in cos & on rhs
10sin’ 6 —7cos6+2 = (4—5cosf)(3+2cosd )= 10sin® 8 —7cos@+2= Acos” +Bcosf+C

Al: Correct identity formed 10sin® -7 cos@+2 =—10cos’ 6—Tcosf+12

dM1: Usescos® @=1-sin> € on the rhs or sin’ & =1—cos’ 8 on the Ihs
Alternatively proceeds to 10sin® @+10cos®* #=10 and makes a statement about

sin’ @+cos® 8=1 oe

A1*: Shows that (4—5cos@)(3+2cosf)= 10sin® 6—7cos 6+2 oe AND makes a minimal
statement "hence true"

Q6.

Question Scheme Marks | AOs
(a) fi(x)=-3x" +8x" —9x+10, x<R
(a) (1) {f(2)=—24+32-18+10=} f(2)=0 Bl 1.1b
(i) {F(x)=) (x—2)(3x+2x—5) or (2—x)(3x>—2x+5) ML | 22a
Al 1.1b
)
(h) -3y° +8)* -9y +10=0 = (3" - 2(=3y* +2»* -5 =0
Gives a partial explanation by
e explaming that —3y* + 2y* —5=0has no {real} solutions with a
reason, eg b —dac = (2} —4H(-3)(=5) = —56 <0 Ml 24
e or stating that y* =2 has 2 {real} solutions or y=++/2 {only}
Complete proof that the given equation has exactly two {real} solutions Al 21
2
() 3tan’ #—8tan’ #+9tan A—10=0; Tr <8 <107
{Deduces that} there are 3 solutions Bl 22a
)
(6 marks)
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Notes for Question

(a)(®)
Bl: f(2)=0 or 0 stated by itself in part (a)(1)
(a)(ii)
MI1: Deduces that (X —2) or (2—X) is a factor and attempts to find the other quadratic factor by

» using long division to obtain either +3x® + kr+ ... k=value=0 or

+3x° £ax+ 8. f=value=0, o canbe 0
» factorising to obtain their quadratic factor in the form (£3x* £ kx = ¢). k=value=0,

ccanbe 0, or in the form (£3x* +ax + 8). F=value=0, e canbe 0

Al: (=232 +2x-5). 223" —2x+5) or —(x—2)(3x* —2x+5) stated together as a product
(b)

M1: See scheme

Al: See scheme. Proof must be cormrect with no errors, e g. grving an mcorrect discriminant value

Note: | Correct calculation e.g. (2)* —4(—3)(=5). 4—60 or —56 must be given for the first explanation
Note: | Note that M1 can be allowed for
» a comect follow through calculation for the discrinmnant of ther * —3}'4 + 2}'2 -5
which would lead to a value < 0 together with an explanation that —3)* +2)* —5=0has
no {real} solutions
s or for the omussion of <0
Naote: < 0 must also been stated 1n a discrinmnant method for A1l

Note: | Do not allow A1l for incorrect working, e.g. (2)° —4(-3)(—5) = -54 <0
Naote: 3* =2 = y=12. 502 solutions is not allowed for A1, but can be condoned for M1
Note: | Using the formula on -3y +237 —5=0 or —32% + 2x-5=0

-2£[-56 -1z14
-6 -3

Note: | Completing the square on —3x" +2x-5=0

. 3
gives ¥y Oor X =

2
. » 2.5 (1} 1 5 1, |-14
e X ——x4+—=0=|x-—=| — 4+ =0=x=-% [ —
grves £ 73773 1=-3) ~5*3 T3
Note: | Do not recover work for part (b) in part (c)
()
Bl: See scheme

Nate: | Give BO for stating & =awrt 23.1, awrt 26.2, awrt 29.4 without reference to 3 solutions
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Q7.
Question Scheme Marks AOs
(a) . cosd
Identifies an error for student A: They use — i tan &
g Bl | 23
It should be ~—— = tan &
cost
1)
(b) (i) Shows c0s(—26.6°) # 2sin(—26.6°), so cannot be a solution - -
(i1) Explains that the mncorrect answer was introduced by squaring B1 24
2)
(3 marks)
Notes:
(a)
Bl:  Accept aresponse of the type 'They use c'.)se = tan & . This 1s mcorrect as smg =tan '
Cos
It can be implied by a response such as 'They should get ran & =% not tangd=2'
Accept also statements such as 'it should be cot@=2"
(b)
B1l:  Accept a response where the candidate shows that —26.6 is not a solution of
cos @ = 2sin & This can be shown by, for example, finding both cos(—26.6°] and
251'11(—26.-5“) and stating that they are not equal. An acceptable alternative 1s to state that
cos [—26.6°] =+ve and 2sin (—26.6"] =—ve and stating that they therefore cannot be
equal.
Bl:  Explains that the incorrect answer was mtroduced by squaring Accept an example showing
this. For example x =35 squared gives x* =25 which has answers 15
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Q8.
Question Scheme Marks AOs
(a) Uses coszx=1—si112x:>35i.112x+si11x+8=9(1—5i.n2x) M1 3.1a
=12sm” x+sinx—1=0 Al | LIb
= (4sinx—1)(3sinx+1)=0 M1 1.1b
i 1 1
= =—.—Z Al 1.1b
E
Uses arcsin to obtain two correct values Ml 1.1b
All four of x=1448° 165.52° —19.47° —160.53" Al 1.1b
(6)
(b) Attempts 26-30°=-1947° Ml | 3.1a
= #=5.26" Alft | 1.1b
2)
(8 marks)
Notes:
(a)
M1: Substitutes cos” x=1—sin" x into 3sin’ x +sinx+8=9cos” x to create a quadratic
equation in just sin x
Al:  12sin® x+sinx—1= 0 or exact equivalent
M1: Attempts to solve their quadratic equation in sin x by a suitable method. These could
include factorisation, formula or completing the square.
Al: sinx = L ,—l
4 3
M1: Obtains two correct values for their sinx=Fk
Al:  All fourof x=14.48°165.52° -19.47°, -160.53°
(b)
M1: For setting 26—30° =their'-19.47°'
Alft:  8=5.26"but allow a follow through on their '—19.47°'






