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1. (i) Show that x> — 8x + 17 > 0 for all real values of X
3)
(i1) “If I add 3 to a number and square the sum, the result is greater than the square of the
original number.”
State, giving a reason, if the above statement is always true, sometimes true or never true.
. , @
) -8 ntll = (m-4y +17-16
2
= ('”."’"l) + ,
z -
(m-"4)" s olwans gleod'er than 0
2
e M2-3M+17 20 for all real values of o
. 2 2
x) for n=) | (1¥3)%=16 1721
167 . true for nz)
2
for n=-3  (-343) * =0 (-3)'=9
0<¢9 .. faise for n=-3
S statement 5§ sometimes frue
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2. (a) Prove that for all positive values of x and y

> MR “i
3
/AN
=
+
b

(b) Prove by counter example that this is not true when x and y are both negative.

£ @ Sare = ard 4 ow ol
poSitive , theic sguare root)
2| oce (Ral ,and 0 we Can ufe:

(Jx 45 )* 20
(Vx -Jg)v= 45) =z 0
x—?&@ +94 20
X - 2Jxdg 4920
X4y 2 2J%J9
2IxJg & x4y
SV EN Y S

sl doey & X\

e
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S RN -2463) - 2.3 - _5
8 | 2 %2 2

So Jxy 3,2*_‘2 ~ thic coae
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3. Given n € N, prove that »*> + 2 is not divisible by 8
“)

= k;""'"‘

("—

This is evidenthy not & whole number and heuce
ne} dwisible by B

‘Lf his OAd' then

ler ne 2K+
3
n*+2 c (2J<+l) +2
3 g
= (26n)( 4P +eker) 2
3 —
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3 3
= 3k £+ K +6k+3
b7

= 2(kkC e ER 42042
3

T Mmeador 16w odd wuusbe
betomie we hwne o amen number + 3,
honce 0dd. Hemee Has is wof dwisible
by b e, owd A e neN

n42 s NoT  divisible b‘, .
J
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4. (a) Prove that for all positive values of @ and b

4)
(b) Prove, by counter example, that this is not true for all values of @ and b.
(1)
o) for all veal numbers, Hheir value Squared is olways =0

“oy b - L = 4a "+ b -4ab= 0 = (20-b)"= O

i (
Yolr CAN 'YeVerse engineer' Starting point
o Find how to prove statement fbr proof
. (20-b)" 20

ha-+b* -tab >0
S 0,0>0, dividing by either doesn't change direction of

inequaliy : ,_l_r_g»r__bgz @59
ab ab o

= lo+b =Y (a) uses a,b>0

b 0 /
b) S0 cownter example must use negative value

29 0=5,b=-1: kA +b = -20-L <l
b o S
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5. A student is investigating the following statement about natural numbers.
“n® —n is a multiple of 4”

(a) Prove, using algebra, that the statement 1s true for all odd numbers.

C))
(b) Use a counterexample to show that the st@tem% not alﬂays true.
o 1)
(0) let odd numbess be = 2kt (1)
) —

Substitute Haic into the equation = (et 1)’ - (2+1)

Vi
,\/ ex')and Haig

Cak41) (2k+1)" =2k -t (V)

(kD) (G4 k*+ 4k+1) —2k o

k>4 Sk 2k t4b 4kl —2k-1

k3 12k 4 4k

| VO T A TR 1

4 (2k*+ 3kt k) @

~- Hence, U x ... 1« a mulliple of 4 .50, the cfatement ﬁn’—n € Q

qu?lc of 4" is tvue for all odd numbess. @

(b) Select an even number (eq )_)

gubda“*uh’) 2 into the eq/ua-l'&ov\

= (2) - ()

= b i not a mulfple of § hence, the statement i€ not always

tue - @
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6. Complete the table below. The first one has been done for you.

For each statement you must state if it is always true, sometimes true or never true,
giving a reason in each case.

Always | Sometimes | Never

Statement True True True Reason
The quadratic equation It only has 2 real roots when
ax* +bx+c=0, (a=0) b*—4ac > 0.
has 2 real roots. / When b? — 4ac = 0 it has 1 real
root and when b — 4ac < 0 it has
0 real roots.
() X2-6x + 10
22 -9 +10
When a real value of x is (x-3) 2 9
substituted into \/ Coc-3N ¢+ |
5 )

;O;§$e+ 10 the result is (> -2)>0

(x-3) RS
(ii) \f &>0 '00 acO

b ox > b ax >b
If ax > b then x > —
v o e

(iii) n*, (n+117
The difference between Cas1)? - n>
consecutive square o a
numbers is odd. \/ nN-+2n+ 1 =N

2n+ |

2n+ |t s thhe expvession
for odd nurmbers .
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7. Prove by contradiction that there are no positive integers p and ¢ such that

4p'—¢* =125
4)
ij b\uj Condradichon. © °* assume thal the gurst, Stalement, i3 (F:bt

. \'hroadh ’oﬁfed Sips ,ami ot o Conclusion
* deduce  that the Oﬁsim‘i Stadement, must bR true

2> leb w5  assume  that dher aw Pﬁﬁu integers p and 2 Sucth }hat llpi- 2"= AS.

%) bp"-tz‘ =4S aS => facors an
> (Qp+g)(2p-9)=35 © '/*\as _as  led s
S« 8§ =25 "Send S

D I tue fwn  Prg =S and P-2:5 O
5 g:5-3 od T3-S

= S-=2-S Pot an inlesev
=) =10 o fhewferr pP=2.5 — v
9 7-228)-5 = f:0 T @

OR |f bue  p+2:=235 and Hp-2:= |

) T-35-% o T= 2p-)
> 25-3 = 3p-I _ Mol an inegey
=) Lr= a6 =) f:'-_=€.5

=2 2=2(6s)-1 -1

OR f tne, then Rsg=) oand 2p-2=135
=) {=1-2 and ¢=Qp-aS /nof an inlﬁw
=) 1-p=2%-28 =) p=(sS
= 2= 1-2(CS) = 12 —— ¢ is ach posiie.

D ’{m i a Conhadichon as e am nNo inlegev Solwions , hewce then awv
ho  fooke integrs pond 9 Suh e b’-g'e 25 ©
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8. Use algebra to prove that the square of any natural number is either a multiple of 3 or
one more than a multiple of 3

4)
* 3k e 3k \  3k+ L (M Con Rxgress noduved mn this ﬁwm)

IR (2*)1’ K" = 332K whith 5 o multigle of 3.

'8‘ (Bra)(3k +1) = K+ CR+ )

kel ¢ (3Ke
:ﬂg;&a@»_\ whith B ont mor than o multiple of 3.0

Ik : (Sko‘l.)t'-'(sko-a)(auoz) + 9K 41K - 1
O 3 _3_(3Kt"'k-|) + 1 whitk ;s oo ome Mo than o mulliple of 3.

D W hawe Shown that the Huave  of any Noduvel Numbty i3 Qither O Mulhple 4‘ 3
ov ot me  dhan a mukige of 3. O
e
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7~

9. (1) Use proof by exhaustion to show that for » € N, n < 4

(n+1)°>3"
(2
(11) Given that m3 + 5 is odd, use proof by contradiction to show, using algebra, that m
is even.
Q)
() n=1 - (1+1)® v 3'
22 v 3
g >3 7 Salement is torvect
n=2 : (.1+l)"' 7 31
3° v 3*
2% 7 9 — Halement is Correct
n=3:  (3+1)> > 3°
4* 7 2z
(y > 23  — Hatement is Corvect
n=y o (wn)> 7'
53 v 39 B
125 Y 8| — Satement is orrect (l)
. Hence ,ff n €4, n €N , then (nJrl)5 y 3" @
faX
W ~
(b) Letmbe odd : wm= 2p+] v/
m>+5 = (2ptD*+5
= (pt)(2p+0)' 45
< (p+1) (4p*+4pt1) t5
= 8p® + 8p2d2p4UpH4ptI+h
\
N30 R 0O am 0
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= 8p2 4+ 1piHbpel @

= 2( 4p>+ 6p*+3p+3)  which is even -

~ 2 (up2t bp*t3pt ) B wen because K i< a multiple of 2.

Any muliple of 2 is an even humber: Sinte m*+5 is tven when m

is oddl , this 5 a cnfradichion to the given statement - Hence,

M2t G i odd, them m must be even. (I)\

v

| W]
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