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Questions

Q1.

The curve C with equation

o p—3x o
Y -+

3,5

where p and g are constants, passes through the point ( ) and has two vertical

asymptotes with equations x =2 and x = -3

(a) (i) Explain why you can deduce that q = 4
(i) Show thatp =15

v A

Figure 4

Figure 4 shows a sketch of part of the curve C. The region R, shown shaded in Figure 4, is
bounded by the curve C, the x-axis and the line with equation x =3

(b) Show that the exact value of the area of R is aln 2 + bIn 3, where a and b are rational
constants to be found.

(Total for question = 11 marks)
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Q2.

Y
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Figure 2

f;.qr

Figure 2 shows a sketch of part of the curve C with equationy=xInx, x>0

The line I is the normal to C at the point P(e, e)

The region R, shown shaded in Figure 2, is bounded by the curve C, the line / and the x-axis.

Show that the exact area of R is Ae? + B where A and B are rational numbers to be found.

(Total for question = 10 marks)
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Qs.
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Figure 3

The curve shown in Figure 3 has parametric equations

x = Gsint v ="S5sin2t 0<t<

ra A

The region R, shown shaded in Figure 3, is bounded by the curve and the x-axis.

gk

'[. 60sintcos” ¢ dr
(a) (i) Show that the area of R is given by

L]

(i) Hence show, by algebraic integration, that the area of R is exactly 20
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Figure 4

Part of the curve is used to model the profile of a small dam, shown shaded in Figure 4.
Using the model and given that

e xand y are in metres

the vertical wall of the dam is 4.2 metres high
there is a horizontal walkway of width MN along the top of the dam

(b) calculate the width of the walkway.

(Total for question = 11 marks)
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Q4.

VA

=Y

Figure 2
Figure 2 shows a sketch of part of the curve with equation
y=(ln Jr:]1 x>0

The finite region R, shown shaded in Figure 2, is bounded by the curve, the line with
equation x = 2, the x-axis and the line with equation x =4

The table below shows corresponding values of x and y, with the values of y given to 4
decimal places.

X 2 2.5 3 3.5 +
¥ 0.4805 0.8396 1.2069 1.5694 1.9218

(a) Use the trapezium rule, with all the values of y in the table, to obtain an estimate for the
area of R, giving your answer to 3 significant figures.

(b) Use algebraic integration to find the exact area of R, giving your answer in the form

V= af[:ln_“':]J +bhln2+e¢

where a, b and ¢ are integers to be found.

(Total for question = 8 marks)
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Mark Scheme

Q1.
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Part | Working or answer an examiner might | Mark | Notes
expect to see
(a) | The asymptote 1s found where 2x—g =10 Bl | This mark 1s given for explaining that
Hence o = 4 the asymptote at x = 2 1s a solution of
= 2x—g=0
p—3x N o
y=—= = M1 | This mark 1s given for substituting x =3,
T 2x—-H(x+3) 1
y=—- (andg=4)
1__p9 :
2 (6—4)3+3)
(b) 15-3x 4 - B M1 | This mark 1s grven for a method to use
(2x—$Hx+3)  2x—4)  (x+3) partial fractions
_ 18 24 M1 | This mark 1s given for finding values for
(2x—4)  (x+3) Aand B
_ 09 24 Al | This mark 1s given for a fully simplified
(x—2) (x+3) eXpression
& _ 2y
I= J & dx M1 This mark 1s given for a method to
(2x—4)(x+3) integrate to find the area of R
=mh2x-4HH+nkhx+3)
=09In(2x—4)+24In(x+3) Al | This mark 1s given for a correct
expression for the area of R
i expression for the area of R
(¥=0whenx=73)
=[091n6-24n8]-[09In2-241n6] M1 | This mark 1s given for a method to find
=[0916+241n6]—[721n2+09n2] the exact area of R
=33In6-81In2
=33In3+33In2-811n2
=33In3-48ln2 Al | This mark 1s given for a correct value of

the area of Rwitha=33 and 5 =48
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Q2.
Question Scheme Marks | AOs
C:y=xlnx; /is anormal to Cat Ple, €)
Letx, be the x-coordinate of where [ cuts the x-axis
, 2
L h1x+x;l| {=1+Inx} Ll ]
dx x Al 1.1b
|| 1
x=e.mr=2=my=—7 = y-e=——(x—¢)
' a - M1 3la
_1.'=0:>—e=—;{x—e) =S x=__
! meets x-axis at y =3¢ (allow x=2e+elne) Al 1.1b
{Areas:} either [ xlnxdy = [ ]: =.. or %((rhei.t x,) —e)e M1 21
vl L
ol vt (2
| xlnxdr = |- —xlnx- | = s pdoc M1 21
2 x{ 2] -
[ 1 ' |‘1 fd.'; 1o 1 dM1 | L1b
==X = —=xdyr s = —x" [ — —K
1 2.1 x .2:‘:"“': 2:( X 41 Al 11b
(® e 1 .
Ares =| xlnxde =] .. || = ... ; Area(R,)=—((tl )=
a(R) J] xlnx [ -] a(R,) 2{( leir x,) —e)e . S i
and so, Area(R) = Area(R)) + Area(R,) {=1&’ +%—e:}
Area(R)=de?+ 1 Al 1.1b
(10)
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Notes for Question
MI1: Differentiates by using the product rule to give Inx + x(their g'(x)), where g(x)=Inx

Al: Correct differentiation of ¥ =XInx, which can be un-simplified or simplified

MI1: Complete strategy to find the x coordinate where their normal to € at P(e, &) meets the x-axis
ie Sets y=01n y—e=m,(x—e)to find x=...

Naote: my 1s found by using calculus and My, = iy

Al: I meets x-axis at x = 3e, allowing un-simplified values for v such as x=2e +elne

Note: | Allow x=awrt 8.15
MI1: Scored for either

L]
s Areaunder curve = [ xlnxdr = [ ]; = . with limuts of e and 1 and some attempt to
B

substitute these and subtract

) 1 . : .
¢ or Area under line = ;((rhen' x,) —e)e, with a valid attempt to find X,

M1: Integration by parts the correct way around to give Atlnx- IB L [{dx}; 4=0,B>0

dM]1: | dependent on the previous M mark
Integrates the second term to give £4x; A =0

Al: 1 mx-1p

2 4
M1: Complete strategy of finding the area of R by finding the sum of two key areas. See scheme.
Al: | def+]

Note: Area(R,) can also be found by integrating the line / between limits of e and their

e

_ oy 3y, —_—
1e. Area(R,)= |—;.1 +oe |d1 = [ ] = ..

Naote: Calculator approach with no algebra. differentiation or integration seen:

» Finding ] cuts through the x-axis at awrt 815 1s 224 M1 2% A1

* Finding area between curve and the x-axis between x =1 and x=e
to give awrt 2.10 15 3% M1

* Using the above information (nmst be seen) to apply

Area(R) =2.0972...+ 7.3890... = 9.4862... is final M1

Therefore, a maximmm of 4 marks out of the 10 available.
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Q3.
Question Scheme Marks AOs
(a)(i) dr . )
) x— = 55in 2t % 6§ Sx2 fxb
'Wdr sin 2w feost of sinfeostx Geost M1 1
(Area=) sziJJIlrx Geostrdr = ij 2sintcostx6costdr
or dmi 1.1b
jS sin 2 x Gecosfdf = jﬁOsmrcoa: rdt
(Area=) jéﬁﬂsinrccszr dr * Al* 21
a
(3
(a)(ii) 3 ; M1 Lib
60 “tdf=-20cos’t ;
sinfcos Cos Al 11b
Area=[-20cos’t [F =0—(-20)=20 * Al* 2.1
(3)
2
®) 55mn2f=42—=sin 2r=% M1 34
t=04986....1.072_ Al 1.1b
Attempts to finds the x values at both ¢ values dM1 34
£=04986..=x=2869 .
- Al 1.1b
t=1072= x=5.269..
Width of path = 2 40 metres Al 3.2a
()
(11 marks)
Notes:
(a)m

dx : : .
M1: Attempts to multiply y by T to obtain Asin2tcost but may apply sin 2t =2sinfcost here

dM1: Attempts to use sin2f = 2sinf cos/ within an integral which may be implied by
eg. Ajs'mlrxcosr di = | ksintcos’ fdi
Al~*: Fully comrect work leading to the given answer.
This must include sin2f=2smtcost or e.g. 3sin2r=10sinrcost seen explicitly in their proof and a correct
mtermediate line that includes an integral sign and the “dr”
Allow the limits to just “appear” in the final answer e.g. working need not be shown for the limits.

(a)(id)

M1: Obtains Jﬁt}sm tcos® fdf = kcos® t. This may be attempted via a substitation of u = cos 7 to obtain

Jﬁlﬂlsmrcoslrdr =k’

Al: Correct integration —20 cos’ ¢ or equivalent e g -20:°

Al*: Rigorous proof with all aspects comect including the correct limits and the Q0 —(—20) and
00t UL _30cos’ =~ (-20cos’ 0) =20

®) '

2 .
M1: Uses the given model and attempts to find value(s) of / when sin2f = 4% Look for 2f=sin™ ﬁ:> t=..
>

5
Al: At least one correct value for ¢, correct to 2 dp. FYT ¢ = 0.4986...,1.072... orin degrees t=2857. 6142
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dMM1: Attempts to find TWO distinct values of x when sin 2f = ﬂ Condone poor trig work and allow this mark i1f 2

values of x are attempted from 2 values of 7.
Al: Both values correct to 2 dp. NBx=2869__, 5260

Or may take Cartesian approach

- 2 .
5sin2t=4.2=10sinfcost=42=10=,[1-2 =42 = x* —36x* +228.6144 =0 = x =2.869.._.5.260...

6\

M1: For converting to Cartesian form Al: Correct quartic M1: Solves quartic Al: Correct values

Al: 2.40 metres or 240 cm
Allow awrt 2.40 m or allow 2.4m (not awrt 2.4 m) and allow awrt 240 cm. Units are required.

Q4.
Question Scheme Marks AOs
(a) h=0.5 Bl L.1b
Am%x%{OABOS+1.9218+2{0.8396+1.2069+1.5694}} Ml | 1.lb
=241 Al | LIb
3
(b) 2 2 2Inx Ml | 3.1a
Inx) dr=x(lnx) —[x dx
[(nx)" de=x(tnx) ~ o= Al | L1b
=x(lnx)’=2[lnx dr=x(lnx) - 2(xlnx—[dr)
o , T dM1 | 21
=x{]11x}'—zj]nxd.x:r(h1x_]'—2r]11x+2x
4 2 2 4
l“_{lnx} d\':[:r{hn') —2.‘(]111‘+2.1‘]
=4(In4)’ —2x4In4+2x4—(2(In2)" -2x2In2+2x2) ddMm1 | 2.1
=4(2In2)" -16In2+8-2(In2) +4In2—4
=14(In2) —12In2+4 Al | 11b
&)
(8 marks)

Notes
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(a)
1

B1: Correct strip width. May be implied by % ks {.}or %x{ +

M1: Correct application of the trapezium rule.

1 . . e
Look for Ex "h "{0_4805 +1.9218+2(0.8396+1.2069 +1 5694)} condoning slips in the digits.

The bracketing must be correct but it 15 implied by awrt 2.41
Al: 2.41 only. Ths 1s not awrt

(b)
M1: Attempts parts the correct way round to achieve ax(In Jrj2 —ﬂflnx dx o.e.

May be unsimplified (see scheme).

Watch for candidates who know or learn J.l.n xdx=xlnx-—x

[x]nx—x

who may write [(J.ux)z dx = [(hlx){]nr) dr=Inx(xlnx—x)- dor

x
Al: Correct expression which may be unsimplified

dM1: Attempts parts agam to (only condone coefficient errors) to
achieve ax(Inx) - Bxlnxtyx oe.
ddM1: Applies the limits 4 and 2 to an expression of the form icr.r( ]n.?;]: T fxlnx L yx, subtracts

and applies In4 = 2In 2 at least once. Both M's must have been awarded
A1l: Correct answer

It 1s possible to do [{]n _\r)2 dx via a substitution u = Inx but it is very similar.
M1 A1, dM1: [u: e"du=u’e"— [2:; e du,=u" " —2ue" £+ 2e"

ddM1: Applies appropriate limits and uses In4 = 2In 2 at least once to an expression of the form
u”e" — fue" + ye" Both M's must have been awarded





