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Questions

Q1.

Given that a is a positive constant and

j' irldz:ln?

show that a = Ink, where k is a constant to be found.

(Total for question = 4 marks)
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Q2.

Given that k& Z~
2

3k
dx
(a) show that -L (3x—k)  is independent of k,

2

2k
i
(b) show that -L (2x-k)* s inversely proportional to k.

(Total for question = 7 marks)
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Figure 4

Figure 4 shows a sketch of part of the curve C with equation

xln x
—2x+ 5,
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x =0

The finite region S, shown shaded in Figure 4, is bounded by the curve C, the line with

equation x = 1, the x-axis and the line with equation x = 3
The table below shows corresponding values of x and y with the values of y given to 4

decimal places as appropriate.
15 2

3 2.3041

1.9242

25 3

1.908%9 | 2.2958

Use the trapezium rule, with all the values of y in the table, to obtain an estimate for the

(a)
area of S, giving your answer to 3 decimal places.

(b)
the area of S.

integers to be found.

(In part c, solutions based entirely on graphica

Explain how the trapezium rule could be used to obtain a more accurate estimate for

a

(c) Show that the exact area of S can be written in the form b+ Inc, where a, b and ¢ are

| or numerical methods are not acceptable.)

(Total for question = 10 marks)



Definite Integration - Year 2 Core PhysicsAndMathsTutor.com

Q4.

Show that

j]znf“ 2dx = i’—i(z ++2)
: : .

(Total for question = 7 marks)
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Q5.

Y

Of— ~

Figure 2
Figure 2 shows a sketch of part of the curve C with equationy=xInx, x>0

The line I is the normal to C at the point P(e, e)
The region R, shown shaded in Figure 2, is bounded by the curve C, the line / and the x-axis.

Show that the exact area of R is Ae? + B where A and B are rational numbers to be found.

(Total for question = 10 marks)
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Q6.

The curve C with equation

o p—3x o
Y -+

3,5

where p and q are constants, passes through the point ( ) and has two vertical

asymptotes with equations x =2 and x = -3

(a) (i) Explain why you can deduce that g =4
(i) Show thatp =15

v A

Figure 4

Figure 4 shows a sketch of part of the curve C. The region R, shown shaded in Figure 4, is
bounded by the curve C, the x-axis and the line with equation x =3

(b) Show that the exact value of the area of R is aln 2 + bln 3, where a and b are rational
constants to be found.

(Total for question = 11 marks)
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Q7.

(a) Use the substitution u=1 + Vx to show that

16 x 1 sz(u_ll‘ l
ax = au
, 1+4/x , U

where p and g are constants to be found.

(b) Hence show that

16
X
dx=4-BlnS5
,[, 1+x .

where A and B are constants to be found.

(Total for question = 7 marks)
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Mark Scheme

Q1.
Question Scheme Marks AOs
) t+1 1 )
Writes T dr = 1+; dt and attempts to integrate M1 21
=t+Int (+c) Ml | Llb
(2a+In2a)—(a+lna)=In7 M1 | 1.1b
7
a=In" with k= Al | 1.1b
2 2
(4 marks)
Notes:
M1: Attempts to divide each term by # or alternatively multiply each term by ¢ !
1
M1: Integrates each term and knows I—dr: Int. The + ¢ is not required for this mark
t
M1: Substitutes in both limits, subtracts and sets equal to In7
7
Al: Proceedsto g= ]_u% and states kK =—or exact equivalent such as 3.5
2
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Q2.
Question Scheme Marks AOs
(a) M1 l.1a
dezgln(?rx—k)
Bx—k) 3 Al 1.1b
* o, 5 5
de="In(%—k)-=In(3k—k) dM1 1.1b
; Bx—k) 3 3
2 (8 2
=i —ﬂ:—hﬂ oe Al 21
3 12K) 3
()
(b) 2 1
gdr=- M1 1.1b
(2x—k) (2x—k)
%
& —dr=— ! + L dM1 1.1b
¢ (2x—k) (4k—k) (2k—-k)
2 1
=3F [\E] Al 21
3)
(7 marks)
(@)

2
M1: — —dr=AIn(3x—k) Condone a missing bracket
(3x—k)

2 2
Al: dr=—In3x—k
I (3x-k) 3 ta( )
Allow recovery from a missing bracket if in subsequent work Aln9% —k — 4In8k
dM1: For substituting & and 3k into their A In(3x — &) and subtracting either way around
2 A
Al: Uses comrect In work and notation to show that I =:lr1[% ‘ or ;Jﬂ‘ﬂ- oe (ie mdependent of k)
/

(h)
M1: I 2 —dx = ¢
(2x—-k)" (2x-k)

dM1: For substituting & and 2k into their

and subtracting
(2x—k)

Al: Shows that 1t 1s mversely proportional to & Eg proceeds to the answer 1s of the form % with A=3

_ _ 1 1 (1 1 1
There 1s no need to perform the whole calculation. Accept from ——+—= [ —+ 1] X—aC—
(3k) (k) 3 kK
If the calculation 1s performed 1t must be correct.
Do not isw here. They should know when they have an expression that is inversely proportional to k.
You may see substitution used but the mark 1s scored for the same result. See below

u=2x—k— l:g} for M1 with linmts 3k and & used for dM1
u
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Q3.
Question Scheme Marks AOs
(a) Uses or implies i = 0.5 Bl 1.1b
For correct form of the trapezium rule = M1 1.1b
05
T{3+2'2958+ 2{2.3041+].9242+1.9089}}=4.393 ol =
(3)
(b) Any valid statement reason, for example
# Increase the number of strips Bl 24
e Decrease the width of the strips
* Use more trapezia
(1)
(© ) ) 3
For integration by parts on | " Inxdx M1 21
3 2
=Ly | Al | L1b
3 3
J.—2x+5dx=—x2+5x (+¢) Bl 1.1b
All integration attempted and limits used
3 X3
2 3
AmaofS=Ix 0% o s5da— x—]nx—i—xz+5x Sl £
3 9 27 o
Uses correct In laws, simplifies and writes in required form M1 21
28
Areaof §= §+1n2? (a=28b=27¢c=27) Al 1.1b
(6)
(10 marks)
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Notes:

(a)

0.5
Bl:  States or uses the strip width i = 0.5. This can be implied by the sight of —{} m the
72

trapezium rule
MI1: For the correct form of the bracket in the trapezium rule. Must be y values rather than x

values {f]rsr ¥ value+last y value+2x (-311111 of other y ‘.'alues)}

Al: 4.393

(b)

Bl1: See scheme
(©)

M1: Uses integration by parts the right way around.

Look for '[x! Inxdy = 4% ln.r—jBxl dx

3 3
Al: L].11.7(—-[de
3 3

Bl: Integrates the —2x+35 term correctly = —x” + 5x
M1: All integration completed and limits used

M1: Simplifies using In law(s) to a form %4‘ Inc

28
Al: Correct answer only o +In27
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Q4.
Question Scheme for Supstitution Marks AOs
2
Chooses a suitable method for j 2xafx+2 dx
0
Award for M1 i.la
*  Using a valid substitution w =, changing the terms to 's
* integrating and using appropriate limts
Substitution Substitution
dx dx Bl 1.1b
= .r+2:>a=2u oe u:x+2:‘*azl oe
j 2xafx+2 dx j 2xafx+2 dx
M1 1.1b
=j;i£u:i2}fdu =IA{ui2] udu
=P O Zip 3 am1 21
s =L =8u- xTu- -
4 5 8 3 4 ) 8 ks
=—u —=u ——ul——y? Al 1.1b
e 50731
Uses limits ? and JE the Uses limuts 4 and 2 the correct ddM1 116
correct way around way around
32 !
=—|2+4f2) * Al* 21
15 { J_)
Q)]
(7 marks)

M1: For attempting to integrate using substitution. Look for
+ terms and linuts changed to i's. Condone slips and errors/onussions on changing dv — die
+ attempted multiplication of terms and raising of at least one power of i by one. Condone slips
s TUse of at least the top correct lmit. For instance 1f they go back to x's the limt 15 2

. o L . dx
B1: For substitution 1t 1s for giving the substitution and stating a correct ™
d

Eg. u=+x+2 :>£ = 2u or equivalent such 1'5&:;

R ’ Ty 20x+2
M1: It 15 for attempting to get all aspects of the integral in terms of 'u'.
All terms must be attempted includmg the dx. You are only condoning slips on signs and coefficients
dM1: It 15 for using a correct method of expandmg and mtegrating each term (seen at least once) . It is
dependent upon the previous M
Al: Correctanswer mx or . See scheme
ddMI1: Dependent upon the previous M. 1t 1s for using the correct lunits for their integral. the corvect way
around

: 3

Al®: Proceeds correctly to = 1—:I: 2+ J?I Note that this is a given answer

N 7
w I and %II 2 +ﬁb

==

: : : 4 -
There mst be at one least correct mtermediate lme between |:;:g" -

L oo
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Question Scheme for by parts Marks AOs
Alt

Chooses a smtable method for j 2xafx+2 dx
o

Award for M1 3.la
* using by parts the correct way around
+ and using linmts

(Vx+2)dr=

3

(x+2) Bl 1.1b

L..-J|[*«.-|

j I ) dx:Ar[jx+,3ﬁ—jls{x+2ﬁ{dx} M1 11b

= Ax(x+2)1-C(x+2)2 a1 2.1
=ix{x+2)i—ﬁ{x+2)3 Al 1.1b
3 15
Uses linits 2 and 0 the correct way around ddn1 1.1b
7,
-2 (2447) Ar* 21
15" /
)]

M1: For attempting using by parts to solve It is a problem- solving mark and all elements do not have
to be correct.

+  the formula applied the correct way around. You may condone mncorrect attempts at
mtegrating X+ 2 for this problem solving mark
+ further mtegration, again. this may not be correct, and the use of at least the top liomt of 2

3
I

Bl: For (y‘x+2::|dx= (x+2)

’ 2(x+2)3
oe May be awarded J. 2xfx+2 dx = x* x %
0

s b2

b

M1: For integration by parts the right way around. Award for Av(x+2 )% - J. B(x+2)2(dx)

5
o

dM1: For integrating a second time. Award for Ax(x+ 2]5 —C(x+2)

Al: %x (x+2 }% —l%{:r +2 ):T- which may be un simplified

ddM1: Dependent upon the previous M. it is for using the limits 2 and 0 the correct way around

32/
Al*: Proceeds to = E[E + -.,Gj] . Note that this is a given answer.

At least one correct intermediate line must be seen. (See substitution). You would condone missing
di’s
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Q5.
Question Scheme Marks | AOs
C:y=xlnx; /is anormal to Cat Ple, €)
Letx, be the x-coordinate of where [ cuts the x-axis
, 2
L h1x+x;l| {=1+Inx} Ll ]
dx x Al 1.1b
|| 1
x=e.mr=2=my=—7 = y-e=——(x—¢)
' a - M1 3la
_1.'=0:>—e=—;{1'—e) =S x=__
I meets x-axis at x =3¢ (allow x=2e+elne) Al 1.1b
{Areas:} either [ xlnxdy = [ ]: =.. or %((rhei.t x,) —e)e M1 21
vl L
-:Ixh1.1'm' = l l.\']]n.l' ~ J‘l YT- -' {dx} M1 21
2 x{ 2] -
|"_] b 1, §| N . dM1 1.1b
i_,_ 2.1 Inx sz ,‘lil}.! = 2:( Inx 4:. Al 11b
(® e 1 .
Area(R)=| xlnxde = .. || = .. ; Area(R,) =—((their x,) —e)e
®)=| [ -] (B;) = - ({their x,) ~¢) -
and so, Area(R) = Area(R)) + Area(R,) {=1&’ +%—.e:}
Area(R)=de?+ 1 Al 1.1b
(10)
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Notes for Question
MI1: Differentiates by using the product rule to give Inx + x(their g'(x)), where g(x)=Inx

Al: Correct differentiation of ¥ =XInx, which can be un-simplified or simplified

MI1: Complete strategy to find the x coordinate where their normal to € at P(e, &) meets the x-axis
ie Sets y=01n y—e=m,(x—e)to find x=...

Naote: my 1s found by using calculus and My, = iy

Al: I meets x-axis at x = 3e, allowing un-simplified values for v such as x=2e +elne

Note: | Allow x=awrt 8.15
MI1: Scored for either

L]
s Areaunder curve = [ xlnxdr = [ ]; = . with limuts of e and 1 and some attempt to
B

substitute these and subtract

) 1 . : .
¢ or Area under line = ;((rhen' x,) —e)e, with a valid attempt to find X,

M1: Integration by parts the correct way around to give Atlnx- IB L [{dx}; 4=0,B>0

dM]1: | dependent on the previous M mark
Integrates the second term to give £4x; A =0

Al: 1 mx-1p

2 4
M1: Complete strategy of finding the area of R by finding the sum of two key areas. See scheme.
Al: | def+]

Note: Area(R,) can also be found by integrating the line / between limits of e and their

e

_ oy 3y, —_—
1e. Area(R,)= |—;.1 +oe |d1 = [ ] = ..

Naote: Calculator approach with no algebra. differentiation or integration seen:

» Finding ] cuts through the x-axis at awrt 815 1s 224 M1 2% A1

* Finding area between curve and the x-axis between x =1 and x=e
to give awrt 2.10 15 3% M1

* Using the above information (nmst be seen) to apply

Area(R) =2.0972...+ 7.3890... = 9.4862... is final M1

Therefore, a maximmm of 4 marks out of the 10 available.
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Q6.
Part | Working or answer an examiner might | Mark | Notes
expect to see
(a) | The asymptote 1s found where 2x—g =10 Bl | This mark 1s given for explaining that
Hence o = 4 the asymptote at x = 2 1s a solution of
= 2x—g=0
y= p;}’x M1 | This mark 1s grven for substituting x =3,
T 2x—-H(x+3) 1
y=—- (andg=4)
1 79 2
2 (6-9)(3+3)
(b) 15-3x 4 - B M1 | This mark 1s grven for a method to use
2x—Hx+3) 2x—-4  (x+3) partial fractions
_ 18 24 M1 | This mark 1s given for finding values for
2x-4)  (x+3) Aand B
_ 09 24 Al | This mark 1s given for a fully simplified
(x-2 (x+3) eXpression
15-3x . L
I= | —— =™ dx M1 This mark 1s given for a method to
(Zx—4)(x+3) integrate to find the area of R
=mh2x-4HH+nkhx+3)
=09In(2x—4)+24In(x+3) Al | This mark 1s given for a correct
expression for the area of R
AreaR= 0_9]11(2x_4) —24 ]Il(_r“l‘ 3} i M1 This mark 1s gi‘i.'en for dBduCi.ng arn
: expression for the area of R
(¥=0whenx=73)
=[091n6-24n8]-[09In2-241n6] M1 | This mark 1s given for a method to find
=[0916+241n6]—[721n2+09n2] the exact area of R
=33In6-81In2
=33In3+33In2-811n2
=33In3-48ln2 Al | This mark 1s given for a correct value of

the area of Rwitha=33 and 5 =48
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Q7.
Question Scheme Marks AOs
(a) . .2 dx ;
u:l+\f:a_':>.r:[_u—1_l = —=2(u-1)
du
or Bl 1.1b
du 1 -2
H=l+\x =>—=—x -
dv 2
. (u—1Y
X _dx= (=) 2(u—1)du
1+\f.x_' u '
or M1 21
. . + 2u—1Y
J‘ X dt=J‘ i:<21'%du=J‘ 2Ldu=-“ ['—}du
1++x u u u
15 -5 -
- 2(u-1Y
L e G IFH Al | L1b
1+~f; i
1] L
(3)
(b) IR ~
3w +3u-1 (., 1
EI udfi':Z I:f‘—33f+3——Jdu=... M1 3.1a
i J ! u
1 3 __
:{2]{ - t3u-Inu Al 1.1b
3 2 '
s 3(5) L. (13 \]
=2 —— —+3(5)-In5—| -——+3-Inl dM1 21
3 2 V3 2 "J
=1(_3 —2In5 Al 1.1b
4)
(7 marks)
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Notes

(a)

B1: Correct expression for % or % (or #") or dx in terms of du or du in terms of dx
clre X

M1: Complete method using the given substitution.
This needs to be a correct method for their a4 or ) leading to an mtegral in terms of u

du
only (1gnore any limits 1f present) so for each case you need to see:

dx XL (u-1)°
dH-f(u]—}-J. 1+\Ech_J. - f(u)du

= g(x)—> T _dr=| I g h(u)du. In this case you can condone
dx 1+x u g(x)

! ) - |
slips with coefficients e g allow e lx—E — Y _dv=| ZxZdu=| n (u)du
dx 2 1++x u 2 ‘

X
du 1 -L x x7
butnot —=—x 2 - _dr= | Sl odu= h(u)du
d 2 1+4x u 2
Al: All correct with correct limits and no errors. The “du™ must be present but may have been

omitted along the way but it must have been seen at least once before the final answer.
The limits can be seen as part of the integral or stated separately.

(b)

M1: Realises the requirement to cube the bracket and divide through by u and makes progress

with the integration to obtain at least 3 terms of the required form e.g. 3 from kv, k. ku, kinu

Al: Correct integration. This mark can be scored with the “2” still outside the integral or even 1f
it has been omitted. But if the “2” has been combined with the integrand, the integration

must be correct.

dM1: Completes the process by applying their “changed™ limits and subtracts the right way round

Depends on the first method mark.

3 104 208
Al: Cao (Allow equivalents for = e.g. ?)






