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Stationary Points - Year 2 Core

Questions

Q1.

Figure 5

Figure 5 shows a sketch of the curve with equation y =f ( x ), where

The curve has a maximum turning point at P and a minimum turning point at Q as shown in

Figure 5.
Show that the x coordinates of point P and point Q are solutions of the equation
tan2x = \.5

(a)
Using your answer to part (a), find the x-coordinate of the minimum turning point on the

(b)
curve with equation
(i) y=1(2x).
(i) y=3-2f(x).
(Total for question = 8 marks)
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Q2.

Y

Figure 2
Figure 2 shows a sketch of the curve C with equation y = f(x) where
f(x)=4(x’-2)e™ xeR

(a) Show that f'(x) = 8(2 + x — x?)e™>
(b) Hence find, in simplest form, the exact coordinates of the stationary points of C.

The function g and the function h are defined by
e(x) = 2f(x) xeR
hix)=2f(x)-3 x=0

(c) Find (i) the range of g
(ii) the range of h

(Total for question = 9 marks)
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Qs.

A scientist is studying a population of mice on an island.

The number of mice, N, in the population, t months after the start of the study, is modelled by
the equation

N 900

—m. ek, t=0

(a) Find the number of mice in the population at the start of the study.

d_'\f d._“uf B N300 - N)
(b) Show that the rate of growth dr is given by dr 1200

The rate of growth is a maximum after T months.

(c) Find, according to the model, the value of T.

According to the model, the maximum number of mice on the island is P.

(d) State the value of P.

(Total for question = 10 marks)
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Q4.

The curve C has equation

Y tany=0 0<y< =
b . >
(a) Show that
dv  —18x
dr x*+8l

(b) Prove that C has a point of inflection at x = Y27

(Total for question = 7 marks)
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Q5.

Vi

Figure 1

Figure 1 shows a sketch of the curve C with equation

4x* + x

Y= —4lnx x>0
N -

(a) Show that

dv  12x% + x —16+/x

—

dx 4x/x

The point P, shown in Figure 1, is the minimum turning point on C.

(b) Show that the x coordinate of P is a solution of

(c) Use the iteration formula

ra

3 12

4 5| :
x . =l-—— with x, =2
el 1

to find (i) the value of x» to 5 decimal places,
(ii) the x coordinate of P to 5 decimal places.
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(Total for question = 10 marks)
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Mark Scheme

Q1.
Question Scheme Marks AOs
(a) Attempts to differentiate using the quotient rule or otherwise M1 21
£ (x) = ™ 8cos 2x —4s'm2x><-.."§e""r’"1
()= = Al | 11b
(=77)
Sets f'(x)=0and divides/ factorises out the o¥™!terms M1 21
. sinlx 8
Proceeds via = to =tanl2x =42 * Al* 1.1b
cos2x 42
4)
(b) (i) Solves tan4x =./Z and attempts to find the 2™ solution M1 3.1a
x=1.02 Al 1.1b
(i) Solves tan2x = /2 and attempts to find the 1¥ solution M1 3.1a
x=0478 Al 1.1b
4)
(8 marks)
Notes:

(a)
M1: Attempts to differentiate by using the quotient rule with u=4sin2x and v= eV or
alternatively uses the product rule with 1 =4sin2x andv=e"V"

Al:  For achieving a correct £'(x) . For the product rule
£'(x) = & x8cos 2x + 4sin 2x x—f2c* "

M1: This is scored for cancelling/ factorising out the exponential term. Look for an equation in
just cos2x and sin2x

Al*: Proceeds to tan2x =+/2 . This is a given answer.

(b) (i)

M1: Solves tan4x =./2 attempts to find the 2*¢ solution. Look for x =M
Alternatively finds the 2°¢ solution of tan2x =/Z and attempts to divide by 2

Al:  Allow awrt x=1.02. The correct answer, with no mcorrect working scores both marks

(b)(ii)

'y i
MI1: Solves tan2x =+ attempts to find the 1 solution. Look for x = —alctajnq':

Al:  Allow awrt x =0.478 . The correct answer, with no incorrect working scores both marks
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Q2.
Question Scheme Marks AOs
@ f(x)=4(x*-2)e™
. . o ard o " M1 1.10
Differentiates to &7 x8x+4(x" —2)x—-2e™" Al 11b
£'(x) = 8™ {x—(x -2)} = 8(2+x—x)e™ = Al® 21
3
(b) States roots of f'(x) =0 x=-12 Bl 11b
Substitutes one x value to find a y value M1 L1b
Stationary poinfs are (—1,—4e’ ] and (2,8¢7° ) Al L1b
3
© (i) Range [—Sez_::o') oe suchas g(x) 2—8e Blit 25
(1) For
+  Either attempting to find 2£(0)-3=2x-8-3=(-19) and
1dentifying this as the lower bound M1 3.1a
e Orattempting to find 2x "8~ "—3 and identifying this as
the upper bound
Range [ -19.16e™ -3 Al L1b
3
{9 marks)
Notes:
(a)
M1: Attempts the product rule and uses ™ > k™, k=0
If candidate states u = -“r(,\'E -Nv= e with u'= W= € itcanbe implied by thetr va'+ v’

If they just write down an answer without working award for £(x) = pxe ™ +g ( =2 }e':r
They may multiply out first f(x) = 4x’e™" —8¢™* . Apply in the same way condoning slips

. . u 4{1:_2} : . vi'—uy'
Alternatively attempts the quotient rule on f(x) =—=———— with v'=ke** and {'(x) = -
\ e .

v

Al: A correct £'(x) which may be unsimplified.

) ) 8xe™ —8{1] —2)e™
Via the quotient rule vou can award for £'(x) = = - 0.e.
e

Al*: Proceeds correctly to given answer showing all necessary steps.

dy . :
The f'(x) or — must be present at some point m the solution

dx

This 1s a "show that" question and there must not be any errors. All bracketing must be correct.

Allow a candidate to move from the simplified unfactorised answer of f'(x) = 8xe™ —§(x" — 2]-:'31
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to the given answer in one step.

Do not allow it from an unsimplified f'(x) =4x 2xe™" +4 [xz - 2] x—2e~
Allow the expression / bracketed expression to be written in a different order.
So, for example, 8(x— X+ 2:1\‘3'zjr is OK

(b)
B1: States or implies x =—1.2 (as the roots of £'(x)=0)

M1: Substitutes one x value of their solution to £'(x) =0 in f(x) to find a y value.
Allow decimals here (3sf). FYLto3sf —4e’=—29.6and 8¢~ =0.147
Some candidates just write down the x coordinates but then go on 1n part (c) to find the ranges using the y
coordinates. Allow this mark to be scored from work in part (c)
Al: Obtains {—1_ —4¢? } and [:2, ge™ ] as the stationary pomts. This must be scored 1n (b). Remember to 1sw

after a correct answer. Allow these to be written separately. E.g. x=—1, y =—de’
Extra solutions, e g from x =0 will be penalised on this mark.

(c)i)

B1ft: For a correct range written using correct notation.
Follow through on 2 X their minimum "v" value from part (b). providing it is negative.
Condone a decimal answer 1f this 1s consistent with their answer in (b) to 3sf or better.

Examples of correct responses are [—Sez_ @), g;ﬁ—ﬂez, ¥z -8’ ,{q eR.g= —83_}

(e)(ii)

MI: See main scheme. Follow through on 2 x their "8¢™ "3 for the upper bound.

Al: Range [—19, 16e~ —3:| oe suchas —19< p< 16e~ — 3 but must be exact
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Q3.
Question Scheme Marks | AOs
N:% =900(3+7e " r ek, t20; o _ NU00--N)
3+T7e dt 1200
(a) 90 Bl 34
(1
' d ) ) L 035t ) Ml 2_1
(b) B 9003+ 762y (7(-025)e | [ 900(025X7)e”
Way 1 d - Tl @7 Al 1.1b
900(0.25) (29 31|
oy WY ) a1 | 21
dt (900
|. N/
N N(300-
correct algebra leading to Y. - VGO =M Al* | Lib
dr 1200
)
- _ iy 25)(7)e~035 ) M1 2.1
(‘b} R di - _900(3 + ?E—UQ:.’)—Z [ ?{—0.25)6_02:! ' _(= 900(0 3}_(:115 _
Way 2 dt : SR S s Al 1.1b
|: 90(—)@“5 || 300- 90?0% .:
NE00-N) _ (347 ) 347e°% ) dM1 21
1200 1200
cyg —0.25¢
LHS = %W, o
3+Te )
—0.25r gy —0.25
RES = 900030003+ 7e ﬂ).—‘900} _ 1575e e Al* 1.1b
120003 + 7e™ ") (3+ 7705
7 NI -N
and states hence di' =M (or LHS=ERHS) *
dt 1200
C)]
(c) Deduces N =150 (can be implied) Bl 22a
S0 150 =0 _ = oar 3 Ml 34
3+7e 7
T=— 41:1[2 | or T =awt 3.4 (months) dMmi1 1.1b
\7) Al 1.1b
“@
(d) either one of 299 or 300 Bl 34
)
(10 marks)
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Notes for Question

(b)

MI1: Attempts to differentiate using

iAe—ﬂ.Ei!
(3 + '}!E-C'Ef!)l
WV B+7IN0) £ 4

s the quotient rule to give — —
e BV " 31 7e iy

- - dl""l' i 154 0252
+ the chain rule to give e £ 47 (3476 or oe.

- = - . - - - - 5 —025¢ d;\;r » 0255
» implicit differentiation to give N(3+7e™*)=900= (3+7e D‘J')? + ANe™ =0 0e

where 4=0

Note: | Condone a slip in copying (3+ 7e™*") for the M mark

Al: A correct differentiation statement

ar - - - - - - 15 d.l.;\r » 0255
Note: | Implicit differentiation gives (3+ ?E_D"”)E —1.75Ne7" 5 =0

S ... 4N
dM1: | Way 1: Complete attempt, by elinunating ¢, to form an equation linking —and N only

dr
L 900 . dv  N(300-N)
Way 2: Complete substitution of N =———== mto —=———7——
i 317> dr 1200
900 3
Jote: . w900 _pase 900 : T
Nate: Way 1: e.g. substitutes 3+ e "> =—and e 0.25 =—— or substifutes et _ N mto

T T

= __. to form an equation linking

their and N

dV _N(300-N)

Al*: Way 1: Correct algebra leading to — -
dr 1200
Way 2: See scheme
(©
dw . o
BIl: Deduces or shows that m 15 maximised when N =150

900 5
MI: Uses the model V= PR with their N’ =150 and proceeds as faras ¢ =k. k>0
e

or T =k k=0 Condone r=T

dM1: | Correct method of using logarithms to find a value for . Condone =T
Al: see scheme

d*N _dvy{ 300 2N

Note: el il Bl =0 = N =150 15 acceptable for B1
Note: | 2= =3 1200 1200 ~°= o
Naote: | Ienore units for T

. . 200 .
Note: | Applying 300=———5-=1=__ or 0=ﬂ0“_ = f=_.1s M0 dMO0 AO

i 3+T7e " 3+T7e

Note: | M1 dM1 can only be gained in (c) by using an N value in the range 90 < N < 300
(d)

Bl: 300 (or accept 299)
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Question Scheme Marks | AOs
. N Ni .
N = —90‘1 9003+ 75 ek r20. N _NEW-N)
34 e dt 1200
(b) 1 1
; —_———dN = | —df
Way 3 N(300-1N) 1200 M1 21
IS WS T P
3000 N 300-NV 1200
Al 1.1b
LN mEoo-M——t 0
300 300 1200
{t=0,N=90=>} c= 1 1n90)-—L In(210) = ¢ = L]n| 2
300 300 300 L7)
L VL 1n(300- M) =t +——In| 2 |
300 300 1200 300 '\ 7)
1 3 dM1 21
In N —In(300-N)=—i+In| = |
4 T
([ N 1 1 [ 31 N 3
ln|—'=—a‘—]n'— = =Ze
\300-N | 4 .7 300-N 7
TN =3e"(300—N) = 7N +3Ne* =900e"
. o Al* 1.1b
N(7+3e¥) =900 = N0 900 .
7 +3e* 3+Te
C)]
(b) . _02% —oase 1 900 ) —azs  900-3N
Way 4 N(3+7e™)=900 = e =?|. = —3_.| = e M1 21
= t =—4(In(900 — 3N) — In(7N))
:£=_4‘—73_ 7 '| Al 11b
dw \900-3N TN
a1 1) _ d ,(N+300-N)
& _ 4 +—| o g dM1 | 21
dN \300-N N dn \ N(300—-N) |
dt 1200 \ dv  N(G00-N
LR S Ar* | 11b
v | N@Goo-N) ) dt 1200
C)]
Notes for Question Continued
()
Wav 3
MI1: Separates the vanables, an attempt to form and apply partial fractions and mtegrates to give
In terms = J {+¢}. k= 0. with or without a constant of integration ¢
Al: 1 In NV ——In(300-N) = Lr {+¢} or equivalent with or without a constant of integration ¢
300 300 1200
dM1: Uses 1 =0, N =90 to find their constant of integration and obtains an expression of the form
Ae¥ = fiN), 1=0 or je ¥ = f(N); 1=0
_ _ o . 900
Al*: Correct manipulation leading to N = 3275
- E- R
(h)
Wav 4
MI1: Valid attempt to make ¢ the subject, followed by an attempt to find two ln derivatives,
condoning sign errors and constant errors.
dr -3 7 :
Al: — =4 —- | or equuvalent
a 900-3y 7n )
dM]1: | Forms a common denominator to combimne their fractions
. N N -N
Al=: Correct algebra leading to ol = %ﬂjﬁ *
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Q4.
Question Scheme Marks AOs
@ ¥ tany=9=2xtany +x" sec’ \i—: =0 I:fll ';'i;
Full method to get & in terms of x using
dx M1 1.1b
sec” y=1+fan’ y =1+f(x)
9
—Drw——
E_ _,1><_\_1 B -18x g .
dr ]l." 81\ Jl_4_31 Al .
x| 1 =
I.‘ x ‘)I
)
(b) dv  -18x
dr x*+81
dly  —18x(x*+81)—(-18x)(4x°) 54(x"-27)
= T T -, .1 o M1 1.1b
(x*+81) (x*+81} Al L1b
) d] ’
States that when x < 327 = n : <0
2
when x=3{27 = dz'r =0
T e’ Al 24
AND when x> 327 = i} =0
>
giving a point of inflection when x = 327
3
{7 marks)
Notes:
(@)

. . N dy dy
M1: Attempts to differentiate tan y implicitly. Eg. tan y — sec” _\'—J or cot ¥ — —cosec _\'—J

9 2
You may well see an attempt fan y =— = sec” 1d— =
X

N
dy
.
1

1

X

3

When a candidate writes x*tany =9=> x = 3tan ? y the mark is scored for tan > y —...tan 2 ysec’ y

. dy
Al: Correct differentiation 2xtany +x7sec? 13 =0

Allow also sec® ¥ L2 ——== or 2x=—9osec’y 2 amongst others
d: dx
M1: Full method to get j—‘} i terms of x using sec’ y=1+tan’ y =1+f(x)

Al*: Proceeds correctly to the given answer of

18
x X
X
dv  -18x
de  x°+81
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()
MI1: Attempts to differentiate the given expression using the product or quotient rule.
For example look for a correct attempt at = _:ml with #=—18x.v=x"+8Lu'=+18v' = _x
v

3

tle{x4 +31}t18x(axj}
[:x4 +81]:

If no method 1s seen or implied award for

. -1 2

Using the product rule award for il!i(JriI +81\] tlf.’n'r[_ﬁcjI +81\] ®EX

&y 54(x"-27) &y 54xt 1458

Al: Correct simplified '-i =(—2' o.e. such as '-i =X—2
dx [x4+81} dx [x4+81}

=

d ']
Y o=t =21 xH27

3
2

Alternatively score for showing that when a correct (unsimplified)
dy
Or for substituting x =27 into an unsimplified but correct o and showng that 1t 15 0

Al: Correct explanation with a mumimal conclusion and correct second derivative.

See scheme.
It can be also be argued from X <27, % =27and ¥* > 27 provided the conclusion states that the
pomt of inflection 1s at x =327

; : : . d*y
Alternatively substitutes values of x either side of 427 and at 427, into d—{l, finds all three values and
X

makes a mimimal conclusion.

3 3y £
A different method mvolves finding i—: and showing that % =0 and ‘;xt =Owhen x=427
= 3

dy _ 233X _ 0219 when x=427
dx {x4+81)

Alternative part (a) using arctan

9 dy 1
M1: Sets y=:|rctan—]—>a)={7\zx... where ... could be 1
* 1+ =
A\
d 1 18
A2: y=arctan —>J
9

Al* Y i x—£= _41—8’: showing correct mntermediate step and no errors.
X+
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Q5.
‘ Question | Scheme ‘ Marks ‘ AOs |
a 1
(@) ]m-_).; Bl 1.1a
. . 43 +x
Method to differentiate — see notes M1 1.1b
2x
'- T
Eg oxox?+ixlyd Al L1b
2 2 2
dy 1 4 12x%+x-16x =
iy N -Z= Al* 21
do 4Jx x Axx
)
(b) 12x + x—164x =0=>12x? +x¥ —16=0 Ml 11b
Eg 121‘%-'=16—\"'.1_' dM1 LIb
3 y =
__T 4 'J; .'l 4 ml'r; .3:\: * 7
X —E E:}X:[\——F; Al 21
(3)
© PR
. -:|'[ 4_v2) Mi 1L1b
312
x2=awrt 1.13894 Al 1.1b
x=1.15650 Al 2.2a
(3)
(10 marks)
Notes:
(a)

B1: Duifferentiates Inx —>l seen or implied
x

Ax+x

2Wx

3 1

M]1: Correct method to differentiate

4 +x 5 3 1 -
Look for . —»..X° +..x" being then differentiated fo Px*+._ o1 _+0x ?
2x
Alternatively uses the quotient rule on ** =¥
Jx
1
Cdy) 2Wx(dAr+B)-(4x +x)ox?
Condone slips but if rule is not quoted expect [£ ;= "G( * ) ( 1 +x)Cx (4.B.C=0)
e ) [3 Jx }" ) '
el J"
But a correct rule may be implied by their u, v, n', v’ followed by applving u efc.

1]
Alternatively uses the product rule on (4x* + x| |:'3 Jx :|_

. [dy" = e
Condone slips but expect 13_1 |=Ax 3 (Bx+C)+D(4x" +x)x I(4 B.C>0)
. "-.‘I . !

In general condone missing brackets for the M mark. If they quote # = 422 + x and v = 2+/x and don’t

make the differentiation easier, they can be awarded this mark for applying the correct rule. Also allow
this mark if they quote the correct quotient rule but only have v rather than +* in the denominator.

e . e 4x’+x . g
Al: Correct differentiation of 2”._,; although may not be simplified.
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1
fdvy 2N (8x+1)—(4x% +x)x 2 1 1. 3 L
Examples: [d—‘]= ( ) [: ) . 1y 3{3x+1}—l{4x‘+1]x % 2>-<Ex3+%>clx
Ldx (2\..‘;]. 4 2 2 2

-

[

Al*: Obtains & _ M via 3ﬁ—L—i or a correct application of the quotient or product rule
dx dax Hr x
and with sufficient working shown to reach the printed answer.
There must be no errors e.c. missing brackets.

)
M1: Sets 125% + x—16y/x = 0 and divides by /3 or equivalent e g. divides by x and multiplies by v/x

3
dM1: Makes the term in 7 the subject of the formula
Al*: A correct and rigorous argument leading to the given solution.

Alternative - working backwards:

3 3
= xT =§—§:>12x3 =16—+x =122 =16Jx —x = 12x* —16/x +x =0

M1: For raising to power of 3/2 both sides. dM1: Multiplies through by +/x. Al: Achieves printed answer and makes a
nunimal comment e.g. tick. # QED, true etc.

(©
M1: Attempts to use the iterative formula with x; = 2. This is implied by sight of x, = 5 17 or awrt 1.14

Al: xy=awrt 1.13894
Al: Deduces that x=1.15650





