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Questions

Q1.

Prove, from first principles, that the derivative of 3x? is 6x.

(Total for question = 4 marks)
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Q2.

Prove, from first principles, that the derivative of x3 is 3x?

(Total for question = 4 marks)
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Qs.

Given that 6 is measured in radians, prove, from first principles, that the derivative of sin 6 is
cos 6

sin i cosh—1
You may assume the formula for sin(A + B) andthatas h—0, & — 1and h -0

(Total for question = 5 marks)
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Q4.

Given that 8 is measured in radians, prove, from first principles, that

i{cos()} = —sinf
de

sinh S 1an cosh —1
You may assume the formula for cos (A £ B) and thatas h — 0, h

(Total for question = 5 marks)
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Q5.
YA
o
P(2.10)
0 x
Figure 1

Figure 1 shows part of the curve with equation y = 3x? — 2
The point P(2, 10) lies on the curve.

(a) Find the gradient of the tangent to the curve at P.

The point Q with x coordinate 2 + h also lies on the curve.

(b) Find the gradient of the line PQ, giving your answer in terms of h in simplest form.

(c) Explain briefly the relationship between part (b) and the answer to part (a).

(Total for question = 6 marks)



Differentiation from First Principles - Year 1 Core PhysicsAndMathsTutor.com

Mark Scheme

Q1.

Question Scheme Marks | AOs
. 3(x+h) -3y
Considers (II# Bl 2.1
1
Expands 3(x+h)" =3x" +6xh+3h’ M1 1.1b
: 6xh+ 30’ 6x3x + 3(8x)’
50 gjadlent=%=6x+3h or L(mj=6x—35x Al 1.1b
8x
States as h — 0. gradient — 6x so in the limit dertvative = 6x * Al* 2.5
(4 marks)
Notes
) : _ 3(x+8x) —3x
Bl: gives correct fraction as in the scheme above or 30+ 5n) 37
ax
M1: Expands the bracket as above or 3(x+38x)" =3x" +6x8x +3(8x)*
Al: Substitutes correctly into earlier fraction and simplifies
Al*: Completes the proof, as above ( mayuse Sx —»0), considers the limit and states a
conclusion with no errors
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Q2.

Question Scheme Marks | AOs
Considers % B1 21
Expands [:c—h)s =x’ +3x°h+3xh 1 M1 1.1b
so gradient (of chord) =M =3x" +3xh+ 0’ Al 1.1b
States as 1 —0, 3x® +3xh+h® —3x* so derivative=3x>  * Al* 2.5

(4 marks)
B1: Gives the correct fraction for the gradient of the chord either (ot hy —x or (r+ J;f —
It may also be awarded for % oe. If may be seen in an expanded form

It does not have to be linked to the gradient of the chord
M1: Attempts to expand (x + h)3 or (x+ 51‘)3 Look for two correct terms, most likely X4 +h
This is independent of the B1
Al: Achieves gradient (of chord) is 3x” +3xh+h" or exact un simplified equivalent such as

3x’ +2xh+xh+h . Again, there is no requirement to state that this expression is the gradient of
the chord

Al*: CSO. Requires correct algebra and making a link between the gradient of the chord and the
gradient of the curve. See below how the link can be made. The words "gradient of the chord" do

not need to be mentioned but derivative, £'(x), d—l ' should be. Condone invisible brackets for

the expansion of (x+h _]3 as long as it is only seen at the side as intermediate working.
Requires either
reon (:ﬁ'+h); —1'3
- K h} bmhs0 R
e Gradient of chord =3x" +3xh+h” As h— 0 Gradient of chord tends to the gradient of
curve so derivative is 3x°
e f'(x) = 3x +3xh+h =3x
Limh—0

=3x +3xh+h =3x

e Gradient of chord = 3x +3xh+h when h—>0 gradient of curve = 3
* Do not allow # =0 alone without limit being considered somewhere:

so don’t accept h=0=1"(x) —3x +3rx0+0 =3x

) hl—_'—."’:rIE- ETR 3 S
(x+h) —(x-h) 6x°h* +2h 3

Alternative: B1: Considers -~ M1: As above Al:
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Q3.
Question Scheme Marks AOs
Use of smf@+h)—sinéd - 1
(@+h-a
Uses the compound angle identity for sin(4+ B) with 4=8 B=h Al L1b
=sm(@+h)=smBcosh+cos@smh ’
Achieves 5111(6‘+h)—5m:9=5m9c05h+c0595mh—5m9 Al 1.1b
h h
=5mhc036+[005h_1)5i116 ML 51
h h
Uses h— 0. %—)land cosh—1_,4
Hence the limit,_, sm@+m)—sinb =cos #and the gradient of Al* 25
(@+h-a
the chord — gradient of the curve = % =cos *
(5 marks)
Notes:

Bl:  States or implies that the gradient of the chord 15 or stmilar such as

si(@+h)—sin @
h

si(f+08)—smé
g+06-6
MIl: Uses the compound angle identity for sin(4 + B) with 4 =6, B=h or &6

for a small / or &8

smBeosh+cos@smh—sind

Al: Obtains p or equivalent
MI1: Writes their expression in terms of S";:h and cos}?: -1
dy

Al*: Uses correct language to explain that i cosé

For this method they should use all of the given statements h — 0, 51: h —1,

cosh—1 si(6+h)—smn &

— 0 meaning that the limit, cos &
@+h—a

and therefore the gradient of the chord — gradient of the curve — % =cosd
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Question Scheme Marks AOs
alt Use of sin(@+h)—sin & Bl 21
(@+h) -6
i ) sin |_’i'+£+E —sin -1‘5'+£—E
Sets sin(6+h)—sinéd 2 2 2 2
(8+h)-6 h M1 1L1b
and uses the compound angle identity for sm(4 + B) and
sin(4 — B) with 4— g+§, Bzg
Achieves sin{@+h)—sm @
h
(o hy (h AR AL Al 1.1b
[sm{&'+ EJCOS(EJ+COS{E+EJM(EH—{m(9+EJco{EJ—ms(9 +EJSD{EH
h
“[3)
"2 h
= 2 xcos(8+—] M1 21
h 2
2
. [ h
sin| — :
h 2 h
Uses h—)o,;—}(}hence A —»land cos 9+: —coséd
_ = _ Al* | 25
Therefore the lumut, sin@+h)—sin6 =cos & and the gradient of
(B+h) -8
the chord — gradient of the curve = %zcosf? *
(5 marks)
Additional notes:
Al*: Uses correct language to explain that % =cos 8 . For this method they should use the
(3]
sin ; h
(adapted) given statement A —>0,§—>ohence h_ — Lwith c08[9+5)—>c053
2
meaning that the limit, e i i =cos 8 and therefore the gradient of the
(@+h) -8
chord — gradient of the curve — % =cos8
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Question Scheme Marks | AOs
d . in / sh—1
—1co‘sc"|l=—3mfi':ash—>0_smr—>land — 0
dé
cos(6 + h)—cosé BI 11
h
_ cosfcosh —sinésinh—cosé M1 1.1b
~ h Al 1.1b
__ w;hsinv’ +| cosh—1 |cost9
As h—=0, —%’r}sim? +| cos;’:—l |cos@ — —1sing +0cosd dM1 21
d . . -
s0 —(cosé|=—sing * Al* 25
dé
(3
(5 marks)
Notes for Question
. . 7+ h)—cosd §+08)—costd
BI: Gives the correct fraction such as o ;) O ot i ‘:; ==
T el
Allow cos(& +h)—cos& o.e. Note: CDS((J‘:'-H'?:I or COS({‘.;'-i-Jﬁ} may be expanded
@+h)—@
M1: Uses the compound angle formula for cos(6 + /) to give cosScosh=sin Ssinh
. cosfcosh —smfsmh—cosé ,
Al: Achieves p or equivalent
dM1: dependent on both the B and M marks being awarded
Complete attempt to apply the given limuts to the gradient of their chord
. in h—1" sinh . —1) .
Note: | They must isolate % and | th . and replace Sl:l—j with 1 and replace L with 0
\ ) i _ )

. - . S d .
Al*: cso. Uses correct mathematical language of linmting arguments to prove El cosf | =—smé&
Note: | Acceptable responses for the final A mark include:

d lim | sink . [ cosh—1] | . .
+ —(cosf) = —Esmﬂ +| 0% |cos‘6" =—lsinf+0cosf = —sin &
d&é h—=0l h | ) |
+ Gradient of chord = — stk siné + | cosh-1 :cos &. As n — 0. gradient of chord tends to
the gradient of the curve, so dervative 1s —sin &
- sinh . [ cosh-1 . - - S
+ Gradient of chord = — ;—s'mt? +| —— |cos' & As h— 0, gradient of eurve is —siné
1
Note: | Give final A0 for the following example which shows ne limiting arguments:
whenp =0, %l cosf) = — sinh ing + | s |cosb’ =—1sin8+0cosd = —sind
. in] - .
Note: | Do not allow the final Al for stating SL;I ! =1or | %ﬂl |= 0 and attempting to apply these
1
Note: | Inthis question 58 may be used in place of i
o c . dv . d
Note: | Condone f'(5) where f(&)=c0s8 or d_; where ¥ =005 used in place of El cosd )
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Notes for Question Continued
Note: | Condone x used in place of & if this is done consistently
Naote: | Give final AO for
. m | g {cosh-11 ) , i
s —fcosx) = | —ﬂsiné' +]| aeck—1 |c059 | = —Isin@+0cosf =—sind
dé ' h=00 & L ) )
e M.
de
 Defining f(x)=cos& and applying £'(x)=...
. i[cczu*;-?]l
dx
Naote: | Give final Al for a correct limiting argument 1n x, followed by %I cosf ) =—smné
d : " sinh (cosh-1] ) _ :
eg —lcosx)= | - smx + cosx | =—lsinx+0cosx =—sinx
de h=01 & . a ) )
=1 iI'-:c).fsﬁ'] =—sind
dé’ ]
Note: | Applying 1 —0, sini—h, cosh—1 to give e g.
lim |"'cos€cosh —sindsinh—cosd | | cos (1) —sinf(h) —cosd |  —siné(h) —sing
h—0 h | h ) h
1s final MO A0 for incorrect application of linuts
Naote: im | cos@cosh—sinésinh—coss ) im | sinh (cosh—1 !
| = | - sin & +| |ccsf5' |
h—=01 h ) h=0l h . J )
()sind + Ocos@) =—siné. So for not e
=10 { sing + Ocosf) =—sinéd. Sofor flo ren_lot—mgh_}o
when the limit was taken is final AQ
Note: | Alternative Method: Considers cos(6+h) —cos(6—h) pich siumphifies to e
(E+hH)—(@—h)
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Q5.
Question Scheme Marks AOs
@ Attempts to find the value of L at x=2 M1 1.1b
dx
3—1 =6x => pradient of tangent at P is 12 Al 1.1b
»
(2)
(b) 3(2+h) —2-10
Gradient PO = (2+4) oe Bl 1.1b
2+h)-2
3(2+h) -12 +30
_3(2+h) -12 _12h+3h M1 1 1%
2+h)-2 h
=12+3h Al 21
(3)
(c) Explains that as h — 0, 12+3h — 12 and states that the gradient B1 94
of the chord tends to the gradient of (the tangent to) the curve )
(n
(6 marks)
Notes
(a)

M1: Attempts to differentiate;, allow 3x? =2 —...x and substitutes x = 2 into their answer

Al: cso El=6.\_:> gradient of tangent at P is 12

(b)

B1: Correct expression for the gradient of the chord seen or implied.

gy . . S .
M1: Attempts g_ , condoning slips, and attempts to simplify the numerator. The denominator
Ox

must be A
Al:cso 12+3h
(©)

B1: Explains that as h — 0. 12+3h — 12 and states that the gradient of the chord tends to the
gradient of the curve






