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Questions

Q1.

The curve C has equation
y=2x>—12x+ 16
Find the gradient of the curve at the point P (5, 6).

(Solutions based entirely on graphical or numerical methods are not acceptable.)

(Total for question = 4 marks)
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Q2.

A curve has equation

dy
(a) Find, in simplest form, dx

(b) Hence find the exact range of values of x for which the curve is increasing.

(Total for question = 5 marks)
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Qs.
YA
o
P(2.10)
0 x
Figure 1

Figure 1 shows part of the curve with equation y = 3x? — 2
The point P(2, 10) lies on the curve.

(a) Find the gradient of the tangent to the curve at P.

The point Q with x coordinate 2 + h also lies on the curve.

(b) Find the gradient of the line PQ, giving your answer in terms of h in simplest form.

(c) Explain briefly the relationship between part (b) and the answer to part (a).

(Total for question = 6 marks)
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Q4.

The curve C has equation y = f(x) where
f(x)=ax®*+15x>-39x + b

and a and b are constants.

Given

o the point (2, 10) lies on C

o the gradient of the curve at (2, 10) is -3

(a) (i) show that the value of a is —2

(i) find the value of b.

(b) Hence show that C has no stationary points.

(c) Write f(x) in the form (x — 4)Q(x) where Q(x) is a quadratic expression to be found.

(d) Hence deduce the coordinates of the points of intersection of the curve with equation

y = 1(0.2x)
and the coordinate axes.

(Total for question = 11 marks)
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Q5.

A curve C has equation
y=x*-2x-24/x, x>0
dy
(@) Find (i) dx
d]J_.
(i) dn?

(b) Verify that C has a stationary point when x =4

(c) Determine the nature of this stationary point, giving a reason for your answer.

(Total for question = 7 marks)
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Q6.

The curve C, in the standard Cartesian plane, is defined by the equation

. - T
x=4sm2y T <y<—

The curve C passes through the origin O

dy
(a) Find the value of dx at the origin.

(b) (i) Use the small angle approximation for sin 2y to find an equation linking x and y for
points close to the origin.

(i) Explain the relationship between the answers to (a) and (b)(i).
(c) Show that, for all points (x, y) lying on C,
dy _ |

de avbh —x*

where a and b are constants to be found.

(Total for question = 7 marks)
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Q7.

N
-

“rm ~

hm

Figure 9

- 4
[A sphere of radius 7 has volume — 77* and surface area 47m°7]
]

A manufacturer produces a storage tank.

The tank is modelled in the shape of a hollow circular cylinder closed at one end with a
hemispherical shell at the other end as shown in Figure 9.

The walls of the tank are assumed to have negligible thickness.

The cylinder has radius r metres and height h metres and the hemisphere has radius r
metres.

The volume of the tank is 6 m3.

(a) Show that, according to the model, the surface area of the tank, in m?, is given by

-
12 ,

+ — q7-
IS

h

| %]

The manufacturer needs to minimise the surface area of the tank.

(b) Use calculus to find the radius of the tank for which the surface area is a minimum.

(c) Calculate the minimum surface area of the tank, giving your answer to the nearest
integer.

(Total for question = 10 marks)
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Q8.

The curve C has equation
y=3x'-87-3
dy
(@) Find (i) dx
d’y
(i) dx’

(b) Verify that C has a stationary point when x = 2

(c) Determine the nature of this stationary point, giving a reason for your answer.

(Total for question = 7 marks)



Basic Differentiation - Year 1 Core

Q9.

The curve C has equation

y =5x*—24x3 + 42x% — 32x + 11 xeR
(a) Find
o dy
(1) —
dx
. d7y
(1) —
dx”

(b) (i) Verify that C has a stationary point at x = 1

PhysicsAndMaths Tutor.com

(i) Show that this stationary point is a point of inflection, giving reasons for your answer.

(Total for question = 7 marks)
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Q10.

In this question you should show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

Vi C

Figure 2

Figure 2 shows a sketch of part of the curve C with equation
y=x3-10x?+ 27x — 23
The point P(5, —13) lies on C
The line / is the tangent to C at P
(a) Use differentiation to find the equation of /, giving your answer in the form y = mx + ¢
where m and c are integers to be found.

(b) Hence verify that / meets C again on the y-axis.

The finite region R, shown shaded in Figure 2, is bounded by the curve C and the line /.

(c) Use algebraic integration to find the exact area of R.

(Total for question = 9 marks)
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Question Scheme Marks AOs
Attempt to differentiate M1 1.1a
d
Y _ax-12 Al 1.1b
dx

. dy
Substitutes x=5 = —=_ M1 1.1b
dx
dy
=——=38 Alft 1.1b
dx
(4 marks)

Notes
M1 : Dafferentiation implied by one correct term
Al : Correct differentiation
M1 : Attempts to substitute x = 5 into their derived function

Alft: Substifutes x = 5 mto their derived function correctly 1.e. Correct calculation of their £'(5)

so follow through slips in differentiation
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Q2.
Question Scheme Marks AOs
(a) 2y ] M1 1.1b
() _ e Al 1.1b
7 Al | 11b
()
S
() Attempts 6x— ‘i‘ 0= x> M1 1.1b
X
x>a4 or r%ﬁ Al 2.5
@)
(5 marks)
Notes
(a)
MI1: x" — x" for any correct index of x. Score for Zoxorxt 5x7
Allow for unprocessed indices. &5t e
24

Al: Sight of either 6x or —— which may be un simplified.
2

Condone an additional term e.g. + 2 for this mark
The indices now must have been processed
dy 24 dy

Al: —— = 6x— =5 or exact simplified equivalent. Eg accept Y _ 6t — 24572
dx %~ dx
You do not need to see the % and you should isw after a correct simplified answer.
(b)

M1: Sets an allowable i} ...0 and proceeds to x... via an allowable intermediate equation
X

dy . .
d} must be in the form A4x+Bx™ where 4,5 =0
X

and the intermediate equation must be of the form x”...q oe
Do not be concerned by either the processing, an equality or a different inequality.
It may be implied by x =awrt1.59
1
Al: x>3/4 or x> /4 oesuchas x>4% or x 22

[FET )
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Qs.
Question Scheme Marks AOs
@ Attempts to find the value of L at x=2 M1 1.1b
dx
3—1 =6x => pradient of tangent at P is 12 Al 1.1b
»
(2)
(b) 3(2+h) —2-10
Gradient PO = (2+4) oe Bl 1.1b
2+h)-2
3(2+h) -12 +30
_3(2+h) -12 _12h+3h M1 1 1%
2+h)-2 h
=12+3h Al 21
(3)
(c) Explains that as h — 0, 12+3h — 12 and states that the gradient B1 94
of the chord tends to the gradient of (the tangent to) the curve )
(n
(6 marks)
Notes
(a)

M1: Attempts to differentiate;, allow 3x? =2 —...x and substitutes x = 2 into their answer

Al: cso El=6.\_:> gradient of tangent at P is 12

(b)

B1: Correct expression for the gradient of the chord seen or implied.

gy . . S .
M1: Attempts g_ , condoning slips, and attempts to simplify the numerator. The denominator
Ox

must be A
Al:cso 12+3h
(©)

B1: Explains that as h — 0. 12+3h — 12 and states that the gradient of the chord tends to the
gradient of the curve
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Question Scheme Marks | AOs
@O e %=—3 at x=2=> 12a+60—39=—3 M1 | 1.1b
Solves a correct equation and shows one correct intermediate step Al* 51
12a+60-39=—"3=12g=-—24=ag=-2%
(a) (i) | ses the fact that (2.10) lieson C  10=8a+60-78+b M1 3 1a
Subs a=—-2mto 10=8a+60-78+b=>b=44 Al 1.1b
&2
(b) f(x)=-2x" +15x" —39x + 44 = f'(x) = —6x +30x—39 B1 1.1b
Attempts to show that —6x” +30x —39 has no roots M1 31a
Eg. calculates b” —4ac =30 —4x—6x—-39=-36 ] ]
States that as f'(x)# 0= hence f{(x)hasno turming pomnts * Al* 24
(3
(©) 2x° 4157 —39x + 44 = (x—4)(-2x> + Tx—11) Ml | 11b
: Al 1.1b
(2)
(d) Deduces either intercept. (0.44) or (20,0) Bl fi 1.1b
Deduces both intercepts (0.44) and (20.0) Bift | 2.2a
(2)
(11 marks)
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Notes
(a)(i)
dy

M1: Attempts to use e —3 at x =2to form an equation in a. Condone slips but expect to see

two of the powers reduced correctly
Al*: Correct differentiation with one correct intermediate step before a=-2
(a)(ii)

M1: Attempts to use the fact that (2.10) lies on C by setting up an equation in @ and b with
a=-2 leading to b= ..

Al: b=44
(b)

B1: f'(x) =—6x" +30x—39 oe

MI1: Correct attempt to show that "—6x" +30x—39 " has no roots.
This could involve an attempt at

+ finding the numerical value of 5" —4ac
¢ finding the roots of —6x” +30x— 39 using the quadratic formula (or their calculator)
e completing the square for —6x° +30x—39

Al1*: A fully correct method with reason and conclusion. Eg as b —4ac=-36<0,{'(x)#0
meaning that no stationary pomts exist

(c)
. . 3 5 (. b
M1: For an attempt at division (seen or implied) Eg —2x° +15x" —39x+b = (.1'—4)[ —21"’...iZ]
LY

Al: (x— 4){—2:{3 +7x—11) Sight of the quadratic with no incorrect working seen can score both

marks.
(d)

See scheme. You can follow throuch on their value for b
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Q5.
Question Scheme Marks AOs
(@ dy — M1 1.1b
. Y 2 _7_17 2 -
@ =2 Al 11b
2y i
@ ogie Blft 11b
dr”
3
(b) , L
Substitutes x =4 into their %=2x4—2—12 x4 1= M1 1.1b
Shows % = 0 and states "hence there is a stationary point” oe Al 21
2)
. . _d'y =
Substitutes x =4 into the1r$=2+6><4 1=(2.75) M1 1.1b
(t} d2 y
E =2.75>10 and states "hence minimum" Alft 2.2a
2)
(7 marks)
@ |
] . dy = dy . ) .
M1: Differentiates to d‘—z Ax+B+Cx * Al: dx =2x-2-12x ¢ (Coefhicients may be unsimplified)
X
(a)(ii)
! d'y . dy . dy : . )
B1ft: Aclueves a comrect dxlz for their - { Their o must have a negative or fractional index)
(b)
M1: Substitutes x =4 mto their d—‘} and attempts to evaluate. There must be evidence dy =
dx dx x=4
) . . . i dy EL B
Alternatively substitutes x = 4 into an equation resulting from . =0 Eg. —=(x—1)" and equates
X X

Al: There must be a reason and a minimal conclusion. Allow v* . QED for a munimal conclusion
dv ) ) .
Shows E = 0 and states "hence there 1s a stationary point” oe

Alt Shows that x =4 1s a root of the resulting equation and states "hence there 1s a stationary pomt"
All aspects of the proof must be correct mcluding a conclusion
(©

7

) i . dy ) e
MI: Substitutesx =4 into rhen'd—tl and calculates its value, or implies its sign by a statement such as

when x=4= 3: = (). This mwust be seen 1n (c) and not labelled (b). Alternatively calculates the

X

gradient of C either side of x = 4 or calculates the value of y either side of x=4.
Alft: For a correct calculation, a valid reason and a correct conclusion. Ignore additional work where

¥ 7

. dy } _ dy .
candidate finds E left and nght of x =4 Follow through on an mcorrect & - but 1t 15 dependent upon
1 %
having a negative or fractional mdex. Ignore any references to the word convex. The nature of the turming
point 1s "mininmm".
Using the gradient look for correct calculations, a valid reason.. .. goes from negative to positive, and a
correct conclusion .. .mininmm
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Q6.
Part | Working or answer an examiner might | Mark | Notes
expect to see
dx dy 1 . o : .
(a) — =8cosy = = = M1 | This mark is given for differentiating and
dv - dx  8cosly inverting
dy 1 ; — . dy
At(0,0), == = — Al | This mark 1s given for finding —~ when
dx 8 dx
y=0
(b)1) |sin2y=2y = x= 8y Bl | This mark 1s given for finding an
approximation for x
(b)(11) | When x and y are small, x =4 sin 2y Bl | This mark 1s given for a valid explanation
approximates to the line x = 8y of the relationship between x and y when
both are small
() |sin’2y+cos?y=1 M1 | This mark is given for a method to use
s cos? 2y =1 — sin? 2y find an expression for sin® 2y in terms
¢ - of x
x=4sin2y = sin’ly= ! f]
\4)
dy 1 _ 1 Al | This mark is given for an unsimplified
dx  8cosly x\ expression for &
g l]1-| = dx
\4)
dy 1 Al | This mark is given for a fully correct

answer witha=2 and 5 =16
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Q7.

Part | Working or answer an examiner might | Mark | Notes
expect to see

(a) | 6=mh+ 2 s Bl | This mark 1s given for a method to find
3 the volume of the cylinder and the semi-
hemisphere

{ 3 ) M1 | This mark 1s grven for a method to find
6—Smr the surface area of the tank

Al | This mark is given for finding an
expression for the surface area of the
tank

A=3m+ 12 _ 4 _ 12 + Sar” Al | This mark 1s given for a fully correct
r 3 r 3 proof to show the surface area of the

tank as required

(b) | 4= E + Sar” = d;'{ =_£ + 1077 M1 This mark 1s given for a method to
r 3 dr r 3 differentiate to find »

Al | This mark 1s given for accurately
differentiating to find »

When d;é =0, _i " 10z _ 0 M1 | This mark 1s given for a method to set

dr r? 3 dj:(]toﬁndava.luefcrr
dr
518

a7

r=1.046 Al | This mark is given for finding the radius
for which the surface area 15 a minimum

© |4= 12 + 3a(1.046)° M1 | This mark 1s given for a method to
1.046 3 substitute a value for »

A=17Tm? Al | This mark is given for correctly finding
the minimum surface area of the tank (to
the nearest integer)

(Total 10 marks)
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Q8.
Question Scheme Marks AOs
@) @ ¥ o127 2ax? M1l | 11b
dx Al 1.1b
2
(i) d—f=36x2—43x Alft | 11b
dx
(3)
®) Substitutes x =2 into their %:12x2‘ —24x2° M1 | 11b
Shows il—é =0 and states "hence there 15 a stationary point" Al 2.1
2
(c) !
Substitutes x = 2 into their sz—y=3ﬁx22—48x2 M1 1.1b
&y : i int is a minimum" Alft | 22
i 48 > D and states "hence the stationary point is a minimum 2a
2
(7 marks)
Notes:
(a)()

M1: Dafferentiates to a cubic form
Al: d_y =12x% — 2457

dx
(a)(ii)

. d’ .
Alft: Achieves a correct ?'r for their % =36x" —48x

(b)
: . . dy
M1: Substitutes x =2 into their E

Al:  Shows % = 0 and states "hence there 15 a stationary point" All aspects of the proof

must be correct

(©

M1: Substitutes x =2 into their

dy
&
Alternatively calculates the gradient of C erther side of x=2
Alft: Fora correct calculation, a valid reason and a correct conclusion.
dy

Follow through on an incorrect —
dx
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Q9.
Question Scheme Marks AOs
(@)@ B 0x — 723 £ 84x—32 ML | LTk
dx Al 1.1b
(ii} d:'l' 5
—— =060x" —144x+84 Alft 1.1b
dx_
3
@@ x=1=>F _20_72484-32 M1 | 11b
d).-
% = 0 so there is a stationary point at x =1 Al 21
N
Alternative for (b)(i)
20x* —72x +84x—32 =4(x—1)°(5x—8)=0=>x = _. M1 1.1b
When x=1, j% = 0 so there is a stationary point Al 21
-
. _____________________________________________________________________________________ ________|
(b)) i . " . . (dy)
Naote that in (b)(ii) there are no marks for just evaluating - J
Y C o |
Cd*y { (1:_1‘
Eg |3 =.. |2 = M1 | 21
LAt s Lyt s
i 23 f 2 s k|
d 1: J -0 | d 1 <0
N S N« -y S Al 2.2a
Hence point of inflection
(4)

Alternative 1 for (b)(ii)

dl_ L4 = 60x> —144x + 84 = 0 (is inconclusive)
L odx™ )
T e M1 | 21
Ty 1o0x—144= | L —
L dx” ) Ldx™ ]
{ d: o i d}'\ Y
|—f | =0 and ‘ Y1 o0
Ldx? ) L ) Al | 22a
Hence point of inflection
Alternative 2 for (b)(ii)
[ dy [ dy )
E_gl| —_ =... | L — Ml 2_1
Ldx o wdy s
(dy d
i] <0, | 9 <0
vdx . Ldx /L, Al 22a

Hence point of inflection

{7 marks)
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(a)()

M1: x" = x™" for at least one power of x

Al ¥ _ 20x% —72x* +84x—32
dx

(a)(11)
A1ft: Achieves a correct d_l‘ for their _ 20x° —72x* +84x—32
dv” dx

(b)(®)
M1: Substitutes x = 1 into their &

dx
Al: Obtains % = 0 following a correct derrvative and makes a conclusion which can be minimal

o

ep tick, QED etc. which may be in a preamble e g_stationary point when % =0 and then

shows v =0

dx
Alternative:

MI1: Attempts to solve % = 0 by factorisation. This may be by using the factor of (x — 1) or

possibly using a calculator to find the roots and showing the factorisation. Note that they may
divide by 4 before factorising which is acceptable. Need to either see either 4(x—1) (5x—8) or

Y . .. 8
(x—1)" (5x—8) for the factorisation or x = 5 and x = 1 seen as the roots.

A1l: Obtains x = 1 and makes a conclusion as above
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(b)(a1)
M1: Considers the value of the second derivative either side of x = 1. Do not be too concerned
with the interval for the method mark.

(NB d: = (x—1)(60x—84)s0 may use this factorised form when considering x < 1, x > 1 for sign
dx-

change of second derivative)

Al: Fully correct work including a correct i_l with a reasoned conclusion indicating that the
2

stationary point is a point of inflection. Sufficient reason is e g “sign change™ “> 0, < 07 If
values are given they should be correct (but be generous with accuracy) but also just allow “> 07
and “< 07 provided they are correctly paired. The interval must be where x < 1.4

Alternative 1 for (b)(ii)

M1: Shows that second derivative at x = 1 is zero and then finds the third derivative atx =1

i)

Al: Fully correct work including a correct i_l with a reasoned conclusion indicating that
2

stationary point 15 a point of inflection. Sufficient reason 1s “# 0™ but must follow a correct third

. 3 -
derivative and a correct value if evaluated. For reference i—tJ =-24

x=1

Alternative 2 for (b)(ii)

M1: Considers the value of the first derivative either side of x = 1. Do not be too concerned with
the mterval for the method mark.

Al: Fully correct work with a reasoned conclusion mndicating that stationary point 1s a point of
inflection. Sufficient reason 1s e.g. “same sign”/“both negative™/”< 0, < 0. If values are given
they should be correct (but be generous with accuracy). The interval must be where x < 1.4

x 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
P | 32 | 243 | 1782 | 1274 | 864 | 55 | 32 | -162 | -064 | -0.4 0
P | ea 702 | 576 | as2 36 27 192 | 126 | 72 3 0

x| 11 12 13 14 | 15 | 18 | 17
P) | 91| -032 | 054 | 064 | 05 | 0 | 098
£ | .18 | -24 -18 0 3 | 72| 126
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Q10.
Question Scheme Marks AOs
(@) y= 1022+ 275232 332 205427 Bl | 11b
dx
() 357 -20x5+27(=2) M1 | 1.1b
R —— ak
y+13=2(x-5) M1 | 21
y=2x-—23 Al 1.1b
6}
(b) Both € and [ pass through (0, —23)
] : B1 22a
and so C meets [ agaimn on the y-axis
(1)
© |
£ (¥ -10x" +27x-23—(2x—-23)) dx
: M1 1.1b
(x* 10 5 25, Alft | 1.1b
= i| ——x +—x
4 3
10, 25,
- T dM1 21
(625 1250 6257,
=(22-22+ 22 (o)
.4 3 2 )
625
=— Al 1.1b
12
(4
(c) Alternative 1:
+ | (X =102 +27x—23) dx
! M1 1.1b
p Al 1.1b
{4
=i| L—Ex P23y ‘
L4 3 2
~> o -
X 105, T ga| 2 lus(313)
4 3 2 2 "
. __3 dM1 | 21
=—4jj+90
12
625
=— Al 1.1b
12
(c) Alternative 2:
s . - (x* 3,27 )
[x* —10x" +27x) dx = A——EJ{J-F—?T' Ml L1b
\ ‘ . 3 2 Al | 11b
_-4 ) -' 1_:
|2 105,27 21 150 aM1 | 21
|4 37 27 | 2
625
= Al 1.1b
12

| (9 marks) |
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Notes

(a)

B1: Correct derivative

M1: Substitutes x = 5 into their derivative. This may be implied by their value for %

M1: Fully correct straight line method using (5, — 13) and their (:l—J atx =35
k'

Al: cao. Must see the full equation 1n the required form.

(b)
B1: Makes a suitable deduction.
Alternative via equating / and C and factorising e.g.

¥ —10x* +27x—-23=2x-23
¥ —10x* +25x =0
x(x*-10x+25)=0=x=0

So they meet on the y-axis

(c)

M1: For an attempt to integrate x" — x" for == C—[I”

Alft: Correct integration in any form which may be simplified or unsimplified. (follow through
their equation from (a))

If they attempt as 2 separate integrals e.g. (f —10x% +27x—23) dx— (2x—23) dxthen

award this mark for the correct integration of the curve as in the alternative.
If they combine the curve with the line first then the subsequent integration must be correct
or a correct ft for their line and allow for = C' - [”

dM1: Fully correct strategy for the area. Award for use of 5 as the limit and condone the omission
of the “— 0”. Depends on the first method mark.

Al Correct exact value

Alternative 1:

M1: For an attempt to integrate x" — x" for £C

Al: Correct integration for =C

dM1: Fully correct strategy for the area e.g. correctly attempts the area of the trapezium and
subtracts the area enclosed between the curve and the x-axis. Need to see the use of 5 as the
limit condoning the omission of the “— 0™ and a correct attempt at the trapezium and the
subtraction.

May see the trapezium area attempted as | (2x—23) dx in which case the mtegration and

use of the limits needs to be correct or correct follow through for their straight line
equation.
Depends on the first method mark.

Al: Correct exact value
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Note 1f they do / — C rather than C — 7 and the working 15 otherwise correct allow full marks 1f

their final answer is given as a positive value. E_g. correct work with [ — C leading to _61“_: and

v
then e g hence area is %is acceptable for full marks.

If the answer 1s left as —% then score AQ

Alternative 2:

M1: For an attempt to integrate x" — x"* for (C' + 23)

Al: Correct integration for (C + 23)

dM1: Fully correct strategy for the area e g. correctly attempts the area of the triangle and
subtracts from the area under the curve
Need to see the use of 5 as the limit condoning the omission of the “— 0™ and a correct
attempt at the triangle and the subtraction.
Depends on the first method mark.






