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Formulae A Level Mathematics B (MEI) (H640)

Arithmetic series

S, = %n(a+1) = %n{2a+ (n—1)d}

Geometric series
a(1=+")

1—r

S, =

S ZIL for |r| <1
oo —r

Binomial series
(@+b)'=a"+"C,a" 'b+"C,a" b’ +...+"C.d" b +...+b" (neN),

r n r

where "C = C :[n]:n—!

n(n—1) 2+m+n(n—1)...(n—r+l)

(14+x)"=1+nx+ T pr X+ (x| <1, neR)
Differentiation

f(x) £(x)

tan kx ksec?kx

secx secxtanx

cotx —cosec’x

cosecx —cosecxcotx

TR

Quotient Rule y = %, ay = %

Differentiation from first principles

f'(x) = zlfi%w

Integration

ix) = In|t\x) +c
Jf<x> dx = In|f(x)|+

(00 ar = A ()

. dv . | du
Integration by parts Jua dx = uv Jvdx dx

Small angle approximations

. 1 . . .
sinf =~ 0, cosO =~ 1— 592, tan @ ~ 6 where 0 is measured in radians
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Trigonometric identities
sin(4 + B) = sinA cos B+ cosAsinB
cos(A+B) = cosAcos BFsindsinB
_ tan4 ttanB 1
tan(4 £ B) = l FtanA4 tan B (AiB # (k+ 2)7[>

Numerical methods

b —
Trapezium rule: J ydx = %h{(yo +y)+2(y,+y,+...+y, )}, where h = b=a
! f(x
The Newton-Raphson iteration for solving f(x) = 0: X, =X, — f’( (x">>
Probability
P(4 U B)=P(4)+P(B)—P(4 N B) )
P(ANB
P(4 N B)=P(4)P(B|4)=P(B)P(4|B) or P(4|B)= (P(—m
Sample variance
>x )
st = ﬁSxx where S_ = X (x, =)’ = Xx’ — % =Y —nx’
Standard deviation, s = v/ variance
The binomial distribution
If X~ B(n, p) then P(X =) = "C p'q""" where g =1-p
Mean of X is np
Hypothesis testing for the mean of a Normal distribution
_ 2 X—
If X ~ N(u,0?) then X ~ N[,U,G—] and =2~ N(0,1)
n o/Vn

Percentage points of the Normal distribution

p 10 5 2 1

140 1,0
z | 1.645 | 1.960 | 2.326 | 2.576 2P 2pf)
1 z -

Kinematics
Motion in a straight line Motion in two dimensions
v=u+tat v=u+tat
s = ut+1at’ s =ut+1at’
s=%(u+v)t s=%(u+v)t

2 2
v =u"+2as

1 1
s =vt—zat’ s =vi—zat’
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Answer all the questions.

Section A (60 marks)

1 The function f(x) is defined for all real x by

f(x) =3x—2.

(a) Find an expression for f - (x). 2]
(b) Sketch the graphs of y = f(x) and y =f ~!(x) on the same diagram. 2]
(¢) Find the set of values of x for which f(x) > f (). [2]

q) ‘F(L):Sl_z

9> 3x-&
b-tZ =3X
Itz =x fof =) 242
2 2
//‘

H &
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) LS £ Cx)

31-2 2 A4l
3

AL-6 > xLtA
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2 (a) Find the transformation which maps the curve y = x* to the curve y = x* +8x—7. (4]

(b) Write down the coordinates of the turning point of y = x* + 8x—7. 1]
a)  xleBx-t
(smplebing Lne Square
; z._. o _
(cty) - (VT D pes ) - e

>) (7[1-‘{)1—2.3
+he Gro\ms\‘\\""o“‘ '8 (ijs)

b) From Ehe CGW'P‘E/'CA Square

) fP = (-Y%,- 23)
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3 (a) Express in partial fractions. [3]

1
x+2)(x+3)

(b) Find S S dx in the form In(f(x)) +c, where c is the constant of integration and f(x)
x+2)(x+3)

is a function to be determined. [3]

a) _{
(A42) (2+3)

- A L8 = AC(243)€EB(xe2)
ZIE AL (2AL) (43)

A(t43) +B(x+2) = |
(+2) (243) Cx#2) (6t 3

L AOHD) po(xaz)=]

ok x =~
o +B(-1) =1
g=-

ek 2 = -2
ACl) =1 A-|
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K42
h (- - 1 dx

AL +1 £ 3

» \X*L‘ - |w {'1—'('3\ 4 C -

Using lowS of (03

2 In \_’&) t (
oLt 3

&(7()‘—‘ Z—_’L?_:.
xt38
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4 In this question yen must show detailed reasoning.

| 1 1 3

Show that —o e b e A = -
@ N&U\ ko rahonalise LHS
\ (e -4) - o -l
Lo + {0 (o ¢{n?) (fio -ir) \q ;H ,
-1
5_ (o g Ju-de
’ _ () - Vi-do
dn -(nﬁ‘L (‘(" '(-\rl.z,)(fu-ﬁ)_) (\—;Z
V.o

3G e fiz = 62 -

) . (-3 fe-dg
it + Vi3 (fi2163) (£1-48) 12

=it 43 = Ni3-din
[7- G5 + (Hr-di) (N3 -{71)
- {2 -fio
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@) LHS

3 ; ZCfN*ﬂ-S) - 3if|6-f|3)
di6 £ V13 ] é(w +5;)(A,,f|3) ,?T;,’LE
.

L a(o-3Y . e 4 i3
-2 — i3~ Vio

KHSZ LHS - BDH" Q?UAHO(A[ art e_?uq,(-
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S Astudent’s attempt to prove by contradiction that there is no largest prime number is shown below.

If there is a largest prime, list all the primes.
Multiply all the primes and add 1.

The new number is not divisible by any of the primes in the list and so it
must be a new prime.

The proof'is incorrect and incomplete.
Write a correct version of the proof. [3]

S Suppse theve s a large prime, p-
S My l-Hij all He ,)rfmeg u,m‘o and( fwcbo(&,l?
P, then add |
= This  number 1§ not this\Lle by 4= o
the primes - ik i a prime:
2 Tths ffilhe (s (ﬂrjer , an r
S This s A f(thdl'(ﬁou Al ~(-(Q mo/ah'/k(

1 \Ms&f e r

. Yere ig no (atse& prme.
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6  Acircle has centre C (10, 4). The x-axis is a tangent to the circle, as shown in Fig. 6.

y
A
C (10, 4)e
(0]
Fig. 6
(a) Find the equation of the circle. 2]
(b) Show that the line y = x is not a tangent to the circle. 4]
(¢) Write down the position vector of the midpoint of OC. [1]

a)

By ompanism , Ge-10)74 (97 < 4
3 -10)° +(3»‘f)1'>‘ o
b) (J:X

I(/\Ai/\ﬂ
(g-19) ¢ (-0 =16

dhe poia¥ o} 1 lxce(Bon
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S -2072 4100 1t ~Yx+ 16> 15
DA -2%% +100=0
Finding bt
(28)" - & (2 x100)

= -6 -
Lale bi-va( Lo

’E’/\C'Q areé neo fo{/\h o{. }ALCJS((J';O" o

on hpd be o éanjenP

0 (pi44)y e
midput = (IfY) =Sil
l
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7  In this question you must show detailed reasoning.

(a) Express In3xIn9xIn27 in terms of In3.

(b) Hence show that In3xIn9x1In27 > 6.

a) 9 =1t uging khis
2?:g3 ’i knoRngel

('\3 4 (,\31 glmgg

Using lawg ok (oo

- 123 x 3T
‘38 G(\n%ﬁ

b\ Wwe Know that e ¢3

a3 > | ,
(n3) >l

G,(\n‘;')s >6xl

« 6(a3)26 % requind -

2]
2]
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8 In this question you must show detailed reasoning.

A is the point (1, 0), B is the point (1, 1) and D is the point where the tangent to the curve y = x* at
B crosses the x-axis, as shown in Fig. 8. The tangent meets the y-axis at E.

~_™

Fig. 8

(a) Find the area of triangle ODE. [6]

(b) Find the area of the region bounded by the curve y = x°, the tangent at B and the y-axis. [4]

a\ &:13
d :311
3 300 =3
ac | X={
: Equq\'ioﬂ O(fe\"e LM\QC"L;
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Area of 4 ’<V‘°‘“J‘°

= \ ¥ baSe kw;fﬁl\k )

2

Lo Lelxl2) =

L 3

b) S\ <% A

¥

Yiak
=0
oy
- (%9
2 unibs™

3

€)-
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Area O,‘_ “EC{"’"‘S‘( l/tisk(;«3\"20( ‘-(dloow

= (¢v = |
Area [oo\mcleo( lo»o 7—«1«’(,’

(- L ‘-".é Up ikz
Y 9
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9 In this question you must show detailed reasoning.

The curve xy+y* = 8 is shown in Fig. 9.

X 1'3-?-3"

. x= B

\

I

Fig. 9

O

—

Find the coordinates of the points on the curve at which the normal has gradient 2. [6]

Ui nj m P(i at aliﬁuen fabon;

I.A A = 0]
4y + g isdy
fs we Staked above a_l§ (ie- grockent of langent) 2

X
T3 ()

- 44-4:0 s X =0
£ gy

WL\Q" L:=O 1{701"‘ oliﬂs‘h“'( 91“, 'jz:g < 3='.'.'fz
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eX

10 Show that f(x) = o
e

is an increasing function for all values of x. [4]

((x) = ™

uSi Aj aluo BQ“\l’ 'U[e:

V:““z U2
v! ei. ¥

(Hex)ex - [e" (e")]

(4e*)
9 e¥eet - e =) e’
Y-
((4e* ) <(+ex>

Sine (‘(x\ >0

[y s an }/\Crcm{/\j 1vmd{ou fov ol
Valves of x-
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11 By using the substitution u = 1+ +/x, find [H_x \/}dx.
\
U= H-f/"
dv . Lx
v
dr
L dz
J
z dx = _2dY . 22" dv
(4-1) " =% el
2
(u—l) £ 2(\)-0 d"
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N2 [5}_ -—3:3 -&Zo -\n‘\)l]
3 y)

5 W _ tr6u - 2l +C
3
\7'-\—(:(\*&%) - 2w 1+ Sxlve

-.%(u&'ﬂz 301 dx
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Answer all the questions.

Section B (15 marks)

The questions in this section refer to the article on the Insert. You should read the article before
attempting the questions.

12 Show that the equation of the line in Fig. C2 is ry+ hx = hr, as given in line 24. [2]

(¢:0) 3 (0,h) > co-ovdinnles - m= h-0 --h
o-v v

O - _ b
ts- _l%.’l‘t'

o) - -t by
rqthx =hr required
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13 (a) (i) Show that the cross-sectional area in Fig. C3.2 is zx(2r—x). [2]

2
(ii) Hence show that the cross-sectional area is ﬂ—r(hz —?), as given in line 37. [2]
PP

(b) Verify that the formula ﬂ—r(h2 —?) for the cross-sectional area is also valid for
52
(i) Fig. C3.1, [1]

(ii) Fig. C3.3. 1]

() O freg of T
@) 2+ Area of the N

@ Zx XL - Buk (=T-1) = 2 Waclr-X)
lmdﬂﬂ N’.\D\h{’

@ 2 = Diameker - vadivs: 2% =x -
A

Prea of Stwmi Grele= 2 W’ =Tt
S z 2

Q;M.? here ore A S{W\i-({(clef

> 2F “£ -1yt
[3

2N« -’ + Txl
D A0y - T\'xl =) Mx (27—1) as rtqw'rca(.
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W) From |\3-\'h19‘ﬂ(‘

hy = hr -ry
w B hr -1
V\.

- Repladng x 7 o ovr stalement givec.

T (brors (3 [ e )

A +ohr4ry S 2hr ~hr +ry
h h

hr- hy o . h_\.r(kt‘\
> e )(RR) o0

HMt U‘Q",jz) as ft.qvirec‘-
b\'l
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b‘ u\A\C.l'\ 1S €yrve .
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14 (a) Express ;;21(1) Zh:(h2 — %6y as an integral. 1]
(b) Hence show that V' = %ﬂrzh, as given in line 41. [3]
(o
) h
= ( L_ t
b) V= T ( (ht-y)d
V\L
°
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15 A typical tube of toothpaste measures 5.4 cm across the straight edge at the top and is 12 cm high. It
contains 75 ml of toothpaste so it needs to have an internal volume of 75cm>.

Comment on the accuracy of the formula V' = %mfzh, as given in line 41, for the volume in this
case. [3]

3
= F4¢.2
5 Tle volume [radave i¢ £o0 smald bot

K

s cloge euovs\«-
2/ Dc\\owinds Apr ~gpro ahov , dhe W"""(q feers
corveck:
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2

Modelling a tube

Products such as toothpaste and hand cream are often sold in tubes which have a circular
cross-section at the end which has the opening for the product to be dispensed. The other end of
the tube is closed and is a straight line. The front view and side view of such a tube are shown in
Fig. C1. The circular end will be defined to be the bottom end of the tube and the straight line end

will be defined to be the top end.

Front view Side view

Fig. C1

There is no simple formula for the volume of a tube of this shape, but a good approximation can be

derived using mathematical modelling.

The cross-section at the bottom of the tube is a circle; the cross-section at the top is a straight line.
Observation of tubes suggests that they are made by starting with a cylinder and closing one end by
bringing the sides together in a straight line. This means that the tube will have a volume smaller
than the cylinder that was used when making it. If the base radius of the tube is 7, the height is 4

and the volume is V then
V< nr’h.

Modelling assumptions

The following table lists the modelling assumptions which will be made, together with some

comments justifying each of them.

Modelling assumption

Comments

The perimeter of the cross-section of the
tube is constant all the way up.

This follows from starting with a cylinder to
make the tube.

The nozzle at the bottom of the tube and the
cap will be ignored.

Experience suggests that the nozzle and cap are
not filled with the product when the tube is first
opened so their volumes are not relevant.

The front width of the tube increases at a
constant rate from the bottom end to the top
end.

Observation suggests that this is a good
approximation.

The side width of the tube decreases at a
constant rate from the bottom end to the top
end.

This situation is shown in Fig. C2; observation
suggests that this is a close approximation for
tubes of typical sizes.

© OCR 2019

H640/03/1 Jun19
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3
Modelling the cross-section
Taking the y-axis as the axis of symmetry of the tube and "
looking at the tube from the side, as shown in Fig. C2, h

means that the side width of the tube is 2x at height y.
When y =0, x =r and when y = h, x = 0.

Assuming that the relationship between x and y is linear
means that the side width decreases at a constant rate as y
increases; this leads to ry+hx = hr.

The cross-section at the bottom of the tube is a circle, as > X
shown in Fig. C3.1; at the top of the tube, the cross-section
is a line, as shown in Fig. C3.3.

Qo\" c/ l::TT(r"K)

- l -

- D ——
Area ofa G

Fig. C3.1 Fig. C3.2 Fig. C3.3

The exact ‘oval’ shape of the cross-section at intermediate points is not easy to determine, so a
simple approximation for the shape is used.

When the width of the tube is 2x, the cross-section will be modelled as a rectangle with semicircular
ends, as shown in Fig. C3.2. The radius of the semicircular ends is x. To ensure that the total
perimeter of the cross-section is a constant, the length, /, of the rectangular part of the cross-section
is given by / = z(r—x). It can be shown that this ensures that the front width of the tube increases
at a constant rate as y increases, as required by the modelling assumptions.

Calculating the volume
Finding the area of the cross-section shown in Fig. C3.2 and using ry+hx = hr gives the

2
cross-sectional area in terms of y as ﬂ—r(hz —9).
52

Imagine slicing the tube into thin horizontal slices, with cross-section as shown in Fig. C3.2 and

h 2
thickness 8y. The volume of the tube is given by ij_rz(hz —3%)8y; since r and & are constants
0
2.k
for the tube, this can be written as 72—’;2(}12 —%) 8.
0

Taking the limit as §y — 0 and evaluating the resulting integral gives V' = %ﬂrzh. This is less than

the volume of the cylinder, 777°A, as expected.
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