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Section A (36 marks)

Answer all the questions.

Using standard summation of series formulae, determine the sum of the first » terms of the series

(1x2x4)+ (2x3x5)+(3x4x6)+ ...,

where #n 1s a positive integer. Give your answer in fully factorised form. [6]
( n
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= %_(nﬂ) [&n(n-&ﬂ + g(an+l) * 18]

-%_U\-H\ [3n*+3n+lbn + 8 % \8 ]
= %.L“*B (20> +\%n + 26)

= —%_(_v\-\'\) (3n+13)(n+2)
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- b -5
0 1 a

- o M =
2 (a) The matrices M [1 b0

are such that MIN = L

and N=|—-1 ¢

-1 1)

Find a, b and c. [S]

(b) State with a reason whether or not N is the inverse of M. [1]

@) M= I
(2*3] C3x2) Cax 21
s

§ LZ)(.‘.‘: o) o

- \

(1}

ob+I(-Y+a(-)= 1 P -[-a=z( .. 0=~[-1=-2
0-D+lc +a(l)=0 > c+a:=0 H..c=-a=2
Ib+b(-\) *0(-1D=0 > b-b=0
\-D+be+00Q) =1 P 'S+bc,=l=>.'-\°=_|%§:5

Laz-2,b=3 c=2

(5) M i nod+ a sow.are, watvix ,50 1t haS o nvevse.
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3 In this question you must show detailed reasoning.

' - dx, expressing your answer in terms of 7. 14]
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0 |
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4

The roots of the equation 2x” —5x+7 = 0 are o, B and 7.

N
(a) Find 2T

B

I

L 4]
(b) Find an equation with integer coefticients whose roots are 2a—1, 23—1 and 2y — 1 (4]
(a.) K+ @ +Y < D (true but not necessary to solve this problem)

BY + ay xa B = "_ﬁ.
2

®fY =-1
* s
,,‘..4__!__‘,_‘__ s SX‘\'O‘X"'NE - (—-EB =_§_
*~ B ¥ 2Py (,1 T
2
| ,1l,1l:-5
rai ]

(b) Roots = 2x-1, 28 -1, 2¥-|

Lev w:?.l—(, L = W+

2
2(2"_‘ > 5(&’:1) +7=0
2 2

}L——(w-\()s - 5 (w+)* 1=0
r K x4 x4

(WeD3 - 10 (W +) + 28 =0

w3 +3%+ 3w F1— 10w -0 t28 =0

w3+ 3w +la=0
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5 Fig. 5 shows the curve with polar equation » = a(3+2cos6) for —7 <6 < 7, where a i1s a

constant.
B
oHl A .9-0
Fig. 5
(a) Write down the polar coordinates of the points A and B. [2]
(b) Explain why the curve is symmetrical about the initial line. [2]

(c) In this question you must show detailed reasoning.

Find in terms of a the exact area of the region enclosed by the curve. (4]

@) 8=0% v=a(3¥2ws0) = a(3+2) =Ga 3. A=[5a,0]
9517‘_% V= Q@fmslz)zga > _'.6:[30\’:‘%:3

(b) |cos (-9) = os®
So *he value of v for -6 is Hie same as §.
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(c)y A= L [v2a0

2
= [0(3* ZCOSQ)}
= a* (3 + 20050)"
= a% (q + 6cosO + 6C0SO + 46051'9)
= 0 (A+ 120030 t 40s*0)

_“ N.B
A -1, N 2 Limits could
- Sa q +\ w050 + 4Cos“O do have also been
-7 2Mto 0
LN
=1a* | 9 +12w0sO + 4(%5 do
2 2-
- .
Since 0820 = 20050 -\
LN
] %.az 1+ 12cwso + 20520 d®
-
= %_ [1\9 + |2sin@ + 3“"7'9]
= Lot [(um + 0 +0)- (-1 +0 * 0)]
= —l—q”(22'“)
= (| Ta®
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6 The complex number z satisfies the equation z* —4iz*+11 = 0.
Given that Re(z) > 0, find z in the form « + b1, where a and b are real numbers (4]
2: o+tbil

2= (atbl)" = a™-b* + 2abi

2¥ = a-bt

2X-4iz*¥ 41l = 0O

0%-br+20b; - 4i (a-bil) t1l =0 (+0)
qz'—\o’-+?_abi,-4ai -4b Il =0

Real Powt : 6 —bZ-4bL+1l =0

Im fork: 24b-44=0 > .. b=4_2
PPEEY ( -

ol- (-4 ()10 =0
0l-4-¢g+\1 =0
or= |

Sa =

o

o2z 1+20
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Section B (108 marks)

Answer all the questions.

7  Prove by mathematical induction that Zu' r!) = (n+1)!—1 for all positive integers x.

r=l

@Ld'v\:]:
Lgsz'é.r,wl_- [ x I
rel

|
RMS '-'Cn-:-l)'.-( = (\H)l_ -y z2l-1=2-1=1

L\'\S = KHS va .(.‘or n\.
@ASSU\MQ_-\V\AJL for =k © érxr\. = C“'”) | -

vz
@ Ler nzk+|:
kel \
S vxel TZ VXV ¥ (ert)x (Ea)
=1 ) vzl

- Ce) V=1 A () x (et 1)}
Q) (V4 kst -
(e*2)! -\

(el « 1) =

T for nilkdl | ie dvue for Ntk

@ So if ua for nz=k,Mmen e for Nzl &
v for wzl, - .trua for a\\ posthive h.

[6]
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lfandr=| 2
3 k

(b) In this question you must show detailed reasoning.

9

-

(a) Given that the lines r = A

=
J

._1_

o7

meet, determine k. [5]

[N

Find the acute angle between the two lines.

[4]
@) “ 2= =1*2n $ )= \-2p

%‘\'A '-'z*‘bp $|'2N=3M-_§7 \= 5K 3> M=

L
S
2+ et 4p D 2+ 3A -4M

Mgy as-z(g)- 2

b= 243(3)-4(3) = 3
Jez3

() -\, (3 as c0§8=6’-?
Cos © = (‘3) LQ 10().]10!

[Ey2+\re3® Jarrata T

s = ED ¥ WG+ (M) - 3

——

IRE 3\9

.9 = Cos™ s‘_i,q_\ 43,292 ... %2 433° Gs§)
3(

.0 =43%3°
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_ _ , : 1 =2 _
9 A linear transformation of the plane 1s represented by the matrix M —I , where 4 is a
b,

constant. A

(a) Find the set of values of' A for which the linear transformation has no invariant lines through
the origin. [5]

(b) Given that the transformation multiplies arcas by 5 and reverses orientation, find the invariant
lines. [3]

@) 7. x -2y
G301 (73
Suwosa. Y= we 3§ ‘nvoJuank.

1\7(.-\—33 =W (w_-z«.))

AR 3wy =m (3 - 2mY)
<x ~L

At3m=wm(I-2m)

A+3m= m-2m?

Jami*2m A = 0

No solutions if diswiminant <O .
b*-qac = 25 -4(20) = 4- 8> <0

428)
A> 4
8

AL
2

(b) der M = 3+ 25
(iven desuiption derM=-5, . . D+ 2= -5.
A= -5-3 . _4
Zm?* + 2m -7:&:0 $mt+m-2202 (med(m-D=0

-z, . .Lines are’ Y= -2z & 4= x
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10 In this question you must show detailed reasoning.

The region 1n the first quadrant bounded by curve y = cosh%x:, the y-axis, and the line y = 2 is
rotated through 360° about the y-axis.

—_————

Find the exact volume of revolution generated, expressing your answer in a form involving a
logarithm. [7]

Aoous \-axis: \= bf.“xz d'j
Q

I“\—gam&"w\f\ by powts .
S\ml'dx T uv - S‘vu.'dz,-rc_

Y eshzx* 3 x* = 20s5h™y

2 - twz 2T esh 'y —y=
V= ) 2Teosnydy et 2Ty 2o 3'
w = \J'-.':
- ] o
[2ryes's]), - ‘I—‘-:"":s N

[2Tyesh'y] T = 2T (2 osh™2 -0
= 4T |2 + §2=1 )
4w |2+ 33\

2Ty 3 2 'z._,\‘lz'_’
Iy om0y,

L
Ledr u= (\51-— D) >

[0 ||
an (3= - §ea]
=Tl

"

6\5 7.(7"3\(3 "3 : = S—;‘z—]

F\]-.-. 4T n|2+83| - 21T H
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11 In this question you must show detailed reasoning.

In Fig. 11, the points A, B, C, D, E and F represent the complex sixth roots of 64 on an Argand
diagram. The midpoints of AB, BC, CD, DE, EF and FA are G, H, 1, J, K and L respectively.

> Re

3

E X F
Fig. 11
(a) Write down, in exponential (r¢'%) form, the complex numbers represented by the points A, B,
C,D,Eand F. 2]
(b) When these complex numbers are multiplied by the complex number ., the resulting complex
numbers are represented by the points G, H, I, J, K and L.
Find w in exponential form. (4]

(¢) You are given that G, H, I, J, K and L represent roots of the equation 2% = p.

Find p. 2]
P 2T
(a)y A= 2,52 2e 3, (C=2e 5,'():—2_

Agjument o w = -’%—.'—, 2 = '-% o= E Q\J&
z

() =2¢=¢
(GE) - @ = 21¢™= 27 [T
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12 (a) Given that = = cos6@+isin@, express z" 4 _L and =" _L in simplified trigonometric form.

) 2]

(b) By considering |z L_’ |: l_] , find constants 4 and 7 such that

sin”@cos’ 0 = Asin 60+ Bsin26. [6]

@) 2"+—'T = 2coswnO
2

n-1
2 z"

2.SinnB

) ( -é) L?-cose) (7"5“"9) = —bUios30 5’0
O I [

From de Y 2isinb0 - 3(2isin2 o)

moivre's —> . '
theorem = iswnbd — bisin 20

- bUicos30sM30 = 2isinbd — bisin20

3 3
0s°0sin°0= 2\ in bO - ste
_64\4 —bll\

" Cos30sinlo= - L sSwbO + -—-smle
32 232
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(a) Using exponentials, prove that sinh 2x = 2 coshxsinhx. 2]
(b) Hence show that if f(x) = sinh’x, then "(x) = 2 cosh 2x. 2]
(c) Explain why the coefficients of odd powers in the Maclaurin series for sinh’x are all zero. [2]

(d) Find the coefficient of x” in this series when # is a positive even number. [3]

(a) RMS = 2coshxsiviax

- 2 el *€x> ex_e"x
z 2

- "iC?-" xeX) (e%- o *)

ez.x__e-Zx

2-
o Ssvihdge = :
= sinh 2x = LHS S ix © 2 oshesinhoc

(b) £(x) = sinhx
Ql(ﬂ = 28w coshx = Sinh2x 5
T 2% -
"G = 2eshax J =2

() £™ (x) = tsin2x
£5(x) = 1bsimh2n

ussinhit > u's Cosiha

.. 044 denvativer ave wmulhgles 0f s .
- £7(0Y = £5(0) 7 §7(0) = -=0

(d) £" (=) = 2w
‘Yq (x) = 8o 23

T _ .. Coefgiviavk of 2" = 2_"‘_‘
SN ) =2 Tneven] © Q n'
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14 Solve the simultaneous differential equations
dy : differentiate both equations

® %-2.\'——}1'_ @TIIS.\'—S

given that when 7 =0, x =0 and y = 1. [11]

®£* 2dx - ‘l’:%-a = 4(5\5'3)& = 2.03-\21(

de dt
3 - en e
@ ,;f)t - 53 ox Suhskhivutre
= L4 A‘)Ll ’Lé?j._: _Lt!}_.\.?—'—)_
.‘L": -3‘.;_& + 2% =0
dc* dc

Aux'\uw-g Eowm»iowi A2-3\+2 =0
(_A;Db\"ﬂ =0

}
coazl A2
Genera Splukion * %= Ae” £ B L dx . pebr2ge
= 1 dx 4 a =L (Aet+ 286 « Aeb, Be2t _2 , ¢ 2t
345*2_ L ) 2_"’-——?-_—-L\A<.+%e
Xq' KK xq
-l:':O,'JLT-O,tj:\ > 3:\:%—A+'B
S3a+4uB=a O
r=0=A+9
SAt3 =0 @
= Y
- . - 2 x
B4 > A=-b:=-4 SYE 4e“" - 3¢
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15 (a) Show that the three planes with equations

x+Ay+3z=—12
2x+ y+5z=-11
x—2y+2z=-9

where A is a constant, meet at a unique point except for one value of A which is to be

determined. [3]
(b) Inthe case A = —2, use matrices to find the point of intersection P of the planes, showing your
method clearly. 13]

) .oox—1 )
The line / has equation ! 5— ="+ =

2 1 2
(¢) Find a vector equation of /. [2]
(d) Find the shortest distance between the point P and /. (4]
(e) (i) Show that/is parallel to the plane x —2y+2z=-9. [3]
(ii) Find the distance between / and the plane x—2y+2z=-9. [2]

(,\ 5 =1 |1 ~Al25\x3
Ca)\\ 22 ‘l'Z.S'L\ \17-\ \"LI
= (2 +10) - ALK -5) « 3(-u-1)
=12 4p 15
A-3
When determinant =0, Makix i Singulay, .. nO invese.
. Aswgle, derermined ol doesnk exisk when dex=0.

A-3=03>.".A=3 | MLK\ from the equation
+ -—
B m=(270 %) % T

5 S 0 —,\(
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(‘3 x-1_ylo=2t2 = A
2 -1 -2

LA L ys A, B AR

@7 (3)-(D-C)
res (D) (3)- () (B

3= APxul - S+ _
lul e O
3 Af-_s\j_
3

=2
2

() I-Zj-tz_%=_ﬂ S n :(I )

- [ 2
2 (1) () oo o a0
Swvie W'w=0,une L is Pamﬁ.(\c\ Yo #e plane.

() Distance berween (O,),-2) & w-2yt2z=-q"

de i~ i) -20249] % ey
[re(are2? >
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16 The population density P, in suitable units, of a certain bacterium at time 7 hours 1s to be modelled
by a differential equation. Initially, the population density is zero, and its long-term value 1s 4.

(a) One simple model is to assume that the rate of change of population density is directly
proportional to 4 — P.

(i) Formulate a differential equation for this model. [1]
(ii) Verify that P = A(1 —e "), where k is a positive constant, satisfies

* this differential equation,
* the initial condition,

* the long-term condition. [3]

An alternative model uses the differential equation

ae__ P __
dr t(1+7) Sk

where Q(¢) is a function of ¢.

(b) Find the mtegrating factor for this differential equation, showing that it can be written in the

12
form % [8]

(¢) Suppose that Q(7) = 0.

At
1+¢

(i) Show that P = . [4]

(ii) Find the time predicted by this model for the population density to reach half its long-
term value. Give your answer correct to the nearest minute. [2]

te”’

V14

(d) Now suppose that Q(7) =

At—te™ e
Show that P = ————_ [You may assume that limre ~ = 0] [5]
V14 Y e

It is found that the long-term value of P is 10, and P reaches half this value after 37 minutes.

(e) Determine which of the models proposed in parts (¢) and (d) is more consistent with these
data. [2]
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(@Y 4P & (A-P) > |- dP ;

G P=A(l- )

d°

T ° Are ™ - KA-P) . Covvecr dikceranxial esy-

=0 > P= A(\‘ e"uO\B - A((-\) = O .. Iwnaol

(ondwion Met.
As-b-boo)e—\'-t—) O,s50 P>A. ' Long-tevm
ondiion wek.
byar_? . am
dt Q)
_‘[ 1 _Jd
e o
IF:=¢ =
‘ = A_ A L+ C
tQre) e
AGerr) + £(BerQ) s P A+Al+Betr CE T
t*: At8:0
¢ czo a1
A=zl D . 8:=-A=-| ETIET ) £ |
U PR
TF = e mm o
- e-—\n-b *—\ilV\‘\*k‘\
- \,{Jl-&-kz‘
¢ * N TS

W +42 t

4
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(e =0 >

X =
"Z%ﬁ:a

Itz = 24
2% a*
1+ E" = 442
3tz

2_ L
L3

.t =\F:-5 howvs

-t

Gv)
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At
|+ &

|

2 24.b4%... mns X 35S mins

Q) QW = te

I+e?

A

J 14 &2
Ll
Sl-\-t" -

T

o«

)

e,'t

e tet -

£ J 1+t

-e”

umP - C = Long-tem valua of P

L>00
J.cz A

N Al"'ke'

|2
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(e) A=10

By fivst woder , when += .‘_5‘;1 ,P5.25.
o

B\J second model , when & = _36%, 7=4AQ7.

9" made ! fity better





