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Answer all the questions.
(4]

1 Find Z(r +1)(r +5) . Give your answer in a fully factorised form.

r=1

>, (r2-+E>r+5)
Y= 1
n n n
vtz 25
=1 r=1 =1
As é; fz“_"g”(”+l)(2”*‘.) ano i‘:r:-——'z—n(nﬂ) :

—+n (n-tl)(?_n-l-l) + GX'%_‘V‘("“") + 5n
- _é.—n(nf\)(Zﬂ'\'l) + 3n(nt) + 6

-'cl;n((nﬂ)(Zn-H)+ \8(n+1) + 30)
(2830401 +18n 1 18430) = L (2024 21n+ 49)

f’ (re)(res) = 2 n (203 ns?)
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2 In this question you must show detailed reasoning.

The finite region R is enclosed by the curve with equation y =

8 , the x-axis and the lines x=0 and
J16+ %

x=4. Region R is rotated through 360° about the x-axis. Find the exact value of the volume generated. [4]

g
V=1 [ y2ax
& 2
L ()
o (6 +X?
A7V S 4 T dx
- “rl‘Jo o dx = O o
Know\ng that J_Q’L})L" dx = —L— arctan (—2—)

|

A
4
S | olT x—— arctan X lbmarctan () — IGTTavcton (0\
4 o
(o]

1

htrz
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3 (i) Find ;(%_ri2]' 3]
(i) What does the sum in part (i) tend to asn — o0 ? Justify your answer. 1]
i\ f(\) | — —3L‘ P Pluggin3 nuUwMbers nire
F(2) -5'_’ - "q‘: "“r_' - ?4]_—72__ and canc&\\ma
F(S) _é_.-_S.L- The tevms.
Fn-) 24 = AT
F) A -

=3 -Aa =) <— +hs answer would also be valid .
- 3(n+Dht2) 2 (n+2) — 2(nh)
2(n+)(nt2) 2 (n+)(n+2) 2 (nt)(nt2)

3124 n+t 6 —2n-84 — 2n-2
2 (n+1)(n+2)

= 3ﬂ1+5ﬂ
2 (n+V) (n+2D)

o | I

u) whenn> 00, — 1 >0, a2 2 ©
.3 _ 1 _ 4 5 3
2 N+ Nt+2 2
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2
4 It is given that 5x}+7x+125£+ B)2c+C
X +kx x X+

Determine the set of possible values of k.

Sxtrxtiz _ A, gxiC
x (Xt K) X x2+kK

2 5x24x¥\Z = A(x?+10) + (Bx+C)x
52¢%4+x 412 = Ax2+ AL + B2 4+ Cx

Compare the coefficent
xtcoeff: 5= A+8B

X coeff: V= C
congtant ° 12= AK = 12 _p
\C
5=-'-§'—18
8 = 5—-_',f_

Since A and 8 must be integers, K must a factor of 12,

7o, g\wes O < 5—'._'22:-
12
< <°

. K:‘S: Lf.(EOYIZ

where k, A, B and C are positive integers.

5]
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5 In this question you must show detailed reasoning.

Evaluate J: 2xe"dx.

[You may use the result limxe™ =0.] (4]

Usine fﬂx)dxr b\\l*fu'v dat

\ t >
‘;:V\-ao ) 2366 u=2a V‘:Ze_x
f 2 ur=l v=-2Ze
1% % =X ] e ob(.
£ < 00 [2.)66
- I wwn ¢ t
L =20 -2xe” — Ze_x ]
(o]
(-2tet-2¢*) - (0 -2)
= -2te bt 27t +2
As t=300 , -2te v -> o0, -2e %0

©
L 2xe Xdx - 2
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6 The equation of a plane [/ is x—2y—2z=30.

3 =5
(i) Find the acute angle between the line r { 2 }+ /1{ 3land /] .

-5 2

1 3
(i) Determine the geometrical relationship between the line r = {4} + /{1 and /7 .

2 5

Acute angle between a line and a plane meons e use S =

a S the dwecton vecktor = (’g’)

2.

N 1S the vwovmal vectov fo the plane = (_IQ_)

AN
an= ( 5)'(-2.):-—5—6—2.= —13
lal = [(-5)2+3242> = {38
-lo

Nl = 112420+ (-0

. —13 =
= 5 —_— = .
G n ( 33)&1_5‘ 59. 4 (3sf)

T 32\ [
) (—%) <,%):3+2—5=

The bne 1S in or Parallel to the plane-

Now onece f the ine s w thre plone -
X -2y —2Z =306

()- 2(H-(2) = — 9

-az 30

Point on the Une 18 not 1n the plane
So Une s paralled tedne plane .

[4]

[4]

o.n
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7 (i) Use the Maclaurin series for sinx to work out the series expansion of sinxsin2xsin4xup to and

including the term in x°. (4]

(ii) Hence find, in exact surd form, an approximation to the least positive root of the equation
2sinxsin2xsin4x = x. [3]

t(')
_ _ o3
s\nCce SINNX = 2 +
3!

5124 = 25¢ — (220)
31

sindx = 43 - (4x)?
=t

3 (zx 313)('4—1.- Ol

CeSinaC SN2 Skl = (:L-' 3! <y

- 3
= (JC—EC__ 9x - 4—x3)(x_321

(2

il

x> - 28°
W 2x (8x3—28‘15) =
56> — |16x®+ =0

o (5eac + 163 + 1) =

x?= u‘o F—'

- = least POSLbUe
voot.
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: . . 34413 5. . :
8 The equation of a curve is y = cosh? x —3sinh x . Show that [ln( VA{_J,—ZJ is the only stationary point

on the curve.

8]

First  differentiotion y=cosh?x - 3Sinhx
d
T = 2coshxsnhx - 3cosnx
‘ . ey Ay _
Ata statonary point, _JL% -0
2 coshxsimht —3cosht < o

coshx (28mha-3) =0

coshxX=0 wnasS no voots, as coshX 7 |

Sinh 15 o one toone function so - just one Stationary point when
25mhix -3=0

SihaC = %_—

A>T arsinn —2_—

< in(3 [P T )
- |n(31—ﬁ3_)

2

cosnx = ivs?x = [+ 2 = {12

y = cosh?x< - 3siwnx

- 3 - 52,3
w ~ 3xz
-5

—
-

o0

(s required )

coorhinates In (3 fﬁ) -5
2 ) s
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9 A curve has equation x* + y* = x? + 3>, where x and y are not both zero.
(i) Show that the equation of the curve in polar coordinates is »* = #2 (4]
2 —sin” 26
(ii) Deduce that no point on the curve x* + y* = x* + y?is further than J2 from the origin. [2]
i) Eermmembper :
(.'-
X = rcos® [rcose')‘_r—r (vsme) " = >
Y= rsin@ re (cos4 @& +sin4Q) = 2

(2 (cos4 @ +3inH6) = |
rz= |
cos4 @+ SO

|

r2=
(cos26 +s1n26) - 251n2Ocost O

1
= 2 &~ 5?20 = YcoS?®sn?e
I - —Zl.-'SH'I 20

= 2.
2 -sin*@

(as required)

Ll\ Moax ymum value of r occurs wnen SN2 = |

(2= _2Z

=2

2 -1
> r=i2
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20 (9)
10 Let C= Z[ jcos 6. Show that C = 2% cos™ (%6’)005106?. [8]
r=0 r

20
let S—‘Z" (Z:’)Smre'
r=I

C+8 = 1+ 20(cos®+ isine) + (zf)(wsm* lS|n29) teee T ((’.0620@ +Sin 208)

&y de Moivres Theorem
C+SiL= 1+20=2+ (’f)z._z ... T2
where Z = (0s@ + ISIne

2 (1+2Y°
cOSG = 25,052%_ -
S @ = 25|n%- Cos—g:

. 20

o (i z)*°= (|+ 2(:05"%— ( +\25\r\-g: cos-%)

20

(Zcos’—g- + 2isn & cos&-

= (&osg-)zo(cosg- + LS\n,E}-)p
- (Zcos”_i&)(Cosloﬁ-r I'Si"m&)

Re : C= 210 OOS”—E— Cos 100 (as TECLUL\V’Gd)
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11  During an industrial process substance X is converted into substance Z. Some of the substance X goes
through an intermediate phase, and is converted to substance Y, before being converted to substance Z. The
situation is modelled by

L2 =0.3x-0.2y and = =0.2y+0.1x
dt dt

where x, y and z are the amounts in kg of X, Y and Z at time ¢ hours after the process starts.

Initially there is 10 kg of substance X and nothing of substances Y and Z. The amount of substance X
decreases exponentially. The initial rate of decrease is 4 kg per hour.

(i) Show thatx = 4e " stating the value of 4. [3]
(ii) (a) Show that % + % + % =0. [2]
(b) Comment on this result in the context of the industrial process. (2]

(iii) Express y in terms of ¢. [5]
(iv) Determine the maximum amount of substance Y present during the process. [3]
(v) How long does it take to produce 9 kg of substance Z? [2]

) A=10 (Sbarb\na mass of X)
x= Ae®

dx. _ gAckt
dib

As wtal rate of deorease 1S 4 Kgliar
—4 = Ak

-4 = 10K

fou=k (as requved)

wa) ogx , d az . _ To-ab
o %ﬂ' Y S T bGe + (0.33:,-0-23)"‘ (0-23 +0.120)

= —O.4x 41033 + 01X =0

S g + gg a %%—:o Casrm}iutd)
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Lib) -5'? (:x.+5—|-z) -0

X+YtZ must be constant.
ut the industrial process the totad amount of the three substances IS censtant.
(no loss or gans of Gmounts)

'l'l‘l) Substitute ¢ and Ceavronge :
dy 02y= 3c 04t
dt

.2d 2+
IT.F edo%% _gP°

ﬁ_(eo.Zba): 36-0721':-

eo.zaza - Sfevo.zbdt

eo'zy= -15e %%+ ¢

C.2

Y= - 1I5e ° % +ce” SYy-s _}56—0'% + 15792t

when Y=o, t=o0 =15

w) 2y _
) g,

0.3x -0.2y= ©
0.3 = O.le

0.3 (106°*)= 0.2( 1564+ 15e™02*)
36-'0""b - ‘36-—0‘*& + 36‘0-2&5

36—0-2‘53 be—o-ub
e-olﬂ—.sze—o-“t

eo-‘.l-b = 2

0.2t = In2

E=5In2 = 3466 (3d4p)

—o-4(5in2) -0 2[5
- 15e

+ 15€e

R gm =

= 3.#5kq
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V) 0”63 of substance Z wnples ;)C,.—i'S:l

| Oe—0 %t — |54 4 1502 =

55_0,'4'1-_’_ /56'0'%_‘_ ) =0 XeO‘H’,

e’ _15e°%® 45 =0o

Using q/malrabt.'c fEarmu,LQAt
e 2%t - 14 b5g. .

L= 13-4 hours (ng)





