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Answer all the questions.

1 Find the mean value of f(x) = x® +6x over the interval [0, 3]. [2]

2 Find an expression for 1x2% +2x3% + 3x4% + ...+ n(n+1)2 in terms of n. Give your answer in

fully factorised form. [3]
1 00
3 You are given the matrix A=(0 0 1.
0-10
(a) Find A%, [1]
(b) Describe the transformation that A represents. [2]

The matrix B represents a reflection in the plane x = 0.

(c) Write down the matrix B. [1]
The point P has coordinates (2, 3, 4). The point P’ is the image of P under the transformation
represented by B.

(d) Find the coordinates of P’. [1]

4 In this question you must show detailed reasoning.

(a) Determine the square roots of 25i in the form re'®, where 0 < 6 < 27. [3]
(b) Hlustrate the number 25i and its square roots on an Argand diagram. [1]
1) -
5 By expanding |z° + , Where z = e", show that 4co0s%26 = cos66+ 3 cos 26. [5]

Z2
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6  The equations of two non-intersecting lines, I, and I, are

1 2 2 1
lir=| 2|+ 1} Lir=| 2 |+u|—1]
-1 -2 -3 4
Find the shortest distance between lines |, and 1,. [5]

7 Prove by induction that the sum of the cubes of three consecutive positive integers is divisible by 9.

(b)

()

(d)

[5]
Using exponentials, show that cosh 2u = 2sinh?u + 1. [2]
By differentiating both sides of the identity in part (a) with respect to u, show that
sinh2u = 2sinhucosh u. [1]

Use the substitution x = sinh®u to find f Fxldx. Give your answer in the form

asinhtb+v/x +f(x) where a and b are integers and f(x) is a function to be determined. [5]
Hence determine the exact area of the region between the curve y = Fxl the x-axis, the

line x =1 and the line x = 2. Give your answer in the form p+qlnr where p, q and r are
numbers to be determined. [2]

9  You are given that the cubic equation 2x® + px? +qgx—3 = 0, where p and q are real numbers, has a
complex root o = 1+iv/2.

(&) Write down a second complex root, . [1]

(b) Determine the third root, y. [2]

(c) Find the value of p and the value of g. [2]
1

(d) Show that if nis an integer then a" + 8" +y" = 2 x 32" % cosnO+ — where tan6 = v/2. [4]
2
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10 A particle of mass 0.5kg is initially at point O. It moves from rest along the x-axis under the

influence of two forces F, N and F,N which act parallel to the x-axis. At time t seconds the velocity

of the particle is vms™.

F, is acting in the direction of motion of the particle and F, is resisting motion.

In an initial model
» F, is proportional to t with constant of proportionality A > 0,
» F, is proportional to v with constant of proportionality x > 0.

(@) Show that the motion of the particle can be modelled by the following differential equation.

1d

§d—‘t’ = At— v [2]
(b) Solve the differential equation in part (a), giving the particular solution for v in terms of t,

Aand u. [7]

You are now giventhat A =2 and y = 1.
(c) Find a formula for an approximation for v in terms of t when t is large. [2]

In a refined model
» F, is constant, acting in the direction of motion with magnitude 2N,
* F, isasbefore with x = 1.

(d) Write down a differential equation for the refined model. [1]

(e) Without solving the differential equation in part (d), write down what will happen to the
velocity in the long term according to this refined model. [1]
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11 Acurve has cartesian equation x> +y* = 2xy.

C is the portion of the curve for which x = 0 and y = 0. The equation of C in polar form is given
by r="f() for0<0< 3.

(a) Find f(6). [2]
(b) Find an expression for f(%;z—@), giving your answer in terms of sin6 and cos6. [2]
(c) Hence find the line of symmetry of C. [1]
(d) Find the value of r when 6 = %7. [1]
(e) By finding values of 6 when r = 0, show that C has a loop. [2]
12 Show that fl fx“ dx = In(a+ vb) +% where a, b and c are integers to be determined. [6]

END OF QUESTION PAPER
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