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Find the mean value of f(x) = x” + 6x over the interval [0, 3]. [2]
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Find an expression for 1 x2° +2x3? + 3x4% + _ + n(n+1) in terms of n. Give your answer in
fully factorised form. [3]
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3 You are given the matrix A =

1 0 0
0 0 1}
0 —-10

(a) Find A", [1]

(b) Describe the transformation that A represents. 2]

The matrix B represents a reflection in the plane x = 0.

(¢) Write down the matrix B. [1]

The point P has coordinates (2, 3, 4). The point P’ is the image of P under the transformation
represented by B.

(d) Find the coordinates of P’. [1]
2) A. v 00\ /1 00\[-/1 00\._ ,2
()AA o 0\ o 0\ o-|o)'5_
©o-10 ©o-10 o o -I|
q’.: A‘L. ‘l-= ' 00 l 00 - \00
- = 0 -1 o 0 -1 o oryo|=X
o 0 -l o o -l 60|

2 Lz(?() J

] k= (?z)a ;:(E )
3 2 A

Flenes (3 9(%) (3) P (2,3,4)

© |g=/-1 0 o 'f(f’) g ReMedrion  .=0:
(o)
|
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4  In this question you must show detailed reasoning.
(a) Determine the square roots of 25i in the form re, where 0 < 6 < 27. [3]

(b) Tllustrate the number 251 and 1ts square roots on an Argand diagram. [1]

(@) r=25
6=1
2

. Lo
.. 25, =25e*
X, sh.
)—stw Ge4‘d G5e &

) Im
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By expanding

3 2
(!2.| \) :(.& -&_L;B(ic‘lzl_l?)
2 |

2 2 S
26“’2&1"‘"2"—1"'2 + 2 + 26

S 26 +32% 4 i-p-'—

(2”"’3 = 20520 (auj_ ® - 05320
z* 2

Using De Moivre's
3 (&" I %{‘*\ = beos 20

26 +€'-b s 200560

3
(zz-l--i-z\ =(26 ¢ E‘z) ¥ 3(22+ -';,_)
§ws?20 = 2ws60 + 60026

U Ups 320 = (0560 t 3520

[ 5 1] 0 ; _
z° 4 —_‘ , where z = ¢", show that 4c0s’20 = cos 60+ 3 cos 26.

[S]
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The equations of two non-intersecting lines, /, and /,, are

)
1.
4

1

[N I
e

+A -

-

Find the shortest distance between lines /._ and z’:.

2T () T R

.:Q: 2_(_—\0}—3!_ = (_'2(0>
-3

ol - Ylﬁ*t\o)‘»{ (-3)* =13

SROEBNY
2) (%)

|-1(2)+ 0(-10d+ 2(3)| _

d= "/

ln| JE

.. 4% 0753 (2s¢)

L
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7  Prove by induction that the sum of the cubes of three consecutive positive integers is divisible by 9

[5]

() Base Case :

13423 +3% = 3¢ = 4x9 C.Trua for boase ase.

@) Consider swm = £() =v 3+ (p4))® +(r+2)3
Asswme. Yt H)= Ak for some v € Z .

€ Consider £(r=+1):
Flea) = £00) + Cram)®> - 13

£0) & (eaB(+br +9) -v3

0 ¥ B4 per+Qredr?+ I8 + 27 -yg

Fe) ¥+ AvZ £ 27r + 27

= QL + q(r*+ 3r + 3)

1}

{l

1\}

= k' for some L €22

@ ST Wus fov r ) then Aua for vkl Bur i s also

rue for v=1, 50 Avuk fer all wreges v
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Using exponentials, show that cosh 2u = 2sinh”u+ 1. 2]
By differentiating both sides of the identity in part (a) with respect to u, show that

sinh 2u = 2 sinh u cosh u. (1]
Use the substitution x = sinh’» to find [\/? Give your answer in the form
asinh'hy/x +f(x) where ¢ and b are integers and f(x) is a function to be determined. [5]
Hence determine the exact area of the region between the curve y = IT] the x-axis, the

line x = | and the line x = 2. Give your answer in the form p+¢Inr where p, ¢ and r are
numbers to be determined. [2]

2-

y N
(@) 2sinh*w ) = 2 (,“-e_"‘)+ l

(b)

= z“/ife 4

2
- e'?.\o\ + c—lu
2
= wsh 2w L oshou = Zsinhz\,‘ 1\
'd_u:[cosh?.u] = 2sinh2u QEME"‘OQV

(% Sl,\'z.\) = C.Osl\ 2u 46 hLlu

d
TM LZS'\V\K’-(A + |] t L43inhu coshu - (—“Lzu - Z.CQSLLU _l
ot
2simn2u = 4ginhucoshu cashly = 4 Lsmhtu

L sivin2u = 2stn\au coshh
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(c) x =Ssinh?u > dx = 2Zsivhu coshu
du

-. dx = 2Sinucoshu du

J L 34z = yJthzu X 2sinhu Coshu du

2t swvhzu +1

= ZJ swhu x sinhu oshec du
Cshra Sine shtu =swihiy + |
= Z [sinh?u du

= S cosh2u—1| du Sivie 2 SiaWu = (0S2u - |
}2 smMN2u ~ w4+ ¢

= Sinhuwloshu —w t¢

= \\x(Hx) - sin\n-\J; +C
600 = Jxlhd + C, as -1, be)

2

(J> Aveo = [IXU'\‘X.) -—S‘V\h-‘ J—;J ‘

sinl'z =+ f2a1) = (55 - (5T + ) (- w1+ 8))
=005 + w\(l*ﬁ>

J2 443

.. f:\ﬁ; -\rz)ov =1, vz |4z
J2+13
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You are given that the cubic equation 2x” + px” +gx— 3 = 0, where p and ¢ are real numbers, has a

complex root & = 1 +iy/2.

(a) Write down a second complex root, . 1]
(b) Determine the third root, . 2]
(¢) Find the value of p and the value of ¢. [2]

(d) Show that if n is an integer then " + " +y" = 2> 37" x cos O _jL where tan@ = 2.  [4]

(@) |p= [-i2

N
b) «xp¥=- ('_:5_) = 3 £ product of roots
2] 2

bz (1 +D)((-ifz) = (#Wd2- 2 =21 = 423
.'.x=_32.;.«s=_sz_+3=_(i ,-.y..t,z
(@ (x -+ iﬁ)) (x - (\-d‘z\) (2x-Y) =0
(x* -2z +3)(22-1) =0
2x> -t —4x*+2x +bx -3 =0
2x® -5x* +8x -3 =0 . p=-9,9°8

4) tan0:3z:= {2 . O
A

.. 80 = ‘S__Z— , 080 = 4
E o~ B {3

= \*iJ2 = B(—\l\:a-\-t%x = 3‘/3" (cose + '.5.'“9')

g=1-J2 = Ji(-\,l._; -i%> = 3% (cose-is"“e)


Ramya Gururajan
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n
k"= 37 (osn® +isinnd)
@ﬂ e 396, (mgng — SN nB')

'+ g = _3%' (cosr® +t‘;'w(9)+ 3% (osn© -.M&)
=2 (3%-> (tosn©)

oM+ BN YN =2 (3%)(505“8) + -Zl-;\
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10 A particle of mass 0.5kg is initially at point O. It moves from rest along the x-axis under the
influence of two forces /| N and /N which act parallel to the x-axis. At time 7 seconds the velocity
of the particle is vms .
F| is acting in the direction of motion of the particle and £, is resisting motion.
In an initial model
[ is proportional to 7 with constant of proportionality 4 > 0,
* F, is proportional to v with constant of proportionality x > 0.

(a) Show that the motion of the particle can be modelled by the following differential equation.

ldv _,,
EE = At MV [2]

(b) Solve the differential equation in part (a), giving the particular solution for v in terms of ¢,
Aand u. [7]

You are now given that A = 2 and y = 1

(¢) Find a formula for an approximation for v in terms of # when 7 is large. 2]

In a refined model
* [ 1s constant, acting in the direction of motion with magnitude 2 N,

* F] is as before with z =
(d) Write down a differential equation for the refined model. 1]

(e) Without solving the differential equation in part (d), write down what will happen to the
velocity in the long term according to this refined model. [1]

(@) F=wma

Feat - pv
—w
Lz aE ST MY

2mt
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Mulkipy by TF:

2
e*ME Ay 4 e2MEoyy = 2ake™M®

ac
(™) = 2 er
MYy Sz.,\h 2ME g

e#* vz AL tv""‘—————v"")*c
2u

o e

("Wen £=0,v=0 ? 0 = 2A (o- Zl@z) xC

_:(,: 2A =_L_
4= 2p-

Nz 7.x(\ " -..) A ;,efr*")
ZM

V:&-’\t-’z—)\m*i—c-’?‘”b
2 S LTV

TNEAE A Aen™
M 2u* R Vi
-20) ¢
(@ A=z2,pn=l P vz 2% _ 2 . 2e - pp-|4 & 2F
| 27 2(h*

. -2t . )
When £ is large,e s very smalk, J vy 26—
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d) Ld

dv = At- MV
2 4% W
rA

Ldy o _ vy
= 2 4% 2t

(e)As v apgroaches 2, %\é = 0, ie. v opevoches a constomt volwe.



PhysicsAndMathsTutor.com

11 A curve has cartesian equation x~ + )~ = 2xy.

C is the portion of the curve for which x = 0 and y = 0. The equation of C in polar form is given
by r = f(6) for 0 <6 <37,

(a) Find f(6). 2]
(b) Find an expression for l(lf( 6), giving your answer in terms of sin€ and cos6. 2]
(¢) Hence find the line of symmetry of . [1]
(d) Find the value of » when 6 = f;r‘ [1]
(e) By finding values of © when » = 0, show that (" has a loop. 2]

(0-) x>+ 33 = 'thj .
x=r0sQ ,y=vsn® 2 (vrwos@) + (rsin®)” = 2(reos G)C\rsine)

r’(_cos 39 + sin®>0) = 2¥% (65050

Sor= 20s0sind
0339 +sin%0
b §(%-0)= 2as(B-0)sm (% -6)
w*(L -0 4sin® (L -0)
sin(20°- ©) = (65O
cos (10°-0) = sin0

T - o
3 vads = 90

S f(E-0) = 25imB 056
sin°Q+ os>0

Joline 0f  Symwmawy: © ’% ov X7Yy.
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(Ol) 0:T 5 v= Zcos(lf')s"‘ []1) = 2( 3
Cos? (%\-\- sin® (%» z (L)

Jovr=32

(,C) r=0 when O =0,
r=0 algo when O = :g.
In fow\se OLD ¢ :g-_ ) ¥>0 ond s conhinuowns.

.- There is a loop.
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12 Show that ‘ 1 4 7dx = In(a+ Vb)A E where a, b and ¢ are integers to be determined. [6]
J0) X <
4 A B x+ D
_ A B L (2+)
l-x 1-x I+ | +x?

A (14x?) * 8 (1) (14x2) * (et D) 17X+ = ¢4

A(x>+ X+ +) + B (-x3+2-x t1) + (-Ce®- D2+ Ce D)2 1

: A-8-c=0 O
2 A+B-D=0 @ — D=AYB

2: A-B-c=0 © \

| A+B+p=a O = atn+(pte)=4
2(AtR) = 4
At =2=D

a=\. &A+*0Br+0C+OD =4 3 - A=)
x=-\: OA + Y +0Cc *0D =4 > .. B=| \l‘_'——dz; W 1tx|+ec
I+

- c=A-6:=1-1=0
. 5—!—(\1: l—avf"z XcC
p=98{_1_ 4, L4+ = dx | 4
I-x |+x V4> l
0 } L
= [.Mn—x\ ¥ Wl 14x] + 2+om x]
(o]

L
3
0

EV\\Z*\E\ + 2(%)] - I:\V\‘I\ + ?.(o)l

miz+d3)] - _'%

]

[\v\\‘_"—-’-‘-‘ + L&ov\"x]
(-«

{]

- 2' b= 3, c= 3





