PhysicsAndMathsTutor.com

O C R Accredited

Oxford Cambridge and RSA

A Level Further Mathematics A
Y544 Discrete Mathematics
Sample Question Paper

Date — Morning/Afternoon

Time allowed: 1 hour 30 minutes \/\ ODE L
OCR supplied materials: A \\ SNEKS

* Printed Answer Booklet
* Formulae A Level Further Mathematics A

You must have:
* Printed Answer Booklet

* Formulae A Level Further Mathematics A
» Scientific or graphical calculator J

INSTRUCTIONS

+ Use black ink. HB pencil may be used for graphs and diagrams only.

+ Complete the boxes provided on the Printed Answer Booklet with your name, centre number
and candidate number.

+ Answer all the questions.

» Write your answer to each question in the space provided in the Printed Answer
Booklet.

» Additional paper may be used if necessary but you must clearly show your candidate
number, centre number and question number(s).

* Do not write in the bar codes.

* You are permitted to use a scientific or graphical calculator in this paper.

* Final answers should be given to a degree of accuracy appropriate to the context.

- The acceleration due to gravity is denoted by gms. Unless otherwise instructed, when a
numerical value is needed, use g = 9.8.

INFORMATION

* The total number of marks for this paper is 75.

* The marks for each question are shown in brackets [ ].

* You are reminded of the need for clear presentation in your answers.

+ The Printed Answer Booklet consists of 12 pages. The Question Paper consists of 8 pages.

© OCR 2017 Y544 Turn over
603/1325/0 B10034/2.4



Prim's

PhysicsAndMathsTutor.com

Fiona is a mobile hairdresser. One day she needs to visit five clients, A to E, starting and finishing at her
own house at F. She wants to find a suitable route that does not involve her driving too far.

(i) Which standard network problem does Fiona need to solve?

fravelling Salesperson problem

The shortest distances between clients, in km, are given in the matrix below.

(ii) Use the copy of the matrix in the Printed Answer Booklet to construct a minimum spanning tree for

these five client locations.

State the algorithm you have used, show the order in which you build your tree and give its total

weight. Draw your minimum spanning tree.
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(iii) Use this information together with your answer to part (ii) to find a lower bound for the length of

Fiona’s route. 12]
(iv) (a) Find all the cycles that result from using the nearest neighbour method, starting at F. [3]
(b) Use these to find an upper bound for the length of Fiona’s route 12]

. MST weight + 2. shortest arcsto & =2 6 +2.4 5
“ACL EF

= 23 km

V&) nearest neighbour gies ¢-A-E
B.C.XD are all equal distance fom € so

B-D-C- F 0 2+t (0+48+1249=kb

C—A- E 4 C-B- D-F D 2HHH10+10 +8+F =
\ D‘ B "C,"F- 244410+ %4 1049= 42

\o) Take (ywest fotal weight fram (@) = upper bound is Ul km

(v) Fiona wants to drive less than 35 km. Using the information in your answers to parts (iii) and (iv)
explain whether or not a route exists which is less than 35 km in length. 1]

() gives lower bound of 2b6km X (j\) gilles wpper
bound of Klkm, <o we know  2b<X Shl. however, e have

Not constracked o rowte ot the. lwser bownd, <0 We Cart+ ki ow it
SWeh Q. route. exists-
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Kirstie has bought a house that she is planning to renovate. She has broken the project into a list of
activities and constructed an activity network, using activity on arc.

Activity Activity
Planning

Structural survey

Replace damp course Build extension
Scaffolding

Repair brickwork

Remodel internal layout

Kitchens and bathrooms

Repair roof Decoration and furnishing

SEERRE

Check electrics Landscape garden

Q=[O0 =]~

Replaster walls

1(10)

g 37
J(6)
L(10)
137137
(i) Construct a cascade chart for the project, showing the float for each non-critical activity. 7]
(i) Calculate the float for remodelling the internal layout stating how much of this is independent float
and how much is interfering float. 13]

Kirstie needs to supervise the project. This means that she cannot allow more than three activities to
happen on any day.

(iii) Describe how Kirstie should organise the activities so that the project is completed in the minimum
project completion time and no more than three activities happen on any day. [3]
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3 Bob has been given a pile of five letters addressed to five different people. He has also been given a pile of
five envelopes addressed to the same five people. Bob puts one letter in each envelope at random.

(i) How many different ways are there to pair the letters with the envelopes? 1]
(ii) Find the number of arrangements with exactly three letters in the correct envelopes. 12]
(iii) (a) Show that there are two derangements of the three symbols A, B and C. 1]
(b) Hence find the number of arrangements with exactly two letters in the correct envelopes. 1]

Let D, represent the number of derangements of n symbols.
(iv) Explain why D, =(n—-1)x(D,_, +D,_,). 2]

(v) Find the number of ways in which all five letters are in the wrong envelopes. [2]

2P, =120

i °C3=10 ways fo dnoose the 3 lefers
2 lefrers & 2 envelopes left | So here is only
O Way o place them ir\wfmcﬂg Sd~ Hhaf eXocy 3 are
Cortact. this gives [0y |= (0 ArCANg eMENtS
i a) A cant be |7
FBis I C must follow then A - C cant be last
£ Cis 1™, A must follow, hgn B, & cant be 2

L 2 o(emr\ge ments.

b) SCls\D Ways +o chnase 2 Coftect|y- placed
\eHers. 2 Ways 4o arrange femaining > Sonone are
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4 The table shows the pay-off matrix for player A4 in a two-person zero-sum game between A4 and B.
Player B
Strategy X Strategy Y Strategy Z
Strategy P 4 5 4
Player 4 Strategy Q 3 -1 2
Strategy R 4 0 2

(i) Find the play-safe strategy for player 4 and the play-safe strategy for player B. Use the values of the
play-safe strategies to determine whether the game is stable or unstable. 13]

(i) If player B knows that player 4 will use their play-safe strategy, which strategy should player B use?

X Y Z | row min ’ Max Min - = P|0\g‘5ﬁ¥tfor 'S}
P L\f 5 - LI— —L‘, " ] ‘6; 2—
Q|3 |72 | - O#2 " unstabe.

I

Iy

R 0/2 [ O &
col may 512

MIni max | e S |

WA uses strteoy R, B should change fimZ Y for 4
best pay-off.

(iii) Suppose that the value in the cell where both players use their play-safe strategies can be changed, but
all other entries are unchanged. Show that there is no way to change this value that would make the
game stable. 12]

(iv) Suppose, instead, that the value in one cell can be changed, but all other entries are unchanged, so that
the game becomes stable. Identify a suitable cell and write down a new pay-off value for that cell

which would make the game stable. 12]

(v) Show that the zero-sum game with the new pay-off value found in part (iv) has a Nash equilibrium
and explain what this means for the players. 13]

L. increas; ng (RZ| entry doesit change row min
but increases coumn max. the row Magimin =0 sill

col minimax >2.= not equal, game. <Hll unstaple.
dectensing entry doesnt change col max " (8,2)=2,
Though i could or could hot decreage Yow Min- the row



Maximin = 0 of less "0 Uepenting. col minimax =2 = they
Qren't equal. the game is shil unstable.
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E>' (sz I (QY)/ R,%)

so it isa Nagh equ(lilor\'urv\ When r chooses B X B
chooses Z= :( P\,'-Z;).

Neither p\ager Would Want +o change, Wnless the Other
Changes too.
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5 A garden centre sells tulip bulbs in mixed packs. The cost of each pack and the number of tulips of
each colour are given in the table.

Cost (£) Red White Yellow Pink
Pack A 50 25 25 25 25
Pack B 48 40 30 30 0
Pack C 53 20 30 40 10

Dirk is designing a floral display in which he will need the number of red tulips to be at most 50 more
than the number of white tulips, and the number of white tulips to be less than or equal to twice the
number of pink tulips. He has a budget of £240 and wants to find out which packs to buy to maximise
the total number of bulbs.

Dirk uses the variables x, y and z to represent, respectively, how many of pack A, pack B and pack C
he buys. He sets up his problem as an initial simplex tableau, which is shown below.

Initial tableau P X v z s t u RHS
Row 1 1 —1 -1 -1 0 0 0
Row 2 0 0 1 -1 1 0 0 5
Row 3 0 -5 6 2 0 1 0
Row 4 0 50 48 53 0 0 1 240
(i) Show how the constraint on the number of red tulips leads to one of the rows of the tableau. [3]
The tableau that results after the first iteration is shown below.
After first iteration P X y z s t u RHS
Row 5 1 0 -0.04 | 0.06 0 0 0.02 48
Row 6 0 0 1 -1 1 0 0 5
Row 7 0 0 10.8 7.3 0 1 0.1 24
Row 8 0 1 0.96 1.06 0 0 0.02 48
(ii)) Which cell was used as the pivot? [1]
(iii) Explain why row 2 and row 6 are the same. [1]
(iv) (a) Read off the values of x, y and z after the first iteration. [1]
(b) Interpret this solution in terms of the original problem. 12]

I ho. fed tulips: 25x +4Dy+202
No- White tulips: 25x+30y +302
[ed tulips haveto be max. 50+ White fulips

= 25X + 4Dy +20= < 50+(25x +30y+302)

[0y-102 ¥ 50
Y-=¥5
Slack variable S added gives row2: y-2+s=5
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(v) Identify the variable that has become non-basic. Use the pivot row of the initial tableau to eliminate x
algebraically from the equation represented by Row 1 of the initial tableau. 13]

The feasible region can be represented graphically in three dimensions, with the variables x, y and z
corresponding to the x-axis, y-axis and z-axis respectively. The boundaries of the feasible region are planes.
Pairs of these planes intersect in lines and at the vertices of the feasible region these lines intersect.

(vi) The planes defined by each of the new basic variables being set equal to 0 intersect at a point. Show
how the equations from part (v) are used to find the values P and x at this point.

V. U is the non-basic variale.
X=%% 0%y —|-0bz — 0-D2 1 (r)

P-J-y-£=0
= P (k-4 -0-9hy |- Ob2.- 0-02W)-y -2 =0
=2 P-00ky+D-0bz2+0-02u=4L ¢
VL. equation above gives P=$ when Yzm=0

From equation for X (4, dedice Y= -6 when
Y,2,u =0

12]
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6 A planar graph G is described by the adjacency matrix below.

A BCDEF
A0 1.0 0 1 1
Bi1 01010
c|/o1 0100
DO O 1 011
E{l1 1 01 00
F{lL 001 00

(i) Draw the graph G. [

(ii) Use Euler’s formula to verify that there are four regions. Identify each region by listing the vertices
that define it. 13]

(iii) Explain why graph G cannot have a Hamiltonian cycle that includes the edge 4B. Deduce how many
Hamiltonian cycles graph G has. [4]

, A i VA R=E+2
| 2 b+R=q+1L
v ¢ = =l
i#BEY $B6C,DES

$ADECY {pB.CDES

)y

.. .

i i Homil fonian cycle (HC) includes AB, Hhen Must have
A-B-C-D fo indude G then, can have D-£-A o

D-F-R, but can} visit betn ELE -~ cant gorm fC

It you ignofe AB, cycle myst include E-B-C-D.
to include #4F, need wydeto continue D-F-A-E.

=> 0hly one HC
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A colouring algorithm is given below.
STEP 1: Choose a vertex, colour this vertex using colour 1.

STEP 2: If all vertices are coloured, STOP. Otherwise use colour 2 to
colour all uncoloured vertices for which there is an edge that
joins that vertex to a vertex of colour 1.

STEP 3: If all vertices are coloured, STOP. Otherwise use colour | to

colour all uncoloured vertices for which there is an edge that
joins that vertex to a vertex of colour 2.

STEP 4: Go back to STEP 2.

(iv) Apply this algorithm to graph G, starting at £. Explain how the colouring shows you that graph G is
not bipartite. 12]

Z- Colowr |
£-COlour 2

2 colours correspond 4o the 2. Sebs in g bipo\l’rﬂ'e gmpln.

however, AL are beth colowr 2= Same sef, but they are
Joined by arc Ap,
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By removing just one edge from graph G it is possible to make a bipartite graph.

(v) Identify which edge needs to be removed and write down the two sets of vertices that form the
bipartite graph. 12]

Graph G is augmented by the addition of a vertex X joined to each of 4, B, C, D, E and F.

(vi) Apply Kuratowski’s theorem to a contraction of the augmented graph to explain how you know that
the augmented graph has thickness 2. (4]

END OF QUESTION PAPER

V. lemove arc AB.
gives sets {4 BDY L {CERS

Vi Gr is planar - ares can be drvun on one plane Witk no crass-

overs. hew ares oin be drawh on o 2 plane. hence, thickness ain'
xceed 2

Kuratowski’s theorem: i€ o graph hes 4 subdivision of Kys
or K as &t Subgruph, it i<t planar.

the new oraph containg Neither, but i AF is. contracked, it hob
Contains Kyo= {X,CE3, {(8F), 8D}

=> horplanar by theorem, o thickness #1
" thicRness is 22. Concluded above Hhat Hhickhess 2

- Hickness =2







