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Give non-exact numerical answers correct to 3 significant figures unless a different
degree of accuracy is specified in the question.

The acceleration due to gravity is denoted by gms=. Unless otherwise instructed, when
a numerical value is needed, use g = 9.8.
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The total mark for this paper is 75.

The marks for each question are shown in brackets [ 1.
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8 pages.
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Answer all the questions.

1  Two graphs are shown below.

A B P Q
C D R S
E T
Graph G1 Graph G2
(a) (i) Prove that the graphs are isomorphic. [2]
(ii) Verify that Euler’s formula holds for graph G1. 2]

(b) Describe how it is possible to add 4 arcs to graph G1 to make a non-planar graph with 5
vertices. [2]

(¢) Describe how it is possible to add a vertex U and 4 arcs to graph G2 to make a connected non-
planar graph with 6 vertices. [2]

C\L) A covreSponds with R.
B corresponds withh. .
C corresponds with S .
D Corresponds with f.
E correspords with T,

ai) ViR=< E+2

G+R =b+t2
542 = €
R=3
%.Cﬂs AIBICIDJE V=5
Edgﬂs AB. ACIAE' Gcl BDJ% E-é t .b
Requoms | ABC, AGE . ACRE R=3
*D

b) Make Kg by ao\plma arcs AD, CD, CE, DE.c.
®c

) Mawe K33 by oddng vertex U and arcs PR, PUL, SL, TD.

P Q
® @
Ue
Le ®s
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A project is represented by the aPLW\?l'f?%nc WAl IS & %ade chart below. The table showing the

number of workers needed for each activity is incomplete. Each activity needs at least 1 worker.

Fi I ; Activity| Workers
ci iy A 2
t e = e = = | = = B X
Bl . EFEEERN C
iAi | iDi ! |E! D
0 2 4 6 8 E
days F
(a) Complete the table in the Printed Answer Booklet to show the immediate predecessors for
each activity. 12)
(b) Calculate the latest start time for each non-critical activity. 1]

The minimum number of workers needed 1s 5.

(¢) What type of problem (existence, construction, enumeration or optimisation) is the allocation
of a number of workers to the activities? 1)

There are 8 workers available who can do activities A and B.

(d) (i) Find the number of ways that the workers for activity A can be chosen. 1)
(ii) When the workers have been chosen for activity A, find the total number of ways of
choosing the workers for activity B for all the different possible values of x, where x = 1.

2]

'ﬂ(ﬂOnm:b‘E
(a)
-

Actavity! Latest start hime (days) |
8 |
c 5
v 8

c) Conspruction

d() ‘Cz =22 woys to cnoose 2L workers for A.

dit) Nuwber of worlLers for B canbe 1,2 or3:

°C. + *Cao + “C3= G+15+20

g
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3  Aproblem is represented as the initial simplex tableau below.

P X y z s t RHS
1 -2 0 1 0 0 0
0 1 1 1 1 0 60
0 2 3 4 0 1 60
(a) Write the problem as a linear programming formulation in the standard algebraic form with no
slack variables. 3]
(b) Carry out one iteration of the simplex algorithm. [3]
(¢) Show algebraically how each row of the tableau found in part (b) is calculated. [3]
Mmaximise

a) pm:u = 21-2—.
Subject to:
x-tai—zseo
2x+3y + 42 < O

X 720
yzo
220
b) P x y z s t RHS o Row op .
1 2 0 1 0 0 g [==2=n |Qn+2g'3
1 1 1 1 0 60 lwo1=eo| R2—-R3
2 3 4 0 I 60 02223003 -2
p\vot '2' W colunn X, Yow 3.
P x h% z s t RHS
1 o) 3 5 o I 60
o |-0.5 - (| |—-0.5| 30
| 1.5 2 lo] 0.5 | 30

<) 2x+33+1+21—b=&o
x=30-16y-22-05L

substitike x N Pmox 242 =0
Prnax —(Go—sg-q-z—f,)+z =0
pm+33+ 5z +b =00
x+3+2+s=éo

(%0-1-6y -22 -0.5£) 1y+2.4S = 0O
-0-53—2- +S-05t =20



An algorithm must have an input, an output, be deterministic and finite.
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(a) Why is a counter sometimes used in an algorithm? I1]
A computer takes 0.2 seconds to sort a list of 500 numbers.
(b) How long would you expect the computer to take to sort a list of 5000 numbers? I1]
Simon says that he can sort a list of numbers ‘just by looking at them”’.
(¢) Explain to Simon why sorting algorithms are needed. 12]
(d) Demonstrate how quick sort works by using it to sort the following list into increasing order.
You should indicate the pivots used and which values are already known to be in their correct
position.

41 17 8 33 29 [4]

For an average case the efficiency of quick sort is O(nlogn), where n is the number of items in the
list.

(e) Explain why quick sort 1s typically quicker than bubble sort and shuttle sort. 11

When the number of comparisons made 1s used as a measure of the efficiency, the worst case for
quick sort is no more efficient than the worst case for bubble sort.

An arrangement of the five numbers from part (d) makes up a new list that is to be sorted using the
bubble sort or the quick sort.

(f) Without writing out all the passes, determine
* the worst case list
e the total number of comparisons for the worst case list
for each of the algorithms in turn. 13]

a) To ensure that the algorithm s fnibe.
b) 0.2 x (5000 z_ 20 seconds

500

¢) Practical problems ave normally large and cannct be solved
e(fiderm by 'just looking at them'™ - will take a long time to solve-

Algoubh

d)

are wvudh wore gficent and fost.

¢4\ 7+ 3 33 29
1=+ =1 23 29 4
8 1+ 33 29 4\

= d 29 33 4|
17 29 33 4|
Sovt Complthte .

e Avew\gc cose fov bubble Sovt IS O(ntogn) c O(nz)l

A

Worst case Compansons
Guewsort | 8, 7,29, 23, 4| 10
1fuvle soct. | 41,32, 29,1%, 8 10

Bothh use U4+3+2+)1 = 10 compariséens
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5 A network is represented by the distance matrix below. For this network a direct connection
between two vertices is always shorter than an indirect connection.

A B C D E F G H
A - 130 100 - - 250 - -
B 130 - - 50 - - 170 100
C 100 - - - 80 170 - 90
D - 50 - - - - 120 -
E - - 80 - - 140 - 120
F 250 - 170 - 140 - - -
G - 170 - 120 - - - 90
H - 100 90 - 120 - 90 -

(a) How does the distance matrix show that the arcs are undirected?

The shortest distance from A to E is 180.

(b) Write down the shortest route from A to E.

1]

1]

(¢) Use Dijkstra’s algorithm on the distance matrix to find the length of the shortest route from G

to each of the other vertices.

[4]

The arcs represent roads and the weights represent distances in metres. The total length of all the

roads is 1610 metres.

Emily and Stephen have set up a company selling ice-creams from a van.

(d) Emily wants to deliver leaflets to the houses along each side of each road. Find the length of

the shortest continuous route that Emily can use.

(e) Stephen wants to drive along each road in the ice-cream van.

[1]

(i) Determine the length of the shortest route for Stephen if he starts at B. [5]

(ii) Stephen wants to use the shortest possible route.
¢ Find the length of the shortest possible route.
» Write down the start and end vertices of this route.

© OCR 2019
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a) Motrix 16 Symmetric about o\taaona\.

b) A-C-E
c)| Vevtex ’rcmporow Ovder of permonent| Yermovent
Lalels (abelling label
A 300, 280 - v 280
28 170 L |+O
C 180 5 180
D 120 3 120
E 210 © 210
F 350 2 350
G — 1 O
H a0 2 do

d) Length of all voods = 120+ 100 + 250+ 50 + 50
\FO+ 140+ 100 + 120 %+ 170
+ 90 +120 + 40
= 1610

1O X 2= 2220 w

el) AE =180 FG = 350 EG =210 gF=140
AF =250 7% ——
AG = 280 >30 o

Pepecor. ACHG and Ef
420+ 1O =2030m

e Lengtin= 1750 m
Stovt at A
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6  The pay-off matrix for a game between two players, Sumi and Vlad, is shown below. If Sumi plays
A and Vlad plays X then Sumi gets x points and Vlad gets 1 point.

Vlad
X Y Z

Sumi A (x, 1) | 4, -2 (2,0
B 3,-1) | (6,-4) | (-1,3)

You are given that cell (A, X) is a Nash Equilibrium solution.
(a) Find the range of possible values of x. 1]

(b) Explain what the statement ‘cell (A, X) is a Nash Equilibrium solution” means for each player.
2]

(¢) Find a cell where each player gets their maximin pay-off. [3]

Suppose, instead, that the game can be converted to a zero-sum game.

(d) Determine the optimal strategy for Sumi for the zero-sum game.
* Record the pay-offs for Sumi when the game is converted to a zero-sum game.

* Describe how Sumi should play using this strategy. [7]
o) A7 3
b) Vlad plays X = Sumc's hghest Score 1s ployy
Sumi ploygs A = Vlad's hghest Score 1S plﬂan(g X.
C‘ : m, off
Vlad 5:,:35
X Y Z
Sumi ’ A ’ (x,1) | (4,-2)| (2,0) ‘ 2
’ B IH. lllth_ 4)’( 1,3y | — |
M
off Viaa | ~ -4 O
Maxwmin. Yaas Surm 2 oand Mmaximin poy-off for Viad 1s O.
ceu (A,2) poy - Of 2 for Sumi ond poy-of¢ O fov Viad.
d)
X Y 7z |fow min. Sumi cwooses randomiy |, P(A)=p .
" | o - Vlad plays X: O(p)+ 2(1-p) = ?_-Zp
: o 3 | - Vlad plays Y : 3(@)+5(1-p) = 5-2p
B 2 5 -2 -2 - Vlad plngs 2: (P)-209) = -2+3p
Column 2 5 ' 2-2p=3p-2
Sp=4 2 ¢=0%
Game 15 unstable: OF | P(A)=0-8 (°)

p(B)=02 (i-p)
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There 1s exactly enough pastry to make 7 large pies or 20 medium pies or 36 small pies, or some
mixture of large, medium and small pies.

This 1s represented as a constraint 180x + 63y + 35z < 1260.

(a) Write down what x, y and = represent. 12]

There 1s exactly enough filling to make 5 large pies or 12 medium pies or 18 small pies, or some
mixture of large, medium and small pies.

(b) Express this as a constraint of the form ax+ by +cz < d, where a, b, ¢ and d are integers. |2]

The number of small pies must equal the total number of large and medium pies.
(¢) Show that making exactly 9 small pies is inconsistent with the constraints. 12]

(d) Determine the maximum number of large pies that can be made.
* Your reasoning should be in the form of words, calculations or algebra.
* You must check that your solution is feasible. |6]

a) 2 =number of large pies made-
.2 = Number of Medium PIEs Moole .
= VNumbky f small pres mode -

lo\ X T2
__L_i 1
S 128

3bx + 153 rlo=z < \80

) when 2z=9
1BOX + b3y + 35(9) £ 12606
YBOX T+ @3y < aus
D 202c+FG £ 105

3bx ¥ 15y ¥ (0(9) £ 180
b+ 1'58 < Ao
12 + 6y ¢ 30

Xty = 9
Cx + 53'—745

So
l2:‘£.+5:j £30 connot be true.
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d) Emouah, ]C(llmﬁ For 5 large pP1€S:

x <5

180x+ 03y + 352 < 1260
3bx +15y + 102 £ 1806
X1y = &

Ellmmate 2 ¢

180X + 3y t+ 35 (Xty) 1260
D 21500+ qgg <1260

36x ~ 185y = 1O (x+y) €180
= koo + 25y < 180

180 - 3.913...
46

X £3
when x=3
%:O or 'd:l
Z =3 2 =4

Maximun arge pies Is 3.

© OCR 2019 Y544/01 Jun19
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