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1 A curve is given by x=1* —2Int, y =4t for ¢ >0. When the arc of the curve between the points where
t=1 and =4 1s rotated through 27 radians about the x-axis, a surface of revolution 1s formed with
surface area A
Given that 4 = ki, where £ is an integer,

e write down an in{cgrul which gives A4 and
e find the value of k. 14]
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2 Find the volume of tetrahedron OABC, where O is the origin, A=(2,3,1), B=(—4,2,5)and C=(1,4,4).
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3 Given z=xsiny+ ycosx, show that — +—+2z=0. I5]
ox”  oy°
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4 (i) Solve the recurrence relation u,,,, =4u,,, —4u, for n>0, given that u, =1and «, =1. 4]

(ii) Show that each term of the sequence {u,} is an integer. 12]

\. charactevishic equation: A -bA+k=0
= =2 (x2)
geneml Solwtion: \A“:. (A+ gn) x)_n

W=l U=\ |:h, 1= 2(A+8)

] £ -
) . (1-zh)x2x2"
. SO \A“:(Q_—n) %)

the product is made of hyy INTegers
= Up 15 an integer
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5 In this question you must show detailed reasoning

It is given that 7, _[ sin” @dé@ for n=0.

3
I, , for n=2. (5]

(i) Prove that I, = =
n
(ii) (a) Evaluate /. [2]
(b) Use the reduction formula to determine the exact value of J‘(: cos” @ sin’ @d6. 2]

L= stin"heo\a: SZmG-ﬁn""MG

[ cosh- gn @_] S 05§ - (n- \\Sm 9 cosBd0

u=sn" € V=66 usin .
w'= (n-1)sin® *0-c086  y=-cos® jp(o) uv= f“‘”’"’
\n’regra’nov\
\°‘6 ?O\r-}s‘/c“ 0

__O-I-(h \)gl smB)Sm “0.40

Iv\' = (n"‘)(In-z'Ih)
= n1l,=(n-1) T,

- n-l
= In = N 17\').
n

i L, = Ssm@o\& [cose] =2
b) cogh=-sind . T = S in>8=5in'0)ap = -1.-14
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A surface § has equation z=f(x, y), where f(x, y)= 2x% —y* 4 3xy+17y. Itis given that S has a single
stationary point, P
(i) (a) Determine the coordinates of P. |5]
(b) Determine the nature of P. 13]
(ii) Find the equatio ngent plane to S at the point Q(1, 2, 38) |12]

0) £, = LH(+3\5 %:"2‘3*3“‘:’

STativnary point = Set 1o 0
bx+3y=0=-29+3x+1F 2% (0 + 3« @:

° <X +9x +51=0

= X=-3
= \5:'—\'

2 (-3 43(3NW) + 1HE) =2 ==
o) £t b2 ffe3
Hessian : \H' ‘ \L:; 1’2)-'—_‘:]_

\'\’\\<O Pis a Soddle point




- 2= £(0,b) + (x-a) f (@ b) + (y-b){ (a,b)
=55+ 100c-1)+ 16(y -2
= \Ox+lhy-2= 4
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7 In order to rescue them from extinction, a particular species of ground-nestin g birds is introduced into a
nature reserve. The nmhr lhr eding pairs of thes bd in the nature reserve, ¢ years 1ﬁerlhcir
introduction, is an integer denoted by N, . The initial number of breeding pairs is given by N,,.

An initial discrete population model is proposed for N, .
Model I: N,,, =¢N,(1-55N,)

(i) (a) For Model I, show that the steady state values of the number of breeding pairs are 0 and 150. |3]

(b) Show that N, , —N, <150— N, when N, lies between 0 and 150. [3]
(¢) Hence find the long-term behaviour of the number of breeding pairs of this species of birds in the
nature reserve predicted by Model | when N, (0, 150). 12]

Lol NN, = Nt_?So ?50 N, (150-N,)

dc{me Q“'Cad\ﬁ State Value as M
s+eao\ State: N0 Change

M(15D-M)=0 |, - :
—_]_50 etween Ny & N

o M.—: O o0f ‘50
b) NtH_Nt:ﬁ)NtUSO'NJ
l L
Ny € (0,150) 2 N, €(03)
As 150-Ny 70 (0<N<150) 225 N, (150N,
ranges between Ox & gx a +ie Volue
SN N<150-Ng N,,—N,= & fraction x (150~ N,)
<] Nyy=Ny 7022 N, increases & appranches 150  Without

oscillating = FV2 X +Ve

%1
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An alternative discrete population model is proposed for N,

Model II: N,,; =INT(£N,(1-55M,))

(ii) (a) Giventhat N, =8, find the value of N, for each of the two models 12]

(b) Which of the two models gives values for N, with the more appropriate level of precision?  [1]
—m—

i &) Model (D) N, =951643 N= 112941 N = 13:3b|

Model @M N=9 N,=\0 N=l

Nq.: 3

b) +he number of pairs must be an inteqer, " Model

|

IS the. beffer Swfed model as it is more redlishic
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. . . [x- =p) ‘
8 I'he set X consists of all 2x2 matrices of the form : , where x and y are real numbers which are
¥
t both
(a -b) (¢ -d) -
(i) (a) The matrices | Jand | are both elements of X
; \d ¢ )
. (a -b\(c -d) (p —q . . A
Show that | \ ‘ J \ fo e real numbers p and g to be found in terms of
b a)l\d ¢ ) \qg p
a,b,candd 12]
(b) Prove by contradiction that p and g are not both zero |5]

(ii) Prove that X, under matrix multiplication, forms a group G
[You may use the result that matrix multiplication is associative.] 4]

(iii) Deter subgroup of G of order 17 2]

. o\)( )(C o\) oc—bd -(ao\+bc))
b a/\d C (ad+loc ac-bd
P=ac-bd 4=0ad+bc

b) Set P=4=0 - ac-bd=0, ad+bc=0
O &
odx @ acd-bd*=0
cx®: 0cd+ ber=0
Subtrad b(+4*)=0
C & & arent both 0 3 C+d"£0, b=0

Cx O Ac-hed =0
dx @ Gd*+bcd =0 \
add: a (Ctd’)
‘4%“

as before, &k d htboth O =4=0

Contradicks condition
akb hot beth 0 =
Assumption 1s false
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V). part i) gives chswre Condition  associativity given

identity given when g=I,b=0

A )
(b o\) T oMb (-b a)
inverse is EX O+ £0 as akl aent b0
. azcos(\%ﬂ)l b:sin(,z——‘ﬂ() => MG{rnX fenerates
Swbgroup of  Yotations about O in
increments of %FT(
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(i) (a) Provethat p=+1(mod6) for all primes p>3.

12]

(b) Hence or otherwise prove that p* —1=0 (mod 24) for all primes p >3 13]

(ii) Given that p is an odd prime, determine the residue of 27! modulo p. 14]
(iii) Let p and g be distinct primes greater than 3. Prove that p? ' +¢” ' =1 (mod pq) I5]

END OF QUESTION PAPER

@) i pz0 or3 (wedb) = muipleok3

it p= 0,2, or Y (modb) then it is evey\)
. p:‘:fl (Mod b ¢\t prime

b) P: 6,{‘.’. \

p- 1= (bt ()™ 1= 3k £12k
= |2k (3kt))
il R is even =2 2kl |2k

fkois odd= Zpt) i even o 2 |j2k (2kY)
(p-11(p+1)

2722



i PV =1 (modg)
g = 0(modg)
=P+ = 1 (modg
kewise, 174 0" =1 (modg

So, combine. 4o give p“"+q”"s (mod pg )
. HCF(pg )= |





