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Answer all the questions.

I+u
1 The sequence {u,} is defined by u, =2, u, =5 and u, = ” "L for n>2.
n—2
Prove that the sequence is periodic with period 5. [4]
U, = 1+s U = 110. b
g8 o 2
0. 8
Uz= 1+3 _ .3
S U(p = | + 2 -
0.k
Ug = \+ 0.8 -0
3
peviodicity , pertod 5

2 Asurface has equation z = f(x, y) where f(x, y) = x*siny+2ycosx .

(a) Determine f_,f ,f ,f . f andf . |5]

(b) (i) Verify that z has a stationary point at (_lﬂ %I(, %II:). |3]

(ii) Determine the nature of this stationary point. 13]
: 2
2\ F?L = ZDCS\F\U - Q(dstﬂ:{, F‘\j =X cosy + 2cosx
F;car. = QSW\b - 23Cos:)c F‘d‘d = -30251r1\tj

an = FB:L = 23(,(:,05'3 = 25|‘h::c

bl) when X=y=T- , fx=fy-0
Sbabionar:j Point.

Z=((1r2:‘)q—x \)+(Zx1r{" 0) N -E:z

bi) |H| - |F &5\_

Fgl- Ft@ ) N ——5_"“—21\2‘)- (-2:(-2_) = _j_;_-?: - Y4

AsL;_i— 4 <o, |Hl<o . saddle-pont.

2 -2
-2
o
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3 (a) Solve 7x =6 (mod19).
(b) Show that the following simultaneous linear congruences have no solution.

x =3 (mod4), x =4 (mod6).

QY Fx = b =25 =44 =63 ...
2¢ = Alvod 1)

b) whnen :)C‘—‘S(m::d'—l—) , 9C 15 odd

meonmwonll e

wnen o = 4(mode) + oC 18 even
Hhere are no selubions.

4 (a) Solve the second-order recurrence relation 7, ,+27, =—87 given that T, =—27
and T, =27.

(b) Determine the value of 77, .

& P5: Ta=-29
cs: A*x+2=0

AN=-2

A= U2
T = AGUZ) + 8(-uiz)"

GS: Ta= A(idz)'+ 8(-idZ) -29

As T, = —2F
To=-2F = A+ 6-29
At =2 — O

Ae T, = 27F

T =23 = Ailz - Bz -29
A-8=_2giiz — @

©-@

A1B+tA-@ =2 - 2812

2]

2]

8]

12]

oA = 2-2%2 2 Tn = (Fuiz)i2)' + (1t1z)f-02) -29

A= |- MH[Z
2 = 1+ iz
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b)  when n=20 | .
Too = (1-140Z2)2)° + (|+1Lw’i)(-.;rz') -29

= (1-1402) k1028 + (14 14102) x1022 -2

= \O2LY% v\o24 —29
= 20\

5 The group G consists of a set § together with X the operation of multiplication modulo 80. It is
given that S is the smallest set which contains the element 11.

(a) By constructing the Cayley table for G, determine all the elements of S. 15]
The Cayley table for a second group, H, also with the operation X, is shown below.
X 1 9 31 39
1 1 9 31 39
9 9 1 39 | 31
31 31 39 1 9
39 | 39 | 31 9 1
(b) Use the two Cayley tables to explain why G and H are not isomorphic. 12]
(¢) (i) List
* all the proper subgroups of G,
* all the proper subgroups of H. 13]
(1]

ii) Use your answers to (¢) (i) to give another reason why  and H are not isomorphic.
) g )

N NZ= 121 = & (mod 80) > 41 €5
U xt( = 451 = 51 (modg0) = 5l ES

iz = 1 (mod BO) > €S

Xso | | (\ | Ut [ 5]
] | 41 |51
U R ST T

H | a1 |5y | ! I\
51 150 |V | n |4l




PhysicsAndMathsTutor.com

b) Order of elements of G |, 4,2, 4
" Ovder of elements oF #: |, 2,2, 2
o
G s o C%C\ic gvoue of ovdev 4
H i1 & Klewn — 4 group.
ol
"Cr nas an elemevit OfF ovader &
<Y haosS all non- (olenb(bb el €evmmentS of ofdey 2.

) CGr has Prop€y Sulbgvou P {\. L\-l}
ana {1, 29%.

Ci\) H anch &F nave different Sberucttureg
s t’he’tj nove d\\c\ce,\mr\g AUNDEVrS of Proper
suogYoups.
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6 (a) Forthevectors p=|2|, q= and r=|—4/{, calculate
3 -1 S)
L p.q x I
e px(qxr),
s (pxq)xr. |6]

(b) State whether the vector product is associative for three-dimensional column vectors with
real components. Justify your answer. 1)

It is given that a, b and ¢ are three-dimensional column vectors with real components.

(¢) Explain geometrically why the vector a x (b x ¢) must be expressible in the form Ab+ uc,
where A and u are scalar constants. 2]

It is given that the following relationship holds for a, b and ¢.

ax(bxe)=(a*c)b—(a*b)c (%

(d) Find an expression for (a x b) x ¢ in the form of (*). [3]
&) p.q= v k)= [-2-3 -5
12 3 —t1-a)| = \o)
3+ 7! -G -5
-p-gqxr = (=5 2
e “u4)= -jo-40-25 =—3F5
-5 S
S A R '
(axr) 30 -1 |-
2 -4 5 ~14
gk 23
P x Kr) = L J
ex(a 2 3 | (137
(I I g [15 —19
-5
Pxq = ( 1O
-5
_ L) 4 2c
c(pxa)xr = -5 10~-5| - 15
2 -4 5 o

b) No smce px(qxrr) # (pxq ) xr
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-

b x
b ,

Then a x N s pC,vpﬁndtcuLCAV 4’0 s normal
and .1 in the plane of b, ¢ so that ax(bx Q)
of the {—ovm Ab + e for scorar constants A anod g

d)

-

o

|

l
1O
x

A~

1©

P
c

(axb)x

- (c-a)p-(c-b)e

s P(1 13), 3 3 jie » cUrVe V= o x° + -
I'he points / ( :4) and (_)(:, :_,) lie on the curve y = 3x° + 7=

The area of the surface generated when arc PQ is rotated completely about the x-axis is denoted
by A

(a) Find the exact value of 4. Give your answer as a rational multiple of 7. |4]

Student X finds an approximation to 4 by modelling the arc PQ as the straight line segment PQ,
then rotating this line segment completely about the x-axis to form a surface.

(b) Find the approximation to A obtained by student X. Give your answer as a rational multiple
of 7. [4]

Student Y finds a second approximation to 4 by modelling the original curve as the line y = M,
: BB T Y

where M 1s the mean value of the function f(x) = I 75 then rotating this line completely

about the x-axis to form a surface.

(¢) Find the approximation to 4 obtained by student Y. Give your answer correct to four decimal
places. |4]

o) éﬁ:ll-;—'g

T x> = )
A =2 f( L&—JC L{"L?’ X Z_ %41675 cl o¢

o

dau\* _ d
| + (a%> = | +(JLZ+L|_L,_

45 _qg
_ «° 2 - ( 4S5
i |3 + G 3211 0-5 576 576

= n 1S Normal to bhhe plane Cmton\mn_('j
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a Canbnued\) = 55T
32

bl y- _%_z_Jr S LWCW cuts Be oc-axis ok

¢
(% °)

Discance between (" ‘o\ andl (_—-’ Syt
24

(% -£) (- 8) - <

Distance between (’ZZT| o) anol (’23_’ :%):

{(i_%:__i)a (o_%l—ﬁ —I55

=

Surface areo = ’W(zt |55 ( )

55

24
o6

Y= Zroer g
Sulface arca = Zﬂf (-g’[:x’r—é—)( [ +(§’;—)L) dx
= 557

24



PhysicsAndMathsTutor.com

1.5
_ l x3 + L= dx
) M= .5-05 j 3 Hac
0.5
"'I.S’
] x” T —L“\VLI
12 H
~J 0.5
S o+ in3
SurfacchE,QOF cywnder = 29l
(Cuvvﬁo\)
-2 (& dms)
= 4. 3033  (4dp)
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8 In this question you must show detailed reasoning.
(a) Prove that 2(p—2)”

—1 (mod p), where p i1s an odd prime.
(b) Find two odd prime factors of the number N = 2x34

a)

[4]
4 _ 915 7]
2(p-2)"7"2 2(-2)"" (modp) =- (-2
= —|(mod p)
(as \/Ua\nc'sb Common Factov = ((—))2, P) =\ (os m_q,u\rtd)
) mod 3,

Nz 2 x1 ¥ 2"

= 92Xl —-Z2=0
smnce 2° =2(mod5)
and Q& = |(mool5)

2 AU =27 = 2% 5 13T -2

il

2's (22" x 17— l>

SI>V1 ce 2ZxI17 =

(2%°x 13%% ) = (2“’ A1 - l)(z”x 177 I)

—| (mod IO\)

P

- 29 1= —- 513 =

=19 427 = O(mool ()
N 1s o multyple of 19

N<=2® x2x10x 289 X ...





