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1. The group S, is the set of all possible permutations that can be performed on the four
numbers 1, 2, 3 and 4, under the operation of composition.

For the group S, T

Apply ane permutobion,

(a) write down the identity element, Fher. anothar (L &%mnce,.

(b) write down the inverse of the element a, where

1 234

313421

(c) demonstrate that the operation of composition is associative using the

following elements

1234b 1 234 q 1 234
= = ndc=
@ 3421 2431 anac 4123

(d) Explain why it is possible for the group S, to have a subgroup of order 4

You do not need to find such a subgroup.
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Question 1 continued
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2. Matrix M is given by

1

|
S W =
—_— o O

— Q

Q

where a and b are integers, such that a < b

Given that the characteristic equation for M is

where c is a constant,

A7+ 130 +¢c=0

(@) determine the values of a, b and c.

(5)

(b) Hence, using the Cayley—Hamilton theorem, determine the matrix M™

3)

() det (M-XT) = O

-A O Q|
det | -3 bh-A | = Q
0 | o-A
(& b ¢
deb| o e £ = ale-f)-bldj-pr)+ cldi-eh)
. v

A llb-Na-A -1] + a(-3) =0 O

|-A| adb-aA-bA+A%-1] - 30 =0

|- abA +aA*+bA* - A* « A+ ab-aA-hA+A*-1 -3a =0

A (a+b e )N+ (cob+l-a-b)A+(ab-2a-1)
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Question 2 continued
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Question 2 continued
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Figure 1

There are three lily pads on a pond. A frog hops repeatedly from one lily pad to another.
The frog starts on lily pad A, as shown in Figure 1.

In a model, the frog hops from its position on one lily pad to either of the other two lily
pads with equal probability.

Let p, be the probability that the frog is on lily pad A after n hops.

(@) Explain, with reference to the model, why p, =0

(1)
The probability p, satisfies the recurrence relation
1
Pra = 5 (1-p,) n>1 wherep,=0
(b) Prove by induction that, for n > 1 o
_2(_1y, L
=372) 73
(6)
(c) Use the result in part (b) to explain why, in the long term, the probability that the
frog is on lily pad A is %
(1)

(o) In the st hop, the {1(08 must move from A onto

0. different li\\\j pad. ©

(b) When n

W
L—

(-1}
\

0, = L [0\ =0 O
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Question 3 continued
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Question 3 continued
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4. (@) Use the Euclidean algorithm to show that 124 and 17 are relatively prime (coprime).

()
(b) Hence solve the equation
124x + 17y =10
3)
(c) Solve the congruence equation
124x =6 mod 17
(2)

pame factors

—

(o) 124 = 1F % F+ + § ¢ (emdnder

5 = 9x72 + | @

Since. the ged s |, 124 and \F are copime. 0]

(b) 5 = 9% + |

5 - 1x]

5-1203-3x5) 0

—

| = (1-7%-3)*x 5 - 9= |7

| =7x5 - 1x1F

| = Fx (124 - (FxF) - 2% |F

| = Fx 194 -Slx|F O

10 = FO* 114 - 510 x |7

Joox =30, 3=—5l0 ©
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5. The locus of points z satisfies

where a is an integer.

Determine

(@) the value of a,

|z+ai|=3|z-a|

The locus is a circle with its centre in the third quadrant and radius %\/5

4)
(b) the coordinates of the centre of the circle.
(2)
() 2=+ SL
z2+ol|=3z2-0al| = :r,+(3+a.\'u =3 (DC—M*'SL
., - \ 8”“‘0 (chl /
YR . .
x*+ (yea)” = 2% |(x-a) +y*| O < tmaginasy
J J poiCs
r* o+ %24- 1&5+ o® = 9o*- Ranc + 9o + qs"
/ Bx*-1%ax + Bur-au + Ba* =0 @
Ky J J
N
2 - A+ WLty +at-=0
4 J 4
complete /
the
5%1_1_1{@ \l q \ L / | \ 2 q \ L — 2L S
x-=a) rlu-=a) -(=a)-{=a) +a*-
X o) N J o) 0 ] \ 0 /
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( ) S
XXX

KL

6. (a) Determine the general solution of the recurrence relation
Upy=2U,;—Uy,+2" n>2

(4)

(b) Hence solve this recurrence relation given that u, = 2u, and u, = 3u,

(2)

eavmhoﬂ :

\An_ = Q\Ln-l - \An-2

for the eobuahcm Ua = Qe+ bUa-2 characteashc
gquation has the form. t*-ar -b =0,

(2-9¢r + | =0 O
(c -Dr=D =0

£
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Question 6 continued

s

o-b

r

o

A+

Rn + 4(2") O

(b\ Wo = QU!

=]

- A+ B0 T 4(2%) /

-_F\ + B + 4 x9

A+ 4 1A + 28 + 1b

-1 = A+18 O

kkvl* = ?%)Lk_z_:

A Ba) = 40N = 3]8+ &(1) + 4(2>)

A+ 4& + b4 = 3 + bR + 43

lb = 74 +198 (&

(D) -0

A=1lb-(-12) =93 ©

18 =

-7 -

13 = - 40

-10

2% - 900 + &4(2)

®

(Total for Question 6 is 6 marks)
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7. (i) The polynomial F(x) is a quartic such that
F(X) = px*+gx*+ 2x*+rx +s

where p, g, r and s are distinct constants.
Determine the number of possible quartics given that

(a) the constants p, g, r and s belong to the set {-4, -2, 1, 3, 5}

(1)
(b) the constants p, g, r and s belong to the set {-4,-2,0, 1, 3, 5}
(1)
(if) A 3-digit positive integer N = abc has the following properties
* Nisdivisible by 11
» the sum of the digits of N is even
* N=8mod9
(@) Use the first two properties to show that
a-b+c=0
)
(b) Hence determine all possible integers N, showing all your working
and reasoning.
(4)

(L)(a) b! = 5 =190 O "“dr\oo&_ﬁlr_dmmt&f_mmw%
(5-4)! tokion £

(L)) ! - S! = 300 ®
(b-4) (5-3)

T C the. number of pgm&_’@'gns where p=0 (these ase. not q;gghcg)

all permutakions

Sinee. Q¢ 0, C ¢4 p =0 o | <« mox volue would
! be Q-1+ =1(f
A+rb+rc iSeven = Q+rb+rc-9b is even
T since b g even , and.
S p=0 and. o-b+c=0 O euen. - even. = even

1
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Question 7 continued
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(@) N = 100a + 10b + ¢ & splif the digits
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00 = | mod 94 and 10 | mod. 9
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o

So 100a. + 0b + ¢ = g+b+c mod 9 0)

a+rb+c = 8 mod 9 — usins the 3™ properks
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Question 7 continued
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-
8. The locus of points z = x + iy that satisfy
z—-8-05i T
arg - ==
z—2-5i 3
is an arc of a circle C.
(@) On an Argand diagram sketch the locus of z.
(@)
(b) Explain why the centre of C has x coordinate 5
(1)
(c) Determine the radius of C.
(2)
(d) Determine the y coordinate of the centre of C.
(2)
Iw R
Z, .
() N locus of focm agal==) =6 is an
b J\z2/

0

arc. oF a_circle qF(om:

2-3-50 = pont (R,5)

\, 0/

z-1-5. — poini' (2.,5)

Real

(c) // \\ From the diagom , sin = H

3
sinm == 0
3

\ 5
\/ /
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7 3
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C=7=10{30
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9. g
I = sin” 2x dx

(=

(@) Prove that for n > 2

=
4)
(b) Hence determine the exact value of
264Sin5xC085xdx
0
/2 ®)
p
() Ta-=|sin"Ix dx
(o]
Applu_intearabion by pagts:
rrU \) \J 1
/2
. -1\ .
Ta = d sin’ e sinlx dx
o %
W'z uv- iv w' §§§§=‘:‘§
. -\ .
W = Sin L V' = sinlx
. N-1 |
w = (n-Dsin® "1 x Jeoslx V = -7coslx
n | r
. .=t . n-2
W - v doe = sin' L x - - (n-Dsin"
‘ 0)
x Jeosle x -7y coslx dx
g ‘ 2z .
L™ . - 2
= |- sin lxcos]x +J(n—03\n 1x o8 lx dc O | &
Jo >
B e ) ‘ TT\ , Tr\ = 0 -1
.2 | . -1
--;-S\ﬂz 27) COS2Z{ 7 )| - |-=3Nn 1(03C032(03 = 0
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Question 9 continued
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Question 9 continued

26

P 6 5 5 0 6 A0 2 6 3 2

PMT!

LSRR
KRS,
LRI,
SRR
G,

boteres e8
AL0088
0000:

prosevasiies
SSSITHLS
s

B
o
S5

e
SSERES
S
b2,

:o,o
Sl S
GRS
oNTets
PO o 1598

dosorese

9

S S
PLe

%9,

0%
X

oo % el
SIS,
0% 1155
0.4-0 X

SRR
(90950509
o



PhysicsAndMathsTutor.com PMT

4 )

00057
XKL,
pSetetetels
SERRRE
RS

KGR

<
<5

%

55

00
L
L
2024

bosesess

%
CRIICIARILIA

Question 9 continued

posetetetes
Seototoress
st
&
2o

o0
o)
2L

AR AARA KA

%

'
0%
R

b43o%

4

KL
QLK
R

SRR,
000000
‘5é§‘%$'

2

o
K5
55
CKKS

<535
S
Sogoteseset
RREEKLS

¢
X
5
L5

290
“0.‘0'.0
K.

<X

<
RS
EAS
o ete%et
ZRRKS

09
o%

0
CRS
2K

KD
SSEIGEIRK

S
poteteselotets?
<

o &)

R
SRR
[
RITILR
SRRKKRKK

S
0
2R

0%

wavy

SEREER
TR
INCIE<Y
0%

LKL

QOO
o
(
\
3

LY
]
o

@)

%
<AL
Y
A

botents
<P
CRRX RS
RS

QI

OG0
2
58
%

SEERNE
<
SRS

R EIRRK
CRSLIKIRELIAR

IR

o%
KRRKAKARRAKARARA AR

GO0
S
e
%%
CRKL:
o

¢

3
3

0%}

0
o9

S
000}

X

X
5
RS

IR
betete!
otatotetete!
SRR,
KIRREEE
LRI

(0

%!
!
%

20
255
%%
K5
0:0:0
25

X%

0
0N
i

e

Srdneidd

ot

<
58
%
500
S
oSote%

OO %

020!

GO
RIS
XKL

RRERK
fotetetotets
KX

(Total for Question 9 is 7 marks)

0K

0992

SHERES

<
S
2K
boos
&5
o

%
<

CSRRKAL
CRRX
CREALRXKL
ORARRARKAKA

K

%
o%
o%

27

VD AU RO AP DO R 0 —
Turn over »
P 6 5 5 06 A0 2 7 3 2 urnove



PhysicsAndMathsTutor.com

10.

YA C

Figure 2 Figure 3

Figure 2 shows a picture of a plant pot.
The plant pot has

e aflat circular base of radius 10cm
e aheight of 15cm

Figure 3 shows a sketch of the curve C with parametric equations
x=10+15t-5t° y=15t> 0<t<1

The curved inner surface of the plant pot is modelled by the surface of revolution
formed by rotating curve C through 2= radians about the y-axis.

(a) Show that, according to the model, the area of the curved inner surface of the plant
pot is given by

1

15071'.[ (2+3t+ 22 + 26 - 15) dt
0

(b) Determine, according to the model, the total area of the inner surface of the
plant pot.

Each plant pot will be painted with one coat of paint, both inside and outside.
The paint in one tin will cover an area of 12m®

(c) Use the answer to part (b) to estimate how many plant pots can be painted using
one tin of paint.

(d) Give a reason why the model might not give an accurate answer to part (c).
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Question 10 continued
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Question 10 continued
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Question 10 continued
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