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Answer ALL questions. Write your answers in the spaces provided.

1. Use Simpson’s Rule with 6 intervals to estimate
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Question 1 continued
(Total for Question 1 is 5 marks)
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2. Given k is a constant and that

use Leibnitz theorem to show that
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Question 2 continued
(Total for Question 2 is 4 marks)
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3. A vibrating spring, fixed at one end, has an external force acting on it such that the centre
of the spring moves in a straight line. At time ¢ seconds, ¢ > 0, the displacement of the
centre C of the spring from a fixed point O is x micrometres.

The displacement of C from O is modelled by the differential equation

2
tZ%—2t%+(2+t2)x=t4 D

(a) Show that the transformation x = ¢v transforms equation (I) into the equation
d’v

?—l—v:t (1D

(b) Hence find the general equation for the displacement of C from O at time ¢ seconds.

(c) (1) State what happens to the displacement of C from O as ¢ becomes large.

(i1)) Comment on the model with reference to this long term behaviour.
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Question 3 continued

b) Aux: A t1<0

CF: V= Asnt+ Bceost
PL: let veit + Y
then v =A
and v =0

Subbin3 pbock: O0+At+y-=1

comparing coefficients: A™ l

y=o

86 3eneml solution ©°  v:= Asint + Becost 1

but we want a general equation for n (displacemeni)
na=vt : n=1(AsinttBcost *t)

ci) ast becomes large , . also becomes very large

i) The issue is The model Suggests with large t  n will be large and keep
increasing. Not realistic as Spring would prvobably break eventually.

(Total for Question 3 is 14 marks)
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d’y dy
4. — —2x— +y=0 I

(a) Show that

dSy d4y d3y
[ A— — 4+ h—=
dx’ ax dx* b dx3

where a and b are integers to be found.

(b) Hence find a series solution, in ascending powers of x, as far as the term in x°,

d
of the differential equation (I) where y = 0 and d—y =latx=0
X
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Question 4 continued
(Total for Question 4 is 9 marks)
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5. The normal to the parabola )? = 4ax at the point P(ap?, 2ap) passes through the parabola

again at the point Q(aq?, 2aq).

The line OP is perpendicular to the line OQ, where O is the origin.

Prove that p* = 2

Y *= you implicit
ay j differenhation

QU]';L=‘~M

"

dy 2 _20 1
dm T Ty Tap " P

normal at P : y-2ap = -p (n- ap?)

e -pu+ap3* :zap

this normal passes through Q:
2G(i 2 -p (aqz) +qp3+ 2aP
29 -pg’rpit2p — O©
line OP: 5=&u - ,‘1=—§-'n

ap?
2a 2
line oe:5=;£-’,u = Y™

now OP and OQ ave perpendicular -

So 12,- x%— z -l S pg =i
L
09 %
S |
O - I(T) "P(P")"'P 4+ 2p
-3 16

8=1p  +2p?
pt +2p*-870
let b:p b’+2b-8=0

(bt4)(b-2) =0

b= -4 ov b=2
Pi_.__q . PQ:Z
pP€Z so P %0
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Question 5 continued
(Total for Question 5 is 9 marks)
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Find

(a) a Cartesian equation of the plane ABC.

(b) the volume of the tetrahedron 4ABCD.

The plane /7 has equation 2x — 3y +3 =0

The point E lies on the line AC and the point F' lies on the line AD.

Given that /7 contains the point B, the point E and the point F,

(c¢) find the value of & such that AE = kAC.

—>

. 1 —>
Given that AF = §AD

(d) show that the volume of the tetrahedron ABCD is 45 times the volume of the

tetrahedron ABEF.

Ls -3w+y+2z -«

b) vol. ABCD * "s‘l(z) '(ITB)I

- -> - _(;
AD = 0D - OA -q

- q
(:3).(3) =-27+3+48 ="16

2 4
8

vol. ABCD = ¢ |-16] = 7

A tetrahedron has vertices A(1, 2, 1), B(0, 1, 0), C(2, 1, 3) and D(10, 5, 5).
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Question 6 continued

¢) T : 2n- 3y +3:=0

- K ktl
OE""K‘I'(.k)\(z-k)
2k 2k+4)
but OE Wes on T o [211-3313=0]

=» 2(k+1) -3(2-k) +3=0
2kt -6%3k+3 <0

R

S5k =1 s k=g
Ly=2.2\ =2
d) volume ABEF = g l(AB x At ) (3¢ )

d) alt: vol ABEF = ¢ |(A8xAE)- AF'

(A8xEac) - qa)]

ok

of-

35 (ABXAC).AD ]

al-

5 (ABxAc). Ap ]

(Total for Question 6 is 11 marks)
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7. P and Q are two distinct points on the ellipse described by the equation x> + 4)? = 4
The line / passes through the point P and the point Q.
The tangent to the ellipse at P and the tangent to the ellipse at Q intersect at the point (7, s).

Show that an equation of the line / is

4sy + rx =4
uz'l' * - d In
=> 211.-*83(-3% =0 .~.]3,1=—g'5-
-N
T TQ‘
P (mP) '57)
Q (mg, Ye)

'tuugenfw\-?: U-Upg-‘m (n-np) —

Ot oy XS (ong) —@

O : xHyp : Hyyp-4yp®s -nuptup?
npt *ly,p® = wAy + Uyy,

but the equation of the ellipse is [n*+4y?=u]

so wp® tay,? =y (5 nmp+ 435?)

similarly | mo'+tdyo? =4 (=mng* Hyyq)
® ond @ intersect at (v,S)

*
@ =? ‘M-H"l'qssp =y

*-'-') ru, + 483, =y
® = rmg + #syq =4

e Frnp+ qsgp = r'n.a‘l'IISBO
4s (Yp-Ya) =7 (Ra-np)
_Yr-Ya _ -r
np-nq M
tquation of line f . Yy-yp=m (n-7np)
m=dr-Y@ : =X
np-ngq Yys
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Question 7 continued
-Y
S0 Y-Yop = s ('n.~’u.r)
xHS(
J
Q-SU -lls'ap =S rntrnp
§o HSYtruw = Yoy, + rep =4

@!f
(Total for Question 7 is 8 marks)
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Figure 1

Figure 1 shows the graph of the function h(x) with equation

h(x) = 45 + 15sinx + 21 sin(g) +25 cos(g) x e [0, 40]

(a) Show that
dh (2 =61 =17)(9¢ + 4 - 3)

dx 2(1+22)

here ¢ = t (f
whnere an 4 .

height (m)
2.5

2.0

AN ~ —
wRNY N

0.5 \/ N
0.0
08:00 12:00 16:00 20:00 00:00 04:00 08:00 12:00 16:00 20:00 00:00
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Source: 'Data taken on 29th December 2016 from http://www.ukho.gov.uk/easytide/EasyTide
Figure 2

Figure 2 shows a graph of predicted tide heights, in metres, for Portland harbour from
08:00 on the 3rd January 2017 to the end of the 4th January 2017".

The graph of kh(x), where £ is a constant and x is the number of hours after 08:00 on
3rd of January, can be used to model the predicted tide heights, in metres, for this period of time.

(b) () Suggest a value of £ that could be used for the graph of kh(x) to form a suitable model.

(i1)) Why may such a model be suitable to predict the times when the tide heights are
at their peaks, but not to predict the heights of these peaks?

(c) Use Figure 2 and the result of part (a) to estimate, to the nearest minute, the time of
the highest tide height on the 4th January 2017.
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Question 8 continued

a) h(w) = 45 +1Ssin% + 21 sin 3 + 25 cos

n n 2t
t=tony : sin3 =

tet?
cos T = -t
2 e

21 n 25 Lo
h'(n) = 1Scosm + 3 C0S7 ~ 5 8ing
2/
cosn = 2¢os (7 ) -

2 (1-t12)?
ETTIDE

_a0-1Y) - 1+ 1)
+t*)?

2 t1-17) 2 (1) JRE L Lk A [—23—]
s h'(m) = IS[ "+1;); 2 1442 2 1+t

i 60(1-2t2+¢¥)-30(t" +2t*+ 1) +211-12) (1912 -50t (141?)
2(1+t?2)?

60 -30-120t%- 6012+ 60t " -301" +21 (1-1¥)- 50t -S0t°
2(1+1?)?
(30t¥-21t") +51-180t*-5013 - 50%
2(14t?)2

at* -sot3-1801*- 501 +5)
2 (1+t2)2

(t*-6t-17) (9t *+4t-3)
201112)2

bi) At n(0) =70 , m=<1.5 on Second gmph at 8:00
%0 = h(n) =70
8:00 = height = 1.5

1.5
« LS
K=

< 0.0214

ii) The model from which this new graph is derived has approximately the Same periodicity
§0 it makes sense To use it to predict the times of the peaks.

However if you look at tne first graph you can Ssee That all the peaks are at a fixed
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Question 8 continued
height . This isn't the case in the gecond graph so the model isn’t suitabie for

predicting the heighis of peaks.
c) no. of howrs after 08:00 on 3 Jan = 26.5

So M % 268

remembey that h'(m) = (t*-61-17) (At?+ 4t -3)
(1+12)*

h(w)=0 : 9t*+4t-3:0
-21431

9
SSrH
170, t= 9

-2 +43)
n*s ‘lTan"( 7 !

M= 1510, 1.514 T, 1.51 427, ..
we want the value of % (roughty) around 26.
so m= 15148 = 2¢.64

closest value of
n 1o 26

26-64 nowrs after 08:00
v ( Tue)

2-64 hours after 08:00 (wed)

J
10:39AM

(Total for Question 8 is 15 marks)

TOTAL FOR PAPER IS 75 MARKS
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