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1. An ellipse has equation 6 + i 1 and eccentricity e,
ooxr o y? .
A hyperbola has equation — — o 1 and eccentricity e,
a

Giventhat e; xe,=1

(a) show that a®= 3b?

(4)
Given also that the coordinates of the foci of the ellipse are the same as the coordinates
of the foci of the hyperbola,
(b) determine the equation of the hyperbola.
©)
z
(&) for ellipse L+ 94 = b* = a*(1-e™) yhee e«
QL b‘l_
Xt + ¥ =1 = =l b=y
16 L
4 =lhll-e*) O
[
ol I 9
et = =20
1 LI_ ¥ 7]
A YA 2 2 2 )
For hperbola. X~ - 9~ =1 pb? = a'(e7-1) where e > |
\J‘ a?. b?— ?
-4 =l = pt = ot ler-))
a* b*
e x e, = l =9 e_.=|'.-'£:‘3_=—2.—_ =D 67':_‘_'--
- < {3 >
4
pr-at(F-1) ®
bt = &
3
z
b = 0O
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Question 1 continued

= (+o0e,0) and. Fu = (fae 0)

E: x=r [t xi% foc=x[a x=
\ e 7 " D
x=+13 O gc,__Qﬁ_

13 =

F“a =7

Ix3 =

N

\Z

)-o
o = 3 %

" = o

— @m port ) O

G
r&
n

—D (3)

b* 3

’. Fauwohon of huperbola. -
v d\ q

.

(Total for Question 1 is 7 marks)
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2. During 2029, the number of hours of daylight per day in London, H, is modelled by
the equation

H = 0.3sin (ij —4¢0s (ij +115 0<x< 365
60 60

where x is the number of days after 1st January 2029 and the angle is in radians.

(@) Show that, according to the model, the number of hours of daylight in London on
the 31st January 2029 will be 8.13 to 3 significant figures.

(1)
(b) Use the substitution ¢ = tan(&j to show that H can be written as
" at* + bt + ¢
1+¢£
where a, b and c are constants to be determined.
)
(c) Hence determine, according to the model, the date of the first day of 2029 when
there will be at least 12 hours of daylight in London.
(4)

(@) 23-1 =20 dons = =230 N\
3.0\3 I:..i)\ Z) Slkb X .\f\'\'o H
0-33n (gnj) - 4coslyg) + 115

H

H= %123 .. =313 hs O (3.s.§)

| +t* | +E
When £ = l—gn(:ﬁco—\) then s’m(;g: eosles) ¢
be. Subshiuled. :
ok [ =g
H=03(—5) -4l + L5 O
T+t \ I +t> )
\. J
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Question 2 continued
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(Total for Question 2 is 7 marks)
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3. With respect to a fixed origin O, the points A and B have coordinates (2, 2, —-1) and
(4, 2p, 1) respectively, where p is a constant.
For each of the following, determine the possible values of p for which,
(a) OB makes an angle of 45° with the positive x-axis
®3)
4
(b) OA x OB is parallel to | — p
2 3)
(c) the area of triangle OAB is 32
3)
(@) o8] = Jar+ (4> 1= = [1F + ap= O
A7
cosus = & 0 /
\/ﬁ— + 4p* A S
7 (-
= N\
L JF + 4p* ) cross - multiply
A v
[CxFrapr = 3~
) Squore. both sides
Lx ([F+up>) = b4 ‘
9 + QPz = 3)
4p™ = 15
0" = 15
' ¢
|D = —I-Il_g:_ @
2
. V.
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Question 3 continued

(b)

oh = OB -
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Question 3 continued
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4. The velocity vms™, of a raindrop, t seconds after it falls from a cloud, is modelled by
the differential equation
%:—0.1v2+10 t>0
Initially the raindrop is at rest.
(a) Use two iterations of the approximation formula % z% to estimate the
velocity of the raindrop 1 second after it falls from the cloud.
()
Given that the initial acceleration of the raindrop is found to be smaller than is
suggested by the current model,
(b) refine the model by changing the value of one constant.
(1)
(0) When £=0, v=0: ¢ inifally ot cest
1 irecobons over | second. so h= 7‘.:
[av) = -0.1(0)>+10 =10 O
\dk /o
fov) = Vi -Vo => \/|_=\10+h/dw\ @
\dkt /o h \dkt /o
Vv, = 0+ 700) =5 0@
[v) =-0-1(5)Y +10 =235 O
\dkt /,
U, =\, + hfdv)
\dkt /|
N, = 5 +—(35) = 335 ms” O
(b) & = -0lv*+ A yhere 0<¢< A <00
dt T
shil pols\l—'we,; buk lower valug
\ y,
10
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5. The rectangular hyperbola H has equation xy = 36 o
(@) Use calculus to show that the equation of the tangent to H at the point P 6t,§ IS
yt? + x = 12t
®3)
The point O 12t,% also lies on H.
(b) Find the equation of the tangent to H at the point Q.
)
The tangent at P and the tangent at Q meet at the point R.
(c) Show that as t varies the locus of R is also a rectangular hyperbola.
(4)
(0)  xu=23 = y= -2
J J x
di . _ 36 — Lyt o gt
. x* ox
dd _ - 3b = - 3 = -t O
ax (bE)* 3bt* " §§§..-§
U-2 = ——(xx-b) O  — yoy -mlx-x)
J E € vl
ub™= bt = - + bk
J
ut> + x = 12t @
J
(b) dd _ _ 3%
ax x*+
d4 - 3b - ®
ox (12.6)* ut?
Y-~ =-—1 (-1t O
J c
\ y,
12
NV T 0D OO0 - mm
P 6 5 4 9 7 A0 1 2 3 2
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4 )
1 3 2
6. The points P, Q and R have position vectors | -2 | , | 1| and | O | respectively.
4) (-5 3
(a) Determine a vector equation of the plane that passes through the points P, Q and R,
giving your answer in the form r = a + /b + uc, where 1 and u are scalar parameters.
)
(b) Determine the coordinates of the point of intersection of the plane with the x-axis.
(4)
(o) C =06+ Ab + pc
T ]
point on the  tuso aon - porallel
plane. veckors on the plong
o =[]
-1
L &
b:@?:r-?_".?) =r--|‘1
o - -1
" 3 - - S J L 8 J
C=£ = r9—"| 1 =(1] * or anjo\ha-non—pom“d
—_ —
0--12 L vectors PQ RQA | etc
L3 - 4 ) L.-l )
o= (") + A1) « gt
-1 -1 ' 9
L & ) L3 L)
. V.
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Question 6 continued
(b)Y  On He x-oxis, L\A)T-O ond. = =0
-L-A+9u =0 09
- set
4 +3A-1w=0 6 < 4
©+9®@ : b +154 =0
1ISA = -b
A= =04
“L-1(-04) * 2w =0 e sub A inbo @
Liw = 1'b
w =090
Xx.= |-A+ W
x = |-(-00)+ (08) @ & using .- components oft r.
x = 921
" Poi i on 13 (22,0,0)0
\_ J
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Question 6 continued
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4= |x*-2|
YA 3: MX+C
>
0] X
Figure 1

Figure 1 shows a sketch of the curve with equation y = |x*— 8| and a sketch of the

straight line with equation y = mx + ¢, where m and c are positive constants.

The equation
|x?—8|=mx+c

has exactly 3 roots, as shown in Figure 1.

(@) Show that

m?>—4c+32=0

Given that ¢ =3m

(b) determine the value of m and the value of ¢

(c) Hence solve

(2)

(3)

one. oot «— h'\%\/\\(%\/\\'ed. on dm%ram.

x*r + me + (c-®) =0 ©

mZ - 4(c-%) = O = Mm¥*-4c +3L. =0 0O

_ b - -0
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Question 7 continued
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Question 7 continued

2L-946" | x=219+906 | x=-10
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8. [1  The Taylor series expansion of f(x)aboutx = a is given by

L] r
(10 = (a) + (<~ )f () + (=) gy g X2

[

[

f@) +...L

2! r! @ f

(i) (@) Use differentiation to determine the Taylor series expansion of Inx, in ascending
powers of (x — 1), up to and including the term in (x — 1)°

SLRRK
) e
Joteotetess

<
v

LS
"5
255

%
9%

QR
KL
o s %
S
SETS
S

(4)
(b) Hence prove that
fim 0% ) =
-1 x -1
()
(if) Use L’Hospital’s rule to determine
lim !
x>0{ (X + 3)tan(6x)cosec(2X)
(Solutions relying entirely on calculator technology are not acceptable.)
(4)
(D) £(xd = e => (N =0
P = o = P = |
M = o = 0y = | ©
lnae = £ + (-DF ) —1%(1—\32(1"(0 -
Inx = (e-1) - ,i,—_(x—l\z N O)
(D(b)  lim /Lnoc \ = Lim /UC‘D - l—z(x"oz"'---\
:x:—)l\x__.(/ x>\ ~x - | /
= lm (- F(e-D*.) ©
x|
s x> | -z (x-0 =0 ~lm (1-0+.)=10

x> |
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Question 8 continued

(i) Lm [ ‘ )« indererminate beconse W
x>0\ (x+3tan(bx)cosec (1) / 120, cosec(0) is undefined
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<

Using Lm0 = im0 .
x>0 g(-x_y x-S0 q(,x)

maoke top aad

| - sin(2) O & | snctions
(x+3Dtan(bx) cosec (23 (x+Dtan(bx) o '

of x
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let f(x) = sin(2x) = f'(x) = 2cosix O

%

G
5085
<
0$&
LS

BRI
RLRLRRLRRRS,

SR
‘:‘

<
K
A XKIKRS
A
KERRKS

S loetetel
20K

let (\1}(3& = (x+2Dtonbx -

W= 2x+3 v = tonbx

o= | V' = bsec*bx
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Question 8 continued
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9. A particle P moves along a straight line.
At time t minutes, the displacement, x metres, of P from a fixed point O on the line is
modelled by the differential equation
t? dix 2t i 2x + 16t°x = 4t® sin 2t 0]
dr? dt
(@) Show that the transformation x =ty transforms equation (I) into the equation
(::—f + 16y =4 sin2t
’ )
(b) Hence find a general solution for the displacement of P from O at time t minutes.
(8)
o Need. o Hnd. expr :
x = %l: = Y= X % -;—
etk w=2 , V= ",c’ “
| —differenhale. Ferms wck t
W=9E ot
ak C
diffecenbare  yv'+vw' = X 4+ L dx NG
S e* £ dt ac
aoanN \ .
o028 — — = —
' dx? Y v
w= X \/=——.c":_ u:-“; \/=%
W-2E e 2 W=-— v'=%%
at £3 o fol o
w' + v = 2 _ | dx '+ = .I—Osz:'_ L d=
£ t* dat t at £z ok
a*y - _2& _ L dx , ' d'x ® N\ adding lbF*x o
oe* t* t* at € oats this m%ko% (I, and
. / makes & en|>ml to
P8 e bb*x = utisinak O 4t3sinak
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