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1. Use I’Hospital’s Rule to show that

lim (e — cos(3x) —e) _ _i
X2 tan(2x) 2

C))

dx (esmd— - cos(2x)-e )

wnx
_co‘.:‘;au'as"n + 3sm(3x)

2sec’2x)
> Lbw cosxe™™ , 3gmn (3x)
x->T 2sec?(2x)
nl(%
= cos( ‘%)es' (2)+ 3sin (’39':[)
2sec® (22—‘!)
_ oxe' + 3(-V)

- -

- '% (as requ w*eof)
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Question 1 continued

(Total for Question 1 is 5 marks)
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=V

-1 0 1

Figure 1

Figure 1 shows a sketch of the vertical cross-section of the entrance to a tunnel. The
width at the base of the tunnel entrance is 2 metres and its maximum height is 3 metres.

The shape of the cross-section can be modelled by the curve with equation y = f(x) where

f(x)=3cos(%x2) xe[-1,1]
A wooden door of uniform thickness 85 mm is to be made to seal the tunnel entrance.

Use Simpson’s rule with 6 intervals to estimate the volume of wood required for this
door, giving your answer in m* to 4 significant figures.

(6)

' 7 ]
Yo | Y Y2 Ys Yy Ys | Ye
a2 |-\ "2/3 -4 (/] ’/3 2/3 [
ﬁ (0] 2.2981 | 2. agay 3 2.9544  |2.298) o

Yo * ys + 29, 4 4yz + 2ya t9yg + Yy,

- o+ (4x2.298() + (2x2as544) + (4x3z)+ (2« z.qsqq) +
(Ax2.2951) + 0

= 42.20%

-
o volume € 52— x B 142202 = 0:398EWA
(4s€)
4
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Question 2 continued

(Total for Question 2 is 6 marks)
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3. The points 4, B and C, with position vectors a = 3i — 2j + k, b =1 + 4j + 5k and
¢ = —2i + 3j + 3k respectively, lie on the plane 77

- —
(a) Find AB x AC

3)
(b) Find an equation for /7 in the form r.n = p

(2)
The point D has position vector 8i + 7j + 5k
(c) Determine the volume of the tetrahedron ABCD

“4)

* 2 (3 (1) ()
e (3)-(3)(3)

—> >
A% x AC 15 tyhe crwss product .

Loy K (bx2) —(5xt4)
-2 G 4 - \=((2x-2) = -5x4))
-5 5 2. (-2x5)- (-5x6)

- -3
-1
20

_ _ _ 2
()
20 \

o= (_32).(:;86) = (3x-8)t (-2x-1b) + (:x2c>)
( 20

= 2%
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Question 3-continued
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AC )

(&)

(3
-2
\
@> ( 32‘5)+(QK*(&)+[¢I—X20)

= _—\OL‘-

(—IOLI-I = %2- units 3

7



PhysicsAndMathsTutor.com

[ )

Question 3 continued
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Question 3 continued

(Total for Question 3 is 9 marks)
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f(x) = x*sin(2x)
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Use Leibnitz’s theorem to show that the coefficient of (x — 7)® in the Taylor series

expansion of f(x) about 7 is

ar + br?

315

where a and b are integers to be determined.

The Taylor series expansion of f(x) about x = k is given by

f@) = 1(k) + (x = OF (k) + - —2'k)2 £r(k) +...+ w
: r.

froc) = x4 sm(2x)

leb w= oc4

u'= Ll-l‘,?’
ull = laxz
u''= 24
ut = 24

w =0 (Forﬂ?‘{‘)

lec v = 8in (290)

V'= 2cos(2x)
v's —4s5in(2x)
V.T‘.é:: -8cos (2x)
V. = lpsn(zx)
VY = Fcos(2x)
v s - blrsin(2x)
Vo= -128cos (2x)
v T 2586sin(22)

10
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Question 4 continued

Lsing Lerorubz's “Theovem *

FP(x) = o x 256sm(2x) + (8 * hor® x=128c0s(2)

+ ( 8;:‘ x 122% & - GLIrStr(Zx)) ((5"7’”" x2t+xx32ros(gx))

(51
+ (3’(—?’(6)( x 24 x I(oS\n(Zx) + 0+ ...
i

when =T, all sn(z2xa) tevms = 0 and al
cos(22¢y cevens =|

\CB(-IT) = (g AUTT3x —128) + (?ﬁ%’-‘—? xztkTFx?>2>

- 409613 + 42008 1T

Coethuenb s fg(Tl') _ - 406> + 4300811
81 %!

- 2367 - 3218
315

o= 336 b=-32
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Question 4 continued
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DONOTWRITE INTHIS AREA

~ ™)
Question 4 continued
(Total for Question 4 is 8 marks)
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. The ellipse E has equation

2 2

XY
36 16
The points S and S’ are the foci of E.

(a) Find the coordinates of S and S’
3)

(b) Show that for any point P on E, the triangle PSS’ has constant perimeter and
determine its value.

4)

o) b?- az(i-e?)

b = 36(1- e?)

I =36b- 3be?*
2e? = 20
62: 20
326
S

e? -

5 ana &' > Foct are (i:ZI'S’.O)

p_-,) Perimeter = PS + PS5 + 85!
whece PSS+ 75" - e (AU~ PU)
T ex 2_9__
€
PS+ PS4+ S8 = 2x2(6 + 12
= 12+4 (5
Hence permeter 1S constant (or any P and £

14
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DONOTWRITE INTHIS AREA
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Question 5 continued
(Total for Question 5 is 7 marks)
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6. A physics student is studying the movement of particles in an electric field. In one
experiment, the distances in micrometres of two moving particles, 4 and B, from a fixed
point O are modelled by

d, =5t -31]
d, = [3t* — 251 + 8|

respectively, where ¢ is the time in seconds after motion begins.

a) Use algebra to find the range of time for which particle 4 is further away from O than
particle B is from O.

8)
It was recorded that the distance of particle B from O was less than the distance of
particle 4 from O for approximately 4 seconds.
(b) Use this information to assess the validity of the model.

(2)

0 |5t-31] >| 3t*-25¢ +§|

cN. 5b-31=3-250+8 | |
0=3t* -30b+ 39 (dwde ot sides by 3)
o=t*-10t +13

compl-ebing the :
O=(t-5)*-25+13
O-= (£=5) -12

12 = (£-5)*
2913 = t-5
s+ 23 =t

cv. - (5e-31) = 32 - 254 + 8
3\-6t = 3t?-25t+8
o= 3t?-20t - 23
t=23 b=-1
3
Bt regonis -
1<t < 5-2(3

Zgé <t <5423

16
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Question 6 continued

IO-\ Time that B 15 closer to O than partrele A s
‘S-tZG _,%_Z_,_ +5-2[3 = -'7{ Secords.

The 1S less than U4 SecondS  So  tHahe meodel Joes
not seem appropruare .

17
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Question 6 continued
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DONOTWRITE INTHIS AREA

~ ™)
Question 6 continued
(Total for Question 6 is 10 marks)
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7. The points P(9p?, 18p) and Q(9¢% 18¢q), p # q, lie on the parabola C with equation

y? = 36x
The line / passes through the points P and QO

(a) Show that an equation for the line / is

(p+q)y=2x+9q)

3)
The normal to C at P and the normal to C at O meet at the point A.
(b) Show that the coordinates of 4 are
(9> + ¢ +pg +2), =9pa(p + q))
(7)
Given that the points P and Q vary such that / always passes through the point (12, 0)
(¢) find, in the form )? = f(x), an equation for the locus of 4, giving f(x) in simplest
form.
“4)
Crhadient of PR
Ya -y _ 18p — 134 15(p=a) _ 2 (p~a)
__-——-'_-_— - 2 = 1 = -
2y X qe ?-9q q[p?-..q/) (p.rol)(P‘U‘l/)
s
Pt

1B0=_%—) ap? 4+ ¢
S T
_ 2
\B3p = P2 .~
ptq
1Bp (p+a) _ I18p*
~pra pa
1S¢2 4 18pq — 18> c
cer1Bea T FP -
{+a
20
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Question 7 continued

I8pa

Pta_
" 3: 22¢ + \Bpo,
Prq P+ q

yleta) = 2x +18pq,

“(era)y= 2(x +9pq)  (asrequued)

b) y*= 3bx

fopefenuocu’vs both swles

dy -
2y 35% 36
dy . 36
dax 9,5
At point I lﬁp
dy _
P -23; 5 T gradient. of
fangene ot P

So gradleﬂ:b normal o P = —-p

Arpont Q, Y= 18qg,

vy

= 30 = |
2(18x) q

PhysicsAndMathsTutor.com

T —

P

5o Brcu:ltcwb novmed

e gvadienc of fongent _ 'ELC o Q =—q
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Question 7 continued
UsSing y—y, =m(xX-2)
Line niormal o P
Y- 18 = -pe(x-ap?)
U -18p = —px+9p?3
y= —PX +9p3+18p

Line norwmoh o QO
Y- 13qg = -GL(SC—QCLQ')
ys —gx + Qo'/?’f 1Bqg.
Ew\é\\_a bokh lines 4o eachofher !

-qx +49q2% 1 18q = —px+9p i+ 19p
—qxXx+tex = CIpz-HS’p -alu\(?’-'l‘d‘q,

ox (p-a) = A(p®-93) + 18(p-q)

= a(e®-q%) +i5(p-q)
P -

i._(_‘_j_q/) ((Pz-r pa.+ qj’)—r 2)
P~

=3

o= A(p2+pa+q>+2)

Supn X |n+03 .

y= - (a(p%s patq+2)+ 493+ 13,
= - aq(e2+pq)
Yy=—9pq.(p+9.)

P 6 2 6 7 3 A 0 2 2 2 8
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Question 7 continued

Coordinaces A (q(Pz‘* a®+pqtz), —9p (P"'q,))
(as requured)

c) Sub x=12, y=o nto lne L:

(p+a) xo = 2(12 +9pq)
O=24 +18pqg.
—24 = I18pqg.
“FcPa
Sub pg. value into A coordnates
a(p*ta’-%+12) - x
Ap*+9q* +b =

“A(-F)(pral =y

12 (p+q) =y

soy? = 122 (pra)”
= |uY (P2 +ipo 1 02)

- 'LH"(%CT -+ 2_('%) —%—-)
S ¢g%2= 1 (x -30)
g?-

= X -ug50

(Total for Question 7 is 14 marks)

23
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3
8. f(x) = _
13+ 6sinx — 5cosx

X

Using the substitution ¢ = tan (5)

(a) show that f(x) can be written in the form

3(1+ 1)
23t+1)7° +6
3)
(b) Hence solve, for 0 < x < 2z, the equation
3
f(x) ==
(x) -
giving your answers to 2 decimal places where appropriate.
(5)
(c) Use the result of part (a) to show that
4r
J' ’ f(x)dx = K[arctan(\/g; 9] - arctan[\/g; 3) + n}
g —
where K is a constant to be determined.
()

a) Llet = tan (—%C_‘)

_ o
As we Kknow bcm(%-‘—)= A-com

Syt
2 X (1—cos29)* _ V- 2cosx ¥ contx
) (\—cosH)
L toan (—{)r SN2 X Sin?x
14 £ - s |I—2csocteSEx
SWtx S %

= (st Ccos?*x)+ | —2cosa

Sin? e
- — x
2(1-05%)  Jfi_cesx)  _ o
)— CoS?x (- cosx)(r+cosx) I+ oS

P 6 2 6 7 3 A 0 2 4 2 8
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Question 8 continued

]C(QL) = 3
13 +(smoc —~Scosx

frnd smx . Yevms of €

(4 COSX _ 9L

S'lanf« 1+ %
| — (0s*2x _ St x snx = 2t
SN S I+ t*

find cosx niermsof t

_12
-t~ _ COSC
I+t

()= 2
e oE

rY\uLUplj denommatoy  and namervertor bt) 1+

£(x) = 3(+e*)
) A2k - S(- )

Fx) = 3g(+e2)
124 1BL2 26 — 515

s(i+t?) . ()
IBE-+12E + B 2(a46€+ | )1‘ b

=

25
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Question 8 continued

- 3(1+E?)
23N -1 [+8

- 30+tr)
20364 )+ b

(as reqia Y‘Co\)

b) ()= 2

3(1+t*) _%
S — =

BTN+ 0

2(xe*) = 2(3b—ts)1-i b
T+ = 2(A16en)+ b
Fa4H* = 1T N2+ 5

O= NEE+12¢ +1
O - (nt+)(2+))

= — S |
b--t, =¢
whnen t=—|
o= vacton(-i) + 27
= &E’

when t:;’__l'-——
|

o = 2avcean ('—-‘L") + 277
=0 (z2s£).

P 6 2 6 7 3 A 0 2 6 2 8
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Question 8 continued

) Jf(x) do Linats

As t=tan (%) t- -13
2 arctan(t) = o when x= F
dx 2 L= 13
AL~ I+t2 >

o doac= 2 de
B

i u T
‘{F (x)ya=x = f f(x) dx =~ f flz) dx
¥ w L
3

o A
lin o .
o > o0 Jg: flxy ao :L FOx) dx

a
= Ima\[ (), 2 ot

2
3
—3 .
lowa 3(ue) x 2 0
a0 | 2@enY 4k 1+ t*

o -3
— Linn 3 e+ hone 2 AL
“oa- 00 = (3e+)*43 A00 | (36403

A ]
2

27
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Question 8 continued

USmg

sulcssttution

Lawwnes

let wu= 3+ when L= 12
du _ 23 W= ‘_Srg +~I
=
- when v = —S—
dat - ";?l,-du r_b 2
w= \3 +)
Y- 2x
T 3 x 1 b = x g
q e + - 00 2
a->00 u?__‘_ 3 3 olU\ o o ur+3
a.
-3(2 +1 340
AT \ ¥ lW\/‘- \
an oo W due 0o o w3 Aue
o —
~303 +1
= ‘ avcto -
L N [—
3 3 *
{2+t
—_ ) — | )
- -’é—_ arctan ('————-—3‘-:7’ Al ‘) - ‘ arcton 3 +1 4.
= Tz 32

W \’\'BV\. a— 0o

Arcton {_§_—_j'i___> _ 2 actan | 3% ERE
2 3 3
T\ N o 1
203 213 3

RRRE) J3-°
—g‘(ﬁ(c\'ad\( 3

(Total for Question 8 is 16 marks)

TOTAL FOR PAPER IS 75 MARKS
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