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1. The variables x and y satisfy the differential equation

dzy
=2y2—x—1
dx? Y

d
where 4 =3andy=0atx=0
dx

Use the approximations

dzy ~ (yn+1 — 2yn + yn—l) and (d_y) ~ (yn+1 — yn—l)
P E dx ), 2
n

with 2 = 0.1 to find an estimate for the value of y at x = 0.2

Q)

o\,g_ 2y"-x- | »@(MJM 0-0-l=-1 fnd Ly’
h=0
gi\lelf\om =3 \I,

o | 0
WSiNng approximations given: (a_‘l_] 9—g_| ~ 3 g\éeﬁenagroy

0.2 _y,-0 hext Stey

(a—\i) (‘J .-230"'5 ‘ ~ _ [ = Y, {2:(:))-‘-94 ~—|

SO Y-y =0b V
+ Solve simultaneons
Y,+Y.,= - 00l equations

.
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Question 1 continued -pind U' J( 3" @ V\-—|

A’y =2y=x-1~ °‘—32\ =2(0:295)= 01 - |=-092515
dxr oy =01
P|u\g back 1h o\pprox
bo find v,

((11_\1) 229, #Y,) 5 y.-2(0:295)+0 ~-0-92595
A/, h® 00l

.Y, =-0-0092595+2(0-295) =0:560F
=0:581 (asf)
_—
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(Total for Question 1 is 7 marks)
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2. Use algebra to determine the values of x for which

x+1 X
2 >
2x°+5x -3 4x° -1

)

first, we factorise the denominaivrs so we can identity common
gactors & subtyact the fractions

X+ > X
(23— 1)(xt3) (2x+1)(2 1)

(Qert) (20 1) = Y (X+3) SO
(2x+1)(2%-1) (X +3)

2X* 43+ l—(XZ 'f'._7>£)_ >0
(204 1) (201 )(X+3)

X*+ | >0
(2%+1)(2%-1) (03]

for X IR, X+ is always >0 => we need denominator
to be >0 for inequality to hold
(20+)(2x-1) () +3) >0
s poots: £5 -3
sketch polynomia|:
When X=>-o5, poly. is 3-Ve terms multiplied ) >-o5

When X +<0, poly. is 3tve terms multiplied = £(L) > +oo
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Question 2 continued

£l

f)>o0 f(x)>0
<~

' )
7 R
3 3

solufion {)L € R: —3<x<-.3 U {XGIK‘JO;':E

(Total for Question 2 is 5 marks)
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3. (1) Use the substitution ¢ = tan(%) to prove that

X
cotx + tan(zj =cosecx X #nm, nec

2
(i)

H metres

Figure 1

An engineer models the vertical height above the ground of the tip of one blade of a
wind turbine, shown in Figure 1. The ground is assumed to be horizontal.

The vertical height of the tip of the blade above the ground, H metres, at time x seconds
after the wind turbine has reached its constant operating speed, 1s modelled by the equation

H=90—30cos(120x)° — 40sin(120x)°  (I)

(a) Show that =60 when x =0

(1)
Using the substitution ¢ = tan(60x)°
(b) show that equation (I) can be rewritten as
1201 — 80¢ + 60
H = >
I+1¢
3)

(¢) Hence find, according to the model, the value of x when the tip of the blade is 100m
above the ground for the first time after the wind turbine has reached its constant
operating speed.

(&)

i t=tan)

-
Cotx=p = i
t

- 2t = cotx:=lt
fanx (12) Cofax =
I—tan ()
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Question 3 continued

SolHS= =X 4t o[-t th)
2t t 2t

26 N
F standard result

Sine
= Cosel X
i.o) X=0=> H=90-20cos(0)-40sin(0)
=20-30
= b0

b) i€ t= hxhke') ten Cos@= I-t" £ sind =
|+t’- |+€-

5= 120 = H=40-3D "‘) 0 (2L}

= 90(1+t)-30+30*-20t
(1+£°)

= |20¢" - +60
(1+%7)

€) H=100 = [20£-50¢ +40
| +

=>[20t-90t +p0 =100+ 100 ¢

20¢-30t-40=0 ': 2t7-8t-4=0 = £-4t-2=0

( dividing botw d
Siaes :5‘3 10) (ctwrdwg botix

swaes By 2)
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Question 3 continued

t=4 t@’vf Wz =2t{6"
2.()

S0 bOX =tan' (2.+16) or bOx =tan ' (2-16)
X is positive (time) = need positive root
fan™' (2410 )=F733 & (remember o use degrees)

LX= 3% =129 (2st)
b0
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Question 3 continued
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Figure 2

Figure 2 shows a sketch of the parabola C with equation y* = 4ax, where a is a positive
constant. The point S is the focus of C and the point P(ap?, 2ap) lies on C where p > 0

(a) Write down the coordinates of §.

1)
(b) Write down the length of SP in terms of @ and p.
1)
The point Q(aqg?, 2aq), where p # g, also lies on C.
The point M is the midpoint of PQ.
Given that pg = —1
(c¢) prove that, as P varies, the locus of M has equation
V' =2a(x — a)
3

a) (2.0) @ a curve of form Y=ok, ifs Qs is @ X=a
b) focus- directrix relation: SP=PX, where X (-0, ycoord of P)
P has X-coord ap® = PX= pa’ +a
L SP=ap +Q
c) M is the midpoint of PO so it has coordinates
(M‘ 20p+ 20\@)
2

2
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Question 4 continued
so Y =alprg) = 3:: o (p*+2pg * ¢*)

We are told pg=-1=Y=a*(p-2+q)

Sub owr x-value for M into the equation given equal
2a(X-0)= 20\(-‘£ap"+ ~o0 - ) =0 (p*+o-2)

L YE=20(X-) describes M
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Question 4 continued
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Figure 3

Figure 3 shows a solid display stand with parallel triangular faces ABC and DEF-.
Triangle DEF is similar to triangle ABC.

With respect to a fixed origin O,

the points 4, B and C have coordinates (3, -3, 1), (-5, 3, 3) and (1, 7, 5) respectively and
the points D, E and F have coordinates (2, —1, 8), (-2, 2, 9) and (1, 4, 10) respectively.
The units are in centimetres.

(a) Show that the area of the triangular face DEF is %\/339 cm?
3)

(b) Find, in cm?, the exact volume of the display stand.

- — (7)
a) area= 3 |bxc| = we need DE X DF

0\f€0\‘-‘-'-l__\ ST |=_l.t g '% L _—=—'[i(3y2_—|x5)
2 Ex DF - 5 2 A Z L iy
—f Ex2-1x-1) +
usmn th{ & (~exS-3¢-1) :”

.aosss product’ _ _,ik ;L) /
-1
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Question 5 continued

— L)
=\ F+ 13

= {339 (em?

b) extend fop of volume o give a ’rermheo\ronT

use similar friangles:

DE={["+5'+ 2*
=130

R?;(') KS):(Z)
2 |-|-3] 10
5/ \l &
= P\C-“XZZHOL‘?L[—Z—,

120

AC = 2 = Scale factor between friangles TDF & TAC

DF

so AT=2AD

A’f)=(z 3) =/
R
3 l +

NG
D+ AD=(| \=—> (1 1.15)
\S
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Question 5 continued

e=()G) (e
(L)

/v=—'gla-t@xg)l

— —  _ -2 4 1
ATXBT CT=| b-2 2]|=F2(2x10-12x){
o b 10/ -%(bxI0-0x(2);
+14 (bxb-0x-2) R {

V o tetrahedron = |-2(52) -4(60) + It (-36) |

=
3

[inear scale factor is 2 =» \olume s€ s &g

TEDTF volume is *'g Volume of whole tetrahedron

" Volume of STQV\(A;E%‘ X Lil_q': @ cm3

3 3

3
['l
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4

Question 5 continued

(Total for Question 5 is 10 marks)

TOTAL FOR FURTHER PURE MATHEMATICS 1 IS 40 MARKS
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