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Answer ALL questions.  Write your answers in the answer book provided.

1. (a) Find the general solution of the recurrence relation

un+2 = un+1 + un ,   n . 1
(3)

 Given that u1 = 1 and u2 = 1

 (b) find the particular solution of the recurrence relation.
(3)

(Total for Question 1 is 6 marks)
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Auxiliary equation: AZ - d - I = o

formula 0C = -b I#Solve using quadratic b.Z - Gac

Za

a= I

b = - I 7C = I I C-1)Z - 4×1 X- I
'

C = - I 2

= I tf
2

=) Un = A l tf
n

+ B I -255
"

where A andB are arbitrary constants.
2

(lb) Use the given conditions U,=L and Uz
-

- I to obtain two

equations in A and B :
p l

U, = A ltf t B l - JS = t

2 2

=3 A Itf t B l -B = I

2 2

=) A Clt Js) t BCI - 553=2 (t )

and

Uz = A l tr
Z
t B l - 55

2
=p

2 2

⇒ A ( Itr)(Itv) t B 11-55111-5532=1
4 4

⇒ A ( I t 2551-5) t B ( t -255+5) = I
4 4

⇒ A 3+05 t B 3-55 = I

2 2

=) A (3+55) t B (3-B) = 2 (27

Solve these equations simultaneously to obtain A and B .
3. AtTSA t 3.B - TSB = 2

A- treatB- - r5B=I
⇒ 2A +2B = o ⇒ A= - B
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Question 1 continued
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(Total for Question 1 is 6 marks)
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Sub A = -B into Cl)

- B ( Itv) t BCI-B) =3

⇒ -B - TSB +B - TSB =3

=) -255B = 2

⇒BB= - I

⇒ B = - I

is

so A=- B= I

05

SO we have

Un =

↳ ltz.rs
n
t B l - Tg

n

2

=

↳ { Its
"

- i -zen}
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2. 

D E F Available

A 15 19 9 25

B 11 18 10 55

C 11 12 18 20

Required 38 24 38

 A company has three factories, A, B and C.  It supplies mattresses to three shops, D, E and F.  
The table shows the transportation cost, in pounds, of moving one mattress from each factory 
to each shop.  It also shows the number of mattresses available at each factory and the number 
of mattresses required at each shop.  A minimum cost solution is required. 

 (a) Use the north-west corner method to obtain an initial solution.
(1)

 (b) Show how the transportation algorithm is used to solve this problem. 

  You must state, at each appropriate step, the 

  • shadow costs, 

  • improvement indices, 

  • route, 

  • entering cell and exiting cell, 

  and explain clearly how you know that your final solution is optimal.
(11)

(Total for Question 2 is 12 marks)
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2. 
D E F Available

A 15 19 9 25
B 11 18 10 55
C 11 12 18 20

Required 38 24 38

 (a) 
D E F

A
B
C

 (b) 
D E F

A
B
C

D E F
A
B
C

D E F
A
B
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D E F
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Step①

jmneaedsgrii.EE?onwbiF-I9Feoeai amount25. allowed in each row
Available

5's-↳€3524, > is 33 Thetic:FuTowseM
}Z columns addto required

total 20 20

III in
) Required 38 24 38 hfmovnt.mu

each column
↳
a a total og 55 in row

buthave to take into

account Max allowed per column

-
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Question 2 continued

D E F
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D E F
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B
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D E F
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A
B
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(Total for Question 2 is 12 marks)
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3. Four workers, A, B, C and D, are to be assigned to four tasks, P, Q, R and S.

 Each worker must be assigned to at most one task and each task must be done by just one 
worker.

 The amount, in pounds, that each worker would earn while assigned to each task is 
shown in the table below.

P Q R S

A 32 32 33 35

B 28 35 31 37

C 35 29 33 36

D 36 30 36 33

 The Hungarian algorithm is to be used to find the maximum total amount which may be 
earned by the four workers. 

 (a) Explain how the table should be modified.
(1)

 (b) Reducing rows first, use the Hungarian algorithm to obtain an allocation which 
maximises the total earnings, stating how each table was formed.

(7)

 (c) Formulate the problem as a linear programming problem.  You must define your 
decision variables and make your objective function and constraints clear.

(5)

(Total for Question 3 is 13 marks)
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_____________________________________________________________________________________

P Q R S
A 32 32 33 35
B 28 35 31 37
C 35 29 33 36
D 36 30 36 33

P Q R S
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(a) subtract each entry from a constant (easier to work with smaller

e. go 37 numbers)
^

( typicallypick the

largest number

¢ 37- SC

5 5 4292 6

028 4 I

I 7 I 4

( REDUCE ROWS smallest

V number in
/ row .

✓

3 3 2 O C- reduce row 'Aby 2
9 z 6 O C- no reduction gor row B assmallest number in row is zero
I 7 3 O

o 6 o 3

'2reduce row C by I

[REDUCE COLUMNS

"
I reduce row D by l

U

3 I 2 O

9 O G
o

l 5 3 O

O 4 O 3
T
reduce column Q by 2. no reduction gov any

other column .

3 I 2 O

9 O G o
we need 3 lines to cover all

I 5 3
the Zeros

,
hence solution is0€ not optimal . ↳ (subtract 1 to au uncovered

-

augment byanl.cl add 1 to theboxes
where Ene lines intersect

2 l l O

8 O 5 O

O 5 2 0

now optimalO 5 O 4
A to S

, B to Q ,
CtoP,
D to R.
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Question 3 continued

P Q R S
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(Total for Question 3 is 13 marks)
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(3C) let ocij={ I ig worker i does task J
O otherwise

where EE { A
,
B
,
c
,D 3 and je { 2, Q , R, S3

✓
Originalentry in AP box

minimise 5 Kae t 5Kao, t 4Kar t2xas t 90CBe t 20CBo,
t 60C

BR
t Zoccp

+ 80Ccat 40Cor toCcs TOCDp t 70CDo, tooDr
t400ps

Subject to 8

E Kip = I , EKia = I
, Eocjr =L , EOCis = I

[Kaj = I , EOCBJ =L, Exc, =L , EXDj = I
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4. A game uses a standard pack of 52 playing cards. 

 A player gives 5 tokens to play and then picks a card.  If they pick a 2, 3, 4, 5 or 6 then 
they gain 15 tokens.  If any other card is picked they lose.

 If they lose, the card is replaced and they can choose to pick again for another 5 tokens.  
This time if they pick either an ace or a king they gain 40 tokens.  If any other card is 
picked they lose. 

 Daniel is deciding whether to play this game.

 (a) Draw a decision tree to model Daniel’s possible decisions and the possible outcomes.
(6)

 (b) Calculate Daniel’s optimal EMV and state the optimal strategy indicated by the 
decision tree. 

(2)

(Total for Question 4 is 8 marks)
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win 15 but gave
wouldhave

gained40but
13 cards in

5 away. we gave
✓ 10 earlier

a see ✓ pick ace +30

picky I + to or icing
2-

say c- Probability og picking a

cards 2- G 2/13
250 Don't play - 50
169 pick 2-6
a 8 again 13

-
as i 43 don't pick ace2 Emv - 50

N or icing^ 13

"
43

don't %
- I0

play Stop n
-5 I

÷: / :÷÷÷÷÷÷
again .

E- Not Ex -

75=738,23×30+131×-10
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Question 4 continued
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(Total for Question 4 is 8 marks)
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(4b)EMV is 1.48 (tokens) per game (correct to 3Sf)^
( greatest EMU value

Analysis :Play the game and is the player doesn't pick 2- 6
on first go they should play again .
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5. 

B plays 1 B plays 2 B plays 3 B plays 4

A plays 1 4 	 − 2 3 2

A plays 2 3 	 − 1 2 0

A plays 3 	 − 1 2 0 3

 A two person zero-sum game is represented by the pay-off matrix for player A given above.

 (a) Explain, with justification, how this matrix may be reduced to a 3 ´ 3 matrix.
(2)

 (b) Find the play-safe strategy for each player and verify that there is no stable solution 
to this game.

(4)

 The game is formulated as a linear programming problem for player A.

 The objective is to maximise P = V, where V is the value of the game to player A.

 One of the constraints is that p1 + p2 + p3 - 1, where p1,  p2,  p3  are the probabilities that 
player A plays 1, 2, 3 respectively.

 (c) Formulate the remaining constraints for this problem.  Write these constraints as 
inequalities.

(3)

 The Simplex algorithm is used to solve the linear programming problem.  

 The solution obtained is p1 = 0, p2 = 
3
7 , p3 = 

4
7

 (d) Calculate the value of the game to player A.
(3)

(Total for Question 5 is 12 marks)
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B plays 1 B plays 2 B plays 3 B plays 4

A plays 1  4 –2 3 2
A plays 2  3 –1 2 0
A plays 3 –1  2 0 3
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T

-

(a) column 2 dominates column 4.

Because 27 - 2

O > - I

332
^

'
column 2 smaller so dominates

[ (player B loses less C
-ve number means B gains since
this is a payogg matrix gor Ao)

y largest
min value

(b) row minima : - 2
,
- I
,
- I

,Max is
-l

column maxima: 4, 2 , 3 ,
min is 2

^

(
ignore column

Tmin 08 Max values

4 as has been dominated

<- rows includingPlaysage is A plays row 2 or 3 Maximin
B plays column Zq column including minimax

Row maximum C- t) =/ Column minimax (2) so solution is

not St
a-

able .

(c)

e.go add 2 to all entries to make an positive
4 -2 3 G O 5

3 - I 2 > 5 I 4

- I 2 O l 4 2

<
/ column values

where pi, Pz dpz are

Subject to V- Gp , - 522 - p, so the probabilities A plays 1,2,3
V - pz - 423 fo respectively .
V - Sp , -422 - 233 EO
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Question 5 continued
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(Total for Question 5 is 12 marks)
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(d) substitute p, = 0 , 22=3/7 , 73=4/7 into inequalities grom

part cc) to obtain,
✓ E 6(O)-15(3/7)+417 =

'517+417 = 191>

V E 317 t 4 (41>) = 31> t 161> = 191>

V E 5Co) t 4 (317)t z (417) = 121> t 817 = 2017

so v E
'917
,

"917
,
297 therefore v =

'F
n

' lowest value

so value og game to player A
= Ig

- 2

= 5

7
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6.  

E

A

B

D

G

F
C

(5, 7)

H

T

(3, 5)

(4, 7)

(2, 3)

(0, 3) (1, 5)
(5, 6)

(1, 3)

(1, 4)

(4, 8)

(0, 3)
(0, 5)

(1, 6)

(3, 4)

(3, 10)

cut C1

(3, 10)

(3, 4)

cut C2

S

Figure 1

 Figure 1 shows a capacitated, directed network.  The number on each arc (x, y) represents 
the lower (x)	capacity	and	upper	( y) capacity of that arc.

 (a) Calculate the value of the cut C1 and cut C2
(2)

 (b) Explain why the flow through the network must be at least 12 and at most 16 
(1)

 (c) Explain why arcs DG, AG, EG and FG must all be at their lower capacities.
(1)

 (d) Determine a maximum flow pattern for this network and draw it on Diagram 1 in the 
answer book.  You do not need to use the labelling procedure. 

(2)

 (e) (i) State the value of the maximum flow through the network. 

  (ii) Explain why the value of the maximum flow is equal to the value of the minimum 
flow through the network.

(3)

 Node E becomes blocked and no flow can pass through it.  To maintain the maximum 
flow through the network the upper capacity of exactly one arc is increased. 

 (f) Explain how it is possible to maintain the maximum flow found in (d). 
(3)

(Total for Question 6 is 12 marks)
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-
upper Cy) capacity og the

✓ arcs the cut goes through -

C, = 3+3+3 t 5+7

= 21

- arrow goinginto the cut
C.2=8+5+3+6 -I

= 19

ques
(b) The minimum glow out og the source S is atleast
-75+31-4 = 12 and the maximum glow into the sink T is-

-76+10=16

yvalues

(c)The minimum glow into G is It It1+3=6 but the maximum

glow out og G is 6 therefore the arcs into G must be at their

lower capacities .
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Question 6 continued

E

A

B

D

G

F
C

H

T

S

Diagram 1
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(Total for Question 6 is 12 marks)
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I

7 l
J G

t
y

>

57 3J t
g

n g

3 a3
4

) )

) 93 15 3) 7

7

9>4

(bei) Maximumglow is
15

✓
5+31-4

v

(beiitTheminimum glow out og the source is 12 but the glow
out og C is at least 3 t 4=7 . Therefore , the minimum glow

through the network is 51-3-14+3=15 Which is equal to the
maximum glow .

(6ft Increase the upper capacity og arc BF to at least 9 and

therefore increase the glow in this arc to 9 .
Therefore, increase the glow in FH and HT to 10 .
The glow in GT decreases to 5 and all other arcs are

unchanged .
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7. A company assembles boats.

 They can assemble up to five boats in any one month, but if they assemble more than 
three they will have to hire additional space at a cost of £800 per month.

 The company can store up to two boats at a cost of £350 each per month.

 The overhead costs are £1500 in any month in which work is done.

 Boats are delivered at the end of each month.  There are no boats in stock at the 
beginning of January and there must be none in stock at the end of May.

 The order book for boats is

Month January February March April May

Number ordered 3 2 6 3 4

 Use dynamic programming to determine the production schedule which minimises the 
costs to the company.  Show your working in the table provided in the answer book and 
state the minimum production cost.

(Total for Question 7 is 12 marks)

TOTAL FOR PAPER IS 75 MARKS
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7.

Stage State Action Dest Value
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Ly
so gorMay must add to4 grom Q .

number in SEOUL
~

at start 08
month number

bwaeiiuaraslrmmaodneeninnaEE-nhaogemagse.in
stock

✓ v
store 2 boats at £350
# each

May 2 2 OL 70041500 -2200 *

I 3 0 350+1500 = 1850 *

o 4 O 1500+890=23002
#

makingmorethan}

, jhow many
'egto€r - as seu 3 in April .

April 2 700+1500 +2300=4500

2 2 I 700+1500 +1850=7105-0*0se as 0 test over gorstartog
nnext month .

Z 3 2 700+1500 +2200=4400

I 2 0 350+1500 t 2300=4150)
I 3 I 350 t 1500 +1850=3700 #

Cy pick
the smallest

cost gor each stateI 4 2 350+1500+800+2200=4850 to use in March .

O 3 O 1500 t 2300=3800 #
t

O 4 I 1500+800+1850=4150

[%×e Obie -S O 5 2 1500+800+2200=4500

is 5-

↳
arch

§ g4g Oo,
700+1500+800+3800=6800

700 t 1500+800+3700=6700 *

350 t 1500+800+3800=6450 *

Feb 2 l l 7001-1500 +6450=8650 *

2 2 2 700+1500 t 6700=8900

I 2 I 350+1500 t 6450=8300 *

I 3 2 350+1500 t 6700=8550

O 3 1 1500 1-6450=7950 *
can only

, y O 4 2 1500+800+6700=9000
Store
Max 2 boats

Jan O 3 O 1500+7950=9450*04 I 1500+800+8300=10600

only# O 5 2 1500+800+8650=10950
allowed
at start

08 Jan

Month Jan Feb March April May
Number 3 3 5 3 work backwards
made

4 L-
through the final
Star

minimum production cost =L-9450

PhysicsAndMathsTutor.com
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Number assembled
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Question 7 continued
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(Total for Question 7 is 12 marks)

TOTAL FOR PAPER IS 75 MARKS
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