
Question 7 notes continued:
(c)
B1: For consideration of symmetry about y = 1
B1: For a = 1.5
(d) 
M1: For use of tan from an appropriate triangle 
A1ft: For a correct equation, follow through on their a 
A1: For a correct angle
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5. Jonathan makes two types of information pack for an event, Standard and Value.

Each Standard pack contains 25 posters and 500 flyers.

Each Value pack contains 15 posters and 800 flyers.

He must use at least 150000 flyers.

Between 35% and 65% of the packs must be Standard packs.

Posters cost 20p each and flyers cost 4p each.

Jonathan wishes to minimise his costs.

Let x and y represent the number of Standard packs and Value packs produced respectively.

Formulate this as a linear programming problem, stating the objective and listing the 
constraints as simplified inequalities with integer coefficients.

You should not attempt to solve the problem.

(Total for Question 5 is 5 marks)

TOTAL FOR SECTION A IS 40 MARKS
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A Answer ALL questions.  Write your answers in the answer book provided.

1. Six workers, A, B, C, D, E and F, are to be assigned to five tasks, P, Q, R, S and T.

Each worker can be assigned to at most one task and each task must be done by just one worker.

The time, in minutes, that each worker takes to complete each task is shown in the table below.

P Q R S T

A 32 32 35 34 33

B 28 35 31 37 40

C 35 29 33 36 35

D 36 30 34 33 35

E 30 31 29 37 36

F 29 28 32 31 34

Reducing rows first, use the Hungarian algorithm to obtain an allocation which minimises the 
total time.  You must explain your method and show the table after each stage.

(Total for Question 1 is 9 marks)
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1) Dummy variable X

P Q R S T X Row reduce by
A 3232353433 40 32

B 283531 3740 40 28

[ 3529333635 40 29

D 363034333540 30

C- 3031 29 3736 40 29

F 2928323134 40 28

P Q R S T X P Q R S T X

A 0 0 3 2 I 8 A 00 3 O O O

B 0 73 9 12 12 B 07 3 7 11 4
[ 6 0 4 7 6 11

→ C 6 04 5 53
D 60 4 3 5 10 D 6 0 4 I 4 2

£ I 2 0 8 7 11 E I 2 0 6 6 3

if I 0 4 3 6 12 F I 0 4 I 5 4
Column reduce by
0 002 I 8

P Q R S T X

A 003 000
B 07 3 7 11 4 minimum uncovered
C 6 0 4 5 53 is I

D 6 0 4 I 4 2

E I 20 6 63

F I 0 4 I 5 4

PhysicsAndMathsTutor.com



Augmented by 1

P Q R S T X P Q R S T X

A 1 1 30 00 A 1 1 30 00

B 07 2 6 10 3 B 07 2 6 10 3 smallest uncovered

C 6 03 44 2
→ C 6 03 44 2 is I

D 6 03 03 I D 6 03 03 I

E 2 3 0 6 6 3 E 2 3 0 6 6 3

F I 0 3 0 4 3 F I 0 3 0 4 3

Augmented by 1
PQRSTX PQRSTX

A 2 2 3 1 00 A 2 2 3 1 00

B 0 7 I 6 9 2 13 0 7 I 6 9 2

C 6 0 2 4 3 I
→

C 6 0 2 4 3 I 6 lines ⇒

D 6 02 02 0 D 6 02 02 0 solution is optimal
E 3 4 07 6 3 E 3 4 07 6 3

F I 0 2 0 3 2 F I 0 2 0 3 2

A T

B P
C Q
DH)

E R
F S
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2. In two-dimensional space, lines divide a plane into a number of different regions.

Figure 1 Figure 2 Figure 3 Figure 4

It is known that:

• One line divides a plane into 2 regions, as shown in Figure 1

• Two lines divide a plane into a maximum of 4 regions, as shown in Figure 2

• Three lines divide a plane into a maximum of 7 regions, as shown in Figure 3

• Four lines divide a plane into a maximum of 11 regions, as shown in Figure 4

(a) Complete the table in the answer book to show the maximum number of regions
when five, six and seven lines divide a plane.

(1)

(b) Find, in terms of un, the recurrence relation for un + 1, the maximum number of regions
when a plane is divided by  (n + 1) lines where n . 1

(1)

(c) (i) Solve the recurrence relation for un

(ii) Hence determine the maximum number of regions created when 200 lines divide
a plane.

(3)

(Total for Question 2 is 5 marks)
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Figure 5

Figure 5 represents a network of corridors in a school.  The number on each arc represents the 
maximum number of students, per minute, that may pass along each corridor at any one time.
At 11 am on Friday morning, all students leave the hall (S) after assembly and travel to the 
cybercafé (T).  The numbers in circles represent the initial flow of students recorded at 11am one 
Friday.

(a) State an assumption that has been made about the corridors in order for this situation 
to be modelled by a directed network.

(1)

(b) Find the value of x and the value of y, explaining your reasoning.
(3)

Five new students also attend the assembly in the hall the following Friday.  They too need to 
travel to the cybercafé at 11am.  They wish to travel together so that they do not get lost.  You 
may assume that the initial flow of students through the network is the  same as that shown in 
Figure 5 above.

(c) (i) List all the flow augmenting routes from S to T that increase the flow by at least 5

(ii) State which route the new students should take, giving a reason for your answer.
(3)

(d) Use the answer to part (c) to find a maximum flow pattern for this network and draw 
it on Diagram 1 in the answer book.

(1)

(e) Prove that the answer to part (d) is optimal.
(3)
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7. In two-dimensional space, lines divide a plane into a number of different regions.

Figure 1 Figure 2 Figure 3 Figure 4

It is known that:

• One line divides a plane into 2 regions, as shown in Figure 1

• Two lines divide a plane into a maximum of 4 regions, as shown in Figure 2

• Three lines divide a plane into a maximum of 7 regions, as shown in Figure 3

• Four lines divide a plane into a maximum of 11 regions, as shown in Figure 4

(a) Complete the table in the answer book to show the maximum number of regions 
when five, six and seven lines divide a plane.

(1)

(b) Find, in terms of un, the recurrence relation for un + 1, the maximum number of regions 
when a plane is divided by  (n + 1) lines where n . 1

(1)

(c) (i) Solve the recurrence relation for un

(ii) Hence determine the maximum number of regions created when 200 lines divide 
a plane.

(3)

(Total for Question 7 is 5 marks)
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Figure 5

Figure 5 represents a network of corridors in a school.  The number on each arc represents the 
maximum number of students, per minute, that may pass along each corridor at any one time. 
At 11 am on Friday morning, all students leave the hall (S) after assembly and travel to the 
cybercafé (T).  The numbers in circles represent the initial flow of students recorded at 11 am one 
Friday.

(a) State an assumption that has been made about the corridors in order for this situation
to be modelled by a directed network.

(1)

(b) Find the value of x and the value of y, explaining your reasoning.
(3)

Five new students also attend the assembly in the hall the following Friday.  They too need to 
travel to the cybercafé at 11 am.  They wish to travel together so that they do not get lost.  You 
may assume that the initial flow of students through the network is the  same as that shown in 
Figure 5 above.

(c) (i) List all the flow augmenting routes from S to T that increase the flow by at least 5

(ii) State which route the new students should take, giving a reason for your answer.
(3)

(d) Use the answer to part (c) to find a maximum flow pattern for this network and draw
it on Diagram 1 in the answer book.

(1)

(e) Prove that the answer to part (d) is optimal.
(3)
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a) Corridors must be one way

b) Input = output
46 52

For E :

7 t y
= 54+5 ⇒ y= 52

For D:

201-21 toe = 35 tyt 0 ⇒ a = 35 t 52-41 = 46

c) i) SACET = 5

SDFET = 5

ii) can't use SDFET as E → F is one way
so cannot use F → E

40

0
6

12 63
20

35

51 52
64

40 2' o

5 24

19

e) Max flow min cut theory
40 T3S t 52+24=151 § these are equal so the flow is optimal

Max flow = 60+51+40 = 15 I

PhysicsAndMathsTutor.com
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The school is intending to increase the number of students it takes but has been informed 
it cannot do so until it improves the flow of students at peak times.  The school can 
widen corridors to increase their capacity, but can only afford to widen one corridor in 
the coming term.

(f) State, explaining your reasoning,

(i) which corridor they should widen,

(ii) the resulting increase of flow through the network.
(3)

(Total for Question 3 is 14 marks)
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9. A two person zero-sum game is represented by the following pay-off matrix for player A.

B plays 1 B plays 2 B plays 3

A plays 1 4 1 2

A plays 2 2 4 3

(a) Verify that there is no stable solution.
(3)

(b) (i) Find the best strategy for player A.

(ii) Find the value of the game to her.
(9)

(Total for Question 9 is 12 marks)

TOTAL FOR SECTION B IS 40 MARKS
TOTAL FOR PAPER IS 80 MARKS
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f) i ) Max flow into T is IS2 so increasing any are other than FT

will only cause an increase of 1 , so FT is the arc

that should have the capacity increased
.

'

II ) SAD
,

SD and SBD would be able to use max flow directed

through DF and could increase by 16
.
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The school is intending to increase the number of students it takes but has been informed 
it cannot do so until it improves the flow of students at peak times. The school can 
widen corridors to increase their capacity, but can only afford to widen one corridor in 
the coming term.

(f) State, explaining your reasoning,

(i) which corridor they should widen,

(ii) the resulting increase of flow through the network.
(3)

(Total for Question 8 is 14 marks)

11

*S58536A01111*

D
O

 N
O

T W
RITE IN

 TH
IS A

REA
D

O
 N

O
T W

RITE IN
 TH

IS A
REA

D
O

 N
O

T W
RITE IN

 TH
IS A

REA

D
O

 N
O

T 
W

RI
TE

 IN
 T

H
IS

 A
RE

A
 

D
O

 N
O

T 
W

RI
TE

 IN
 T

H
IS

 A
RE

A
 

D
O

 N
O

T 
W

RI
TE

 IN
 T

H
IS

 A
RE

A

4. A two person zero-sum game is represented by the following pay-off matrix for player A.

B plays 1 B plays 2 B plays 3

A plays 1 4 1 2

A plays 2 2 4 3

(a) Verify that there is no stable solution.
(3)

(b) (i) Find the best strategy for player A.

(ii) Find the value of the game to her.
(9)

(Total for Question 4 is 12 marks)

TOTAL IS 40 MARKS
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I

2 max

Max
4 4 3

min

a) Row minima 1,2 Max -_ 2

Column maxima 4,3 min =3

row minima 2 =/ column maxima
3 so not stable
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b) i ) Let A play strategy 1 with probability p and strategy
2 with probability 1- p

If B plays strategy 1 A 's gains are :

4 Lp)t 211 - P ) : 2pt2

If B plays strategy 2 A 's gains are :

(p ) -1411 - p ) : 4- 3p

If B plays strategy 3 A 's gains are :

Zlp ) +311 - p ) =3 - p

6 6 2pt2 =3
-

p
S S

Y y 3p =/ ⇒ p= 'S
3 3

2 2 Player A should play strategy I

\ I 5 of the time and strategy 2

F-0 p= I
} of the time

- I - I

- 2 - 2

ii) 3- p ⇒ 3 - I = 25

The value of the game to player A is 2 I
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