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1. A system of three equations is defined by

kx+3y— z=3
3x— y+ z=—%k
—l6x—ky—kz=k

where k is a positive constant.
Given that there is no unique solution to all three equations,

(a) show that k=2

(2)
Using k=2
(b) determine whether the three equations are consistent, justifying your answer.
3)
(c) Interpret the answer to part (b) geometrically.
(1
a) K 3 -1
3 -1 1 | = e(ear)-3(-3k+16)-1 (-3 -10)
-6 -K -k
- 2K2 4 AU-48 +3K+(C
=2K%2 412Kk -32 =0
K2+ bKL-1b=-0
(k+8)(k-2)=0
K=-8 (reject as K is positiwe)
KL=2

BVY2oc+Z3-2=3 — O
\31.—3512=—-2 — %
-bx -2y-22=2 —

+ 3x @
(2+35-2)+ (Ax -3y 132) =3+(-0)
HWax3r22=-3 —

(Ze;@z;%?z)— (-16

1—21\1—52% -4 -2
22x442=-06b =
T A R
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Question 1 continued

b Continued )

@ RZ =@ The 4wo eguations are a linear
multpie of eacnother -.
the equatwons are consistent .

¢\ The tnvee planes Fovm o Sheaf.

(Total for Question 1 is 6 marks)
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2. Given that
z, =2+31

|zlzz| = 39\/5

T
arg(zz;) =

where z, and z, are complex numbers,
(a) write z, in the form r(cos@ + isin6)

Give the exact value of 7 and give the value of € in radians to 4 significant figures.

2

(b) Find z, giving your answer in the form a + ib where a and b are integers.

) ‘2.‘-‘&"-&3" - 13

(6)

orgz = tan"'(3)=0.48279... = 0.2828 (u4s().
2, = 13 (cos(0.9829)+ sin (0.9929))

b) |Z|Zz.‘ = 'Zl‘xlzll =3ﬂr2—-.

ITé A IZzl"' 3"”2.
lZ)_‘ = 320

arg (2:22) = arg(2:) + arg(z;) - T

tan! (—;—_—) + ars(ZzJ = :El":

‘_E’_‘._. - tan™* (-;5_-) z-0-193139 ... = arg (22)
2. = 3126 (cos(-0.192.)) +isin(-0.197...))

=15-30
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Question 2 continued

(Total for Question 2 is 8 marks)
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o x
,J\ v
-r

Figure 1

Figure 1 shows a circle with radius 7 and centre at the origin.
The region R, shown shaded in Figure 1, is bounded by the x-axis and the part of the
circle for which y > 0

The region R is rotated through 360° about the x-axis to create a sphere with volume V'

Use integration to show that V' = inﬁ
. 3)

Vﬂ'frzacdar.

=T [rzoc ___]
z TT[:(rS__%}_)—(-r3+%-?'—)
REypy E G

- V= _’:"_31'-"—(-3 (as requiwed)
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Question 3 continued

(Total for Question 3 is 5 marks)
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All units in this question are in metres.

A lawn is modelled as a plane that contains the points L (-2, -3, —1), M (6, -2, 0) and
N(2, 0, 0), relative to a fixed origin O.

(a) Determine a vector equation of the plane that models the lawn, giving your answer in
the formr =a + Ab + uc

3)
1
(b) (i) Show that, according to the model, the lawn is perpendicular to the vector [ 2
-10
(i) Hence determine a Cartesian equation of the plane that models the lawn.
“4)

There are two posts set in the lawn.

There is a washing line between the two posts.

The washing line is modelled as a straight line through points at the top of each post with
coordinates P(—10, 8, 2) and Q (6, 4, 3).

(c) Determine a vector equation of the line that models the washing line.

(2)
(d) State a limitation of one of the models.

(1)
The point R(2, 5, 2.75) lies on the washing line.
(e) Determine, according to the model, the shortest distance from the point R to the lawn,

giving your answer to the nearest cm.

(2)
Given that the shortest distance from the point R to the lawn is actually 1.5m,
(f) use your answer to part (e) to evaluate the model, explaining your reasoning.

1

o @ (5)-(H)-(1)

o -1\ \

—— 2 -
L-N=¢:»—.%--;,t

. 2. 8 4
E 8)+A‘1‘M3

\ |

P 6 2 6 8 5 A 0 8 2 8
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Question 4 continued
Mstned L
bv)

Using the 'cross product’:

Ly K ( c-s) (-7_)
€ + 1 | |-(s-4))=|-4
% 3 | 2 — it 20

- )
(_3 X-2 = (2) (as reqynred)
20 -10

(7)o
(L‘?':) (’é) - L|-JL+33+%=0

Using Simultaneous equatons -

let x= 1 rByrz =0
2 1ytz2=0 =
q*'?'—:-ﬂ=-8 —@© 33+%="'-I' -@
©-@
912—(33-r2)=-8—l—'+)

- = = &

=2
'dz_--—lo

)
- Pcvpcnd|w\ar - (2, ) (GS (eqmrcol)
veckor —\o

9
I
MR 000 Turn over
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Question 4 continued

bu) (Jgt)('z = xt24y~-102

2 -10
when X =2, y-o, 2=o usi\n& N(

\ 2
2+ 200)-10(0) ._2&)- (33
x+2y-102=2

o @-(5)-(1)-(%)
=~ (§)ee(4)

d) - The lawn will vot be flat ,
- The woshing ine will not e Strawt

:)

oo

€) l)5m3 equaton: na+ N2g +nzY+dl
‘ ﬂ."-l ﬂzz"' n'sl

- l[zm)-n (5x2)+ {2.75x—io)-ZI

Y1242+ (-10)*

= . FHl

10
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Question 4 continued

A\ 1. Hm 15 significantiy  dhffevent 4o 1.5
s e model 'S not od.

oV
‘-q" - '-5

.5

X100 = 14/ €vvror

K Hisisa large /. €rror
So the model /s bad.

(Total for Question 4 is 13 marks)

1
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t
v

«—(+2)—>

Figure 2
A block has length (» + 2) cm, width (» + 1) cm and height »cm, as shown in Figure 2.

In a set of n such blocks, the first block has a height of 1 cm, the second block has a
height of 2 cm, the third block has a height of 3 cm and so on.

(a) Use the standard results for 2r3 ,Zrz and Zr to show that the total volume, V, of
r=1 r=1 r=1

all n blocks in the set is given by

V=Z(n+1)(n+2)(n+3) n>1
3)
Given that the total volume of all n blocks is
(n*+ 6n° —11710) cm?
(b) determine how many blocks make up the set.
(2)

a) Volume = ((rﬂ)(n-z-)
N 3 n N n
%:. C+r3c2:+ 2 = é:('s.. 3Z(z+ 2_{2_"(
= £3) =1
= _‘Ii-n’-(nﬂ)'w 3#-,1-'1("“)(2“1 V) 2‘%(\’\*\)

%[m()(ntnﬂ) + 2(2n11) + '-t)
n

r 5
al (nt1) (n AN+ 4Nnt2in)

=n 245Nt G
u(nﬂ}(n 5Nt k)

V = _{‘F (Y\H)(n+?_)[ﬂ-t 3) (as rtq,mreo\\

12
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Question 5 continued

o) ._2- (nr ) ny2)(ne3) = N *+ ln*-nz0
Ant1 3 alln? + 3 n =n*ebn3-1F0

Znt+LInd —n2-3n-N0=06 (%)
Zn? + I16n3 —lnr—bn - 46840 = o
There are 10 blocks

“ N= 10

13
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Question 5 continued

e
R
5

£
oo

K
R
S

\‘0
,‘.A
o

QL
838
%
s
J
o%

60
RS
1\
o
o

60
X

ogreter s
C
R

¥
R

M
K]
A
2
KK

o’z
L

o%

<
K
L

ee
SR

QREKL
s
SRS

S
R
KIS

KK
Ss0getetes
\. S SR8

) AR AR T
P 6 2 6 8 5 A 0 1 4 2 8




PhysicsAndMathsTutor.com
~ ™)

Question 5 continued

DONOTWRITE INTHIS AREA

(Total for Question 5 is 7 marks)
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6. (i)

2 a
A =
(a—4 b)

where a and b are non-zero constants.
Given that the matrix A is self-inverse,

(a) determine the value of b and the possible values for a.

(3)
The matrix A represents a linear transformation M.

Using the smaller value of a from part (a),

(b) show that the invariant points of the linear transformation M form a line, stating
the equation of this line.

©)
(i)

where p is a positive constant.

The matrix P represents a linear transformation U.
The triangle 7 has vertices at the points with coordinates (1, 2), (3, 2) and (2, 5).
The area of the image of 7 under the linear transformation U is 15

(a) Determine the value of p.

C))

The transformation V consists of a stretch scale factor 3 parallel to the x-axis with the
y-axis invariant followed by a stretch scale factor —2 parallel to the y-axis with the x-axis
invariant. The transformation V is represented by the matrix Q.

(b) Write down the matrix Q.
(2)

Given that U followed by V is the transformation W, which is represented by the matrix R,

(c) find the matrix R.

' (2)
m) 2 0)(2 a). [ 4+a’-uo 2atob \ O
a-& b/\a-4 b 2a-840b-4b a?2-a010* | | o0
P 4+1af-4a=) 2atak =0
at-4a+d-o0 when a=1 or when = 3

(a—&)(q—l):o b=-2
az3 ,a<l

16
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Question 6 continued

‘uo) usmg a=t, b=-

(2 L)% - (%)

2xty =K
xty=o0
y = - C

u,O) Acea of bnanale T =3

dec? = (3pxp) = (-1%2p)
= 3P2. +2p = |35

3pt+2p-5-0
(3e15)(p-1) =0
P=" % (rejecy)
p=|

ib) Q- (3 0)

o -2
“9 (35X0%) -

R 689 O R ¢

17
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Question 6 continued
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Question 6 continued

DONOTWRITE INTHIS AREA

(Total for Question 6 is 16 marks)
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f)y=z'+az*+ bz*+cz+d

where a, b, ¢ and d are real constants.

The equation f(z) = 0 has complex roots z , z,, z, and z,

When plotted on an Argand diagram, the points representmg z,, 2,, z, and z, form the
vertices of a square, with one vertex in each quadrant.
Given that z, = 2 + 3i, determine the values of a, b, ¢ and d.

(6)
2-3¢ 1s also o root , a5 it 5 the con)usate paw
of 2t5v.

(z- (2-30?(2 (2*30)

= (2 -243) (2 -2-)
: 22-22 - 3i2-2z+4 4 by + 32 (¢ —W?
=22z +13
in~
< ) S As Lt forms a
P+3C g % 243¢ squart , the other
443 ¢ voots are -443 and
6 -4’3i/
>
e
* %
P30 2-3
=-4-3¢
(2 - (-u+2))(2 - (-4 -31))
s(2 14-3)(z 14430
T 22482432 4142 +16 12 -3(2-12i-9{?
22482+ 25
(2*- a=z13)(z2+32 125

T 24 4 B2 4+ 2622 —423-3222 - 1002 412322 + (04 24325
T 29 U2 4622 4y 42 + 325
a=4%, b=6, =4 . d=325

P 6 2 6 8 5 A0 2 0 2 8
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Question 7 continued

DONOTWRITE INTHIS AREA

(Total for Question 7 is 6 marks)
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8. Prove by induction that, for n € Z*

f(n) — 2n+2 + 32n+1

is divisible by 7
(6)
°UE?"B;I :_1:2'.1:_. 32.(0't|
= 2?’ + 33
= 35
= (%)

Shows the statement 1s true for n=1 as
5(*) =35

tAssume F(k) s dtVlS!bleba .
(true For n =—k.)z‘ﬂ
F(w) - 2%+ 3 (1s dwnSinie blj‘-?)

when n=ktl
K040

= 2K2¢iz+ 32‘ 37—‘“
F(k“)-F(g) = (szll-ﬂ *Szxgzxn)_(zgﬂ 433‘“)
= 2KV, g x 22"
- (Zn-u + sﬂf—ﬂa) - ?x?,zﬁ"
= fle)= 743"
~. F(IL-H) = ZF( K) + +x ?,dﬂ

IF bruc for n=k mentrue for n=¥+\ and as it
8 frue forn=1, tne Statement s true for au
Postuve ‘integers M.

P 6 2 6 8 5 A 0 2 2 2 8
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Question 8 continued

DONOTWRITE INTHIS AREA

(Total for Question 8 is 6 marks)
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9. The cubic equation

3+ —4x+1=0
has roots a, f, and .

Without solving the cubic equation,

. 1 1 1
(a) determine the value of —+ — + —

a By 3)

(b) find a cubic equation that has roots l, 1 and l, giving your answer in the form
a

X} + ax* + bx + ¢ = 0, where a, b and ¢ are integers to be determined.

3)
Q) oHs-eYr'—g—t -4
Ag+ oY+ ay = === L
xev= =g =-%
-4
__L.....,__!___.y...'.—: ey +xY + xg - 3 = ¢
fic 4
- —b _
W e d e TR
0 Ey E I Y+x+8 ¢ -4
x 6 aYy XY XY A —_é—

— R 00 AR A
P 6 2 6 8 5 A 0 2 4 2 8
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Question 9 continued

DONOTWRITE INTHIS AREA

(Total for Question 9 is 6 marks)
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10. Given that there are two distinct complex numbers z that satisfy

{z:|z -3- 5i| = Zr} N {z:arg(z -2) :%r}

determine the exact range of values for the real constant 7.

Y - 2 _ 2
(x-2)%+ (y-5)* = (2r)
and

Yy = —x+2

(7

So (x-3)*+ (-Jr.+2—5)7' = Y2
(1-3)" * (-—JL“B)L: Hyz

x2-0bx+9 1 X2+ + Q=412
2x2 418 = 4y2
2x%2+ Ox + 18-4r%=0

bt -4ac >0
02- (ux2x (18-4r?)) >0
O> IHY - 22¢ %

32c2 2144 Mo value of r
r22 3. (2r)* = 5 2+ (3-2)*
rt = 260
r> 32 rz= 26
z o
r= {26
Z
2

e 2Zcreize
2 2

P 6 2 6 8 5 A0 2 6 2 8
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Question 10 continued
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Question 10 continued

(Total for Question 10 is 7 marks)

TOTAL FOR CORE PURE MATHEMATICS IS 80 MARKS
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