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1. The curve C has equation

y = 31sinhx — 2sinh2x

xeR
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Determine, in terms of natural logarithms, the exact x coordinates of the stationary

points of C.

y = 2\ s\ - 25nnLx

oy

= 3lcoShx = &CoSh2x

= 3lcosnX - Ll-(ZCcSh“x- \)

ki

= 3lcoShx - 8cosn®x + 4

O = Bcosh?x - 3lcoshx - 4
0= (Bcosnx +1)(coshx - u)
cosha= -8
coshx = 4

So e*te ™. Y4

——

2

e*+re *=¢g
e+ = 8e*
e”‘- ge* + 1 =0
e*= 4t(i5
x = ln(bl--trl_é_)

P 6 2 6 7 1 A 0 2 2 8

(7



PhysicsAndMathsTutor.com

Question 1 continued

(Total for Question 1 is 7 marks)
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2. In an Argand diagram, the points 4 and B are represented by the complex numbers
—3 + 2i and 5 — 4i respectively. The points 4 and B are the end points of a diameter of
a circle C.

(a) Find the equation of C, giving your answer in the form
lz—al=b aeC, beR
3)

The circle D, with equation |z — 2 — 3i| = 2, intersects C at the points representing the
complex numbers z, and z,

(b) Find the complex numbers z, and z,

Im A (6)

v
(—3&2&?/ \ .
e
|~ 8 (5-4i)

Dwometer = I[-S-S)"-r [2-—-'—1')z
= {‘_8)z+(6)z
= O

Radwus = LZQ- = 5

Centre =(§_1'_§_- , "_"*_L?.—_)
2 2

=(1, =)

|z -(-V]=5
A O
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Questlon 2 continued

w/m’b\

(¢ =) + [y+1)* =52
(-2 + (y+)* =25
22-2%4 1 *ytr2y+\ = 25
x2-2x +y*+2y =23 -®

(x-2) -+ (y-3)?

(c-2)" + (y-3)* = 4+

-4+ +39--631'GI=‘+
12-4'.1.1-3"-6& = -9 _®

©-@

(3(,"-—7.2'.-&3"423)-(12—!!-3:.1-5’—(93) -_-23-(-01)
2x +8y =32

2x = -8y+t32

x=-Hyxlo

((-uyr1e) -2)* + (y-3)* =
(—434-14—)2 + (5-3)1'=4‘
leaz—uz.a + 146 ¢+ 31—53 +9 <Y
l?-gdz—ll83+Zol =0

= 6F =
9= =3
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Question 2 continued

o= - W (.E—?—-\“' (G ;Eu
N+ s

= * :::m.::

[ 2

when Y =3 v
>

x=-4(3)+ 16 2

= 4} A

ConpleXr _aumbers

K
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Question 2 continued

(Total for Question 2 is 9 marks)
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3. A scientist is investigating the concentration of antibodies in the bloodstream of a patient
following a vaccination.
The concentration of antibodies, x, measured in micrograms (pg) per millilitre (ml) of
blood, is modelled by the differential equation

2
10095 4 609 & 135 = 26
de? d¢

where ¢ is the number of weeks since the vaccination was given.

(a) Find a general solution of the differential equation.

C))

Initially,
* there are no antibodies in the bloodstream of the patient
* the concentration of antibodies is estimated to be increasing at 10 pg/ml per week

(b) Find, according to the model, the maximum concentration of antibodies in the
bloodstream of the patient after the vaccination.

®)

A second dose of the vaccine has to be given to try to ensure that it is fully effective.
It is only safe to give the second dose if the concentration of antibodies in the
bloodstream of the patient is less than 5 pg/ml.

(c) Determine whether, according to the model, it is safe to give the second dose of the
vaccine to the patient exactly 10 weeks after the first dose.

(2)
a) \00m? y LOm+13 =0
ms= - 0.3+ O0.2.

S. o= e o3 (A Cos 0-2t + 65mo.2t\

let o= A
dx _ o
ade

dt?

O + bo (o) +13(A) =26
13A =26

A=2
cLPT T a=2

Greneral Solutwon : x= e 232 (A c0s0 .2t 18sin0.2t) + 2

8 MR R0
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Question 3 continued

5

o= A+2

S A=-2

dx _ -o3e 9% (A cos0.2b+ BSn 0-2.{-,)

dt + € °%" (0.28c080.2 — 06.2A8mM 0.2t)

-0.3t
dx. - _o.2e (@:suno-lb -2¢050.2t) +
ac _o-%b(
e 0.28c0s0.2t + 0.45n0. 2L

0= -0.3(-2) + 0.28
q. 4 - 0.28
e

x= g °3%"* (tl-?s'mo-u, - 2c080-2L) +2

O-= -O-?.g-o"%(”':7 Sino-2t -2 cos O-Zb) +
e °*(a.4-c0s0-2t + 0.-451n0-29)

027 (U510 0.2b - 20050-26) = €7>*(A.thcos0 2t + O-t4$102Y
A4 SIn0 .2t - 0. 0SO-2t =9.4-c050-2E + O-45moO-2L
123502t = 10cos0.2¢
€Eano.2e = o
13-+

9
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Question 3 continued

0.2t = 0. 630532013 82
£= 3 15250A1 weeks

= e 030815 (41 x sin (0-2x (?,.ls...)) -2cos (62 x (3_|5,,.)) +2
7 12.1 pglmi (3s6)

C
) x=e%%" (4251 (0.2410) —2cos(o-2xto)) + 2
f Y-
L.t ¢ 5
~The moded Suggests thot it woud be Sofe Yo gwve -the
Second dose.
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Question 3 continued
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4. (a) Use de Moivre’s theorem to prove that

sin70 = 7sinf — 56sin*0 + 112sin°f — 64sin’ 6
(3)
(b) Hence find the distinct roots of the equation
1+ 7x—56x°+112x° — 64x" =0
(3)

giving your answer to 3 decimal places where appropriate.

: + ) .
a) (co39+ isn®) = Co5* O + Ficos®ESne - 21 cos O s
= 350005 *@sn?e + 35c0s%@s5in4E
4+ 21{05265n%0 - ZcosO@SMeE - LSINT O

Im ((CQSG 118 ne)q)

'LSIF\'-?G -
= Ficos@sime - 35 os*OS I +21LC0s2BSINSE
-en?e
SN0 = Fcs°Bsme — 25c0510 S1n30 4+ 21 (052Q5N%E

-sn?@
= '?-(l-Sun‘G)ss\}\B -35(1-s51n%0) sin®C
+ 21 (1 -S\n'le’) SIS0 —sn?@
= ?5\'\(\&(\ - 3sin’e +35'm'*9-5m°’9)
‘355\\'\39'( \ — 28n%6 « S\r\‘*e)
+ 2, sunse (1 - Snﬂ'lg)
- Snto
= Fon® -215n36 1215 n% — FSin? 6
- 35530 + 205450 - 35sm?E
1«215n%8 - 2150?60 — SInT O
= F3sme -~ 5w + 1125150 - U4sin* &

SO = 7an@ -5 530 +1128INSG - L4SINTO

12
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Question 4 continued

b
)m 29O —6LsM>6 X N2SIN°0 - 4507 €
= Fa-Sx3 +nN2x5- 4x? = an?®

2 sNTO + | =1t Fx - 506x%+112x5 — 47
SINHKS 1 (=0
sanNz7G = - | .
t0 - -51, L, &, H, .
T
2z

)

e = "511—__ -1 ..?:'-T-—'
14 e e

as SME@ =X
x = -6-901 -0-223, 0.623, | (3dp)
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Question 4 continued
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Question 4 continued

DO NOTWRITE INTHIS AREA
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(Total for Question 4 is 10 marks)
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5. (a)

y=tan'x

Assuming the derivative of tanx, prove that

(b) Show that

where £ is an arbitrary constant and 4, B and C are constants to be determined.

d_y_ 1
dx 1+x2

f(x) = xtan'4x

Jf(x) dx = Ax’tan™'4x + Bx + Ctan™'4x + k

(c) Hence find, in exact form, the mean value of f(x) over the interval

NG

0,—
4

(&)

(©))

2

~

ceawred )
/

16
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Question 5 continued

b) f(o0) = xton=' 4x

PhysicsAndMathsTutor.com

o - _ x | .
dx (ton ') = % X 77 (4x)
-
o lb?

fDC Ean™ 4o doc
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Question 5 continued

%
_';
E
8
Q.
N
h
m\—-
;ﬁ
e
= |R
&
N
Q.
b}

%—-"‘[95 -—L’{;ar\ LIOC?]‘I‘C

= .__--- —-Lban" Ll':c + C
* Tz

.S g X btanrn™ 4 do -

‘32(} ton™' 4o — (33C_32(70ﬂ ‘4—1)—]—/(

— - 1 ! z
= FtanTlax - F XY gotan Gy ¢
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Question 5 continued
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(Total for Question 5 is 10 marks)
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k5 7
M=|1 1 1 where £ is a constant
2 1 -1

(a) Given that k # 4, find, in terms of £, the inverse of the matrix M.
“4)
(b) Find, in terms of p, the coordinates of the point where the following planes intersect.
2x+ 5y +7z=1
x+t yt+ z=p
2x+ y— z=2
3)
(c) (1) Find the value of ¢ for which the following planes intersect in a straight line.
dx+ 5y +7z=1
xt yt z=g¢q
2x+ y— z=2

(i1) For this value of ¢, determine a vector equation for the line of intersection.

@)
o) deb M= K(1x-1)-(1x7) =5 (0x-D-(1xD)
T 3 ((n(l)—(?,xl))

= —ZKx\5 -7
-2K+ 93 = 8-2¢L

(

-2 -3 -
-1 -—K-14 K-I10
-2 K-+ K-5
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Question 6 continued

> AN AN LA
oot OSSR KRNI IRKLEKLKE, R IEINOLLHXHKXIXILIRKL e K R O R R O K K K K R I K KKK,

- <] ’ - (VL IEA 3 B O O O O O O OO O - ST SO Ol Tt e o O QS O WSS -~ RN X X KSR ESIRKRKKK K

I SHHEENES R EEAMNCEO] PO R RHIERRLRRERELLRILLEL N A SR ST RN L K FREIIN OIS RRAIERRIGLRRIEER

N VY N ; L R AN SR Y N R 000 N A M S I NP S R I IR 200000 SSKES
, | St e e B e S S S S B S S R eSS
XXX ORRRRRRRRRRARARARARARNK, XX XORIKAIKHKIKAKAIKARKAKHKAIKHKAIKAAX AR AKHKAIK AKX ARXAKAXAIKHKAIK AR AIK AKX A AKX AR AR IKHKAK AR AR AKIXAKHKAIKARAAXAKAKAKAKAR AKX AKX AKHKAKAR AKX AR AKX AKX AKX AKAKAKAXA XORIKAIKIKAIKHKAIKHKIK AKX AKHKARKAR K




PhysicsAndMathsTutor.com

Question 6 continued

2 5 +
y +
z =

( 2x\) + (-16xp)+ (5x2)

_ 1 -2x0)+(12xp)+ (-2¢2)
M (-txd+ (gkp) 4 (-SX?.)
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Question 6 continued-
cu)
o + Sy +FZ = | —®

T yUw+4 Z2 = "@
7-3:--'3"2 v '@

@+ @

(c+yt2) (22+y-2)= qr2
311-23 = qi12 — @

®© + +<x®

hx+s5gq+ 22 )+ | U +2y-F2) = 1+ 14
9 Y
\81,—\—\23 =15 —@

(lsxuzj) (li’aur \3 bq,-lz
O —bc_
()

—
-
—-—
-
—
-
-

N\‘mwm

Q
a,

(Total for Question 6 is 14 marks)
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C Ct\

let o= and a-= j"
S .DC‘:) 3V

2 +2\d = %

2
= 5-0A\

-—

@-@
(2x+tj- 2)- (::t,nd-\ 7;) =2-q
X -22=% _@

A-22 <=3
2
22 = A\ -5
2
2 = 22-3
Y-

= 2

:. Vector equroxion - % |+ b -3
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Figure 1

A student wants to make plastic chess pieces using a 3D printer. Figure 1 shows the
central vertical cross-section of the student’s design for one chess piece. The plastic
chess piece is formed by rotating the region bounded by the y-axis, the x-axis, the line
with equation x = 1, the curve C, and the curve C, through 360° about the y-axis.

The point 4 has coordinates (1, 0.5) and the point B has coordinates (0.5, 2.5) where the
units are centimetres.

The curve C| is modelled by the equation

a
= <y <K
X by +b 05<y<25
(a) Determine the value of @ and the value of b according to the model.
(2)
The curve C, is modelled to be an arc of the circle with centre (0, 3).
(b) Use calculus to determine the volume of plastic required to make the chess piece
according to the model.
)

ool=_a > Oa= 0.5+b
o0s++b
0.5 = a > 1.295 + 0.5pb = o
2.5+ b
24
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Question 7 continued
1.254 0.5b=0.5tb
0.F5 = 0.5b
b=1.5
S a=0.541.5
az2
O=21b=l-5 'b' X = 2—
y+ 15
b) 1.
(ﬁz
§vz
: B
A
=0 >
Figure 1
V| = T\—rzh.
=T x 12 x 0.5
= 10
2
2s 2.5 -
2 )
2 =
15 X dy - (9%\5 dy
0s
2-5
= Tr ‘—r J
s no* I
= 2.5
= 4 ['(31-!-5) ]
©5
25
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Question 7 continued

BECEEY
=TT

Wovll_ma out \,

Work outtne circle's equation
‘cencre (O, 5)

2
-fLoadwus D ﬁo-s- o) + (2.5- 3)° = J;—-.'

. 2 _ L
.t Iz"'[‘j'?’) = 2

C\-r\d\rB e \ims fov‘l’l/uz. .mtcgrad.

when JI(=0

(y-37 -

5'3=%

y= 3t%

nZ 5"%

_n-[ x2 4 = o (’21_-_ _[3-—3))6’3

25 2.6

3 3*‘—2’;
=y £ (y-3)
2.5



DO NOT WRITE IN - THIS AREA

PhysicsAndMathsTutor.com

( )
Question 7 continued
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Question 7 continued
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(Total for Question 7 is 11 marks)
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