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1. Prove that
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Answer ALL questions. Write your answers in the spaces provided.
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where a and b are constants to be found.
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Question 1 continued
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(Total for Question 1 is 5 marks)
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2. Prove by induction that for all positive integers #,

f(n) — 23n+1 + 3(52n+1)

is divisible by 17
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f(z) = z* + az® +|62* + bz + 65
where a and b are real constants.

Given that z = 3 + 2i is a root of the equation f(z) = 0, show the roots of f(z) = 0 on a
single Argand diagram.
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Question 3 continued ~ PNED)
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(Total for Question 3 is 9 marks)
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The curve C shown in Figure 1 has polar equation ﬂa . —\1 (1 s [l \x i\: N (‘gi )\

o
r=4+ cos20 0<bK

At the point 4 on C, the value of r is %

The point N lies on the initial line and AN is perpendicular to the initial line.

The finite region R, shown shaded in Figure 1, is bounded by the curve C, the initial line
and the line AN.

Find the exact area of the shaded region R, giving your answer in the form pz + ¢ NE)
where p and ¢ are rational numbers to be found.
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. A pond initially contains 1000 litres of unpolluted water.

The pond is leaking at a constant rate of 20 litres per day.

It is suspected that contaminated water flows into the pond at a constant rate of 25 litres
per day and that the contaminated water contains 2 grams of pollutant in every litre of water.

It is assumed that the pollutant instantly dissolves throughout the pond upon entry.
Given that there are x grams of the pollutant in the pond after ¢ days,

(a) show that the situation can be modelled by the differential equation,
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Question 5 continued
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f(x) =
X
(a) Show that
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where c is an arbitrary constant and 4 and B are constants to be found
(b) Hence show that the mean value of f(x) over the interval [0, 3] is
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(c) Use the answer to part (b) to find the mean value, over the interval [0, 3], of

f(x) + Ink

where £ is a positive constant, giving your answer in the form p + —Ing,
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Question 6
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(Total for Question 6 is 9 marks)
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7.
2cm
Figure 2
Figure 2 shows the image of a gold pendant which has height 2cm. The pendant is
modelled by a solid of revolution of a curve C about the y-axis. The curve C has
parametric equations
1
x =cosd + Esin20, y=—(1+sinf) 0<0<2n
(a) Show that a Cartesian equation of the curve C is
R == +27)
(b) Hence, using the model, find, in cm?, the volume of the pendant.
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Figure 2
Figure 2 shows the image of a gold pendant which has height 2cm. The pendant is
parametric equations

modelled by a solid of revolution of a curve C about the y-axis. The curve C has
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(b) Hence, using the model, find, in cm?, the volume of the pendant.
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8. The line /, has equation o Y 4 = @

The plane /7 has equationx — 2y + z =6
The line /) is the reflection of the line /, in the plane /1.
Find a vector equation of the line /,
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9. A company plans to build a new fairground ride. The ride will consist of a capsule that
will hold the passengers and the capsule will be attached to a tall tower. The capsule is
to be released from rest from a point half way up the tower and then made to oscillate in
a vertical line.

The vertical displacement, x metres, of the top of the capsule below its initial position at
time ¢ seconds is modelled by the differential equation,

d?x dx B
m¥+45 +x=200cost, >0

where m is the mass of the capsule including its passengers, in thousands of kilograms.
The maximum permissible weight for the capsule, including its passengers, is 30 000 N.

Taking the value of g to be 10ms™ and assuming the capsule is at its maximum = |\ 9
permissible weight,

(a) (1) explain why the value of m is 3
(i1) show that a particular solution to the differential equation is
x =40sint — 20cost

(ii1) hence find the general solution of the differential equation.

(b) Using the model, find, to the nearest metre, the vertical distance of the top of the
capsule from its initial position, 9 seconds after it is released.
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Question 9 continue@
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A company plans to build a new fairground ride. The ride will consist of a capsule that .
will hold the passengers and the capsule will be attached to a tall tower. The capsule is ) ° o\ . S
to bexeleased from restJrom a point half way up the tower and then made to oscillate in b wWe V\M W\\h 0-\ W\A\\’W\

a vertical line.
£=0

The vertical displacement, x metres, of the top of the capsule below its initial position at

time ¢ seconds is modelled by the differential equation, “_, —- 0
Ex 4% = 200008, 130
= - = cos >
mar " a7 ’ aw - 0
where m is the mass of the capsule including its passengers, in thousands of kilograms. _l l
The maximum permissible weight for the capsule, including its passengers, is 30 000 N.
Taking the value of g to be 10ms™ and assuming the capsule is at its maximum  \y = W, 9
permissible weight,
(a) (i) explain why the value of m is 3
(i) show that a particular solution to the differential equation is
x = 40sint — 20cos¢
(iii) hence find the general solution of the differential equation.
(b) Using the model, find, to the nearest metre, the vertical distance of the top of the
capsule from its initial position, 9 seconds after it is released.
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Question 9 continued
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