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1. f(z) =322+ pz>+ 57z + ¢g
where p and ¢ are real constants.
Given that 3 — 2+/2i is a root of the equation f(z) =0

(a) show all the roots of f(z) = 0 on a single Argand diagram,
(7)

(b) find the value of p and the value of g.
3)
As 2-22 v a voot. ., then R+ 2(2 15 also a Yoot
as W 15 e con\\ugo..be, paw Of 2-242

mebtned 1. e Find the trd root
ag+ pY+ray=s & = BF =19

. _ 3 : N
(2-202)(3+2¢32) + (3+%2Z) Y + (3-22)Y = |4
QA+ 3 + AY+2¥(2 + 3Y-2¥{2 =19
7+ Y=19

Y =2

-
V=3

Metnod 2 to fFind the thurd root :
(2-2-2:G)(2-3+2:12)

2 22-0bz24+2+3

T 22 - 2+ \F

(z2-c= t17 )(az fb) =223+p22 4 5F 2z tQq
compare WeFficvents *
22 cocgfictenes ¢ a=3
Z coefgwcents @ -Gb +\Fo= 5F
“Gb+ 1F(3)=6%
-bb t 5 = 67
-t =6
b=-I

(22-1)=0 .. thwed root s -'3’
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Question 1 continued
Im‘
A3+
<u
\)i Re
\3-151
J:;)_mc;dmd 1
= - b -
XteaxY > = '__g'P"
. _ _.L_.-_gﬁ
> Q4 = -p
3 2
> -19-¢
_-a = -«
L v n i - -
D L/aag) = "-?_-V-—
3\ 2
A+ = —q_
-1 = g
method 2
(22_@2113)(52_l>=o
322 _ 22— 182241062 +5\z2z 13} -p
223 - Q22 + 537 -1+ =0
- p:-—‘q ' cL=-|ﬂ—
. J
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Question 1 continued
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(Total for Question 1 is 10 marks)
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Question 1 continued
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dx 1is an improper integral.

. (a) Explain whyj
1 x(2x + 5) (1)

(b) Prove that

J ;dx:alnb
| x(2x+5)

where a and b are rational numbers to be determined.

(6)
a’)’AS the nterval D6|Y:.5 inbeambeol OUVLEer s
unbounded (undefined).
* As e upper urmit S thFin{\:\j-
- As a Umwk s required Yo evaluate it.

b) Paveiad Fractions :

S S = A . 8
o (220+5) x* 2x%+5

V= A (2x+5) + B
comgpore Coeffirents :
x coeffaents: 2A + & =0

onstants: SA = |

A- L g--Z

S 5
I = ! _ - Z
x (2ot 5 5(2x.t5)

00
S . - _Z dx
, BX 5(23(.1'5)
-]
- %—J ' - 2(2x+5)”" dx

+
2 sy & 5 x™ = 2(2x+5) 'dx
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Puestion 2 continued

£ (o) -1 +5)
200 =1
- Yy s e N4 \In?
e20 5 | (\nt- In2b+s) )
- ) t
t20 5 2t4s5

'-ob

(Total for Question 2 is 7 marks)
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O Initial line

Figure 1

Figure 1 shows a sketch of two curves C, and C, with polar equations

C.:r=(1+sinb) 0<O0<2n

C,: r=3(1 - sin6) 0<6< 2

The region R lies inside C, and outside C, and is shown shaded in Figure 1.

Show that the area of R is

P\/g_qﬂ

where p and ¢ are integers to be determined.

when C, =Ca

14 SME = 3(1-5n6E)
¥ SnE@ = 3—-3s5n&
kon & ;'—2.

sun@—=/2
o- L (o2F)

Area of Ci between 5 and T

r o
2 L
’ZLJ: (H Snnef] dG = 72 j% L+ 256G + SIn20 dE&

AS 5?0 = -é—(\-cosw)
z

{
- -Z’JEI‘C'ZS\\'\Q-\— - (\=cos2e) d &
(A

8
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Question 3 continued

= |

2’ ‘(;L = 3 +2ane - _i—cos?,@al&

-1 [é-e — 2CosB — J_—smzai
y 2 4

,_,((mﬁ—m") (% _l_;_))

) 3 i
- T(T"q-r) = 27

m\;—ﬁ

Area of C2 between %’ and Z-

| §‘I'r- —5‘;
HE (sl £ 7 2 tunos ) o

As sn?0 = 3 (1 - cos20)
= 4 - 4 cosze

1

9 A
"‘2—j | - 2swn& t ¥ - Fs20 dO
£
. a (%,
_2__ -E' _2_.’ - 25 -—2-'-'c052.e' d0

- 9
5—[_23-9 + 2co80 — "f‘smze]%

:-%((%ﬂ-s*@)-(% +r—g—3)>
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Question 3 continued

N\
2 (mwm - 3B
2\ 4
:?L[I_-—-Q?ﬁ
Area of K-
/-.r.r ,ra.i? _ 303
[2 7 = 2 - —=
\ o /
-oaE - uw
\_
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Question 3 continued
(Total for Question 3 is 9 marks)
. y

1

R T Turm over »
P 6 2 6 7 2 A 01 1 2 8



PhysicsAndMathsTutor.com

. The plane /1, has equation
r=2i+4j-k+1(1+2j—3k)+u-+2j+k)

where A and u are scalar parameters.

(a) Find a Cartesian equation for /7,

4)
The line / has equation
x—1 y-3 z+2
5 -3 4
(b) Find the coordinates of the point of intersection of / with /7,
3)
The plane /7, has equation
r.2i—j+3k) =5
(c) Find, to the nearest degree, the acute angle between /7, and /7,
(2)

OL) Usnns Tnet CrossS product :

¢ g K (2x0) - (-3x2)
L 2 =5}-= —(I -[—\x—S))
=z (2xV) = C1x2)

2 5
(4’)‘ ° = le+3 -4 =20
- 4

CovbGS\an Egquation Of 11
Sx+2y + 4g =20
4x+3 12Z = (O

12
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Question 4 continued

b) \ne equation

SON

Sub the Line eqguolicrn Yo the Carteslaon ol olion oFTr:

% (v+5t) + (3-3L) + 2(-2t4t) = 10
k+720b+3-2c -4+ Bt = \O

25%¢ :—_,j
L= =

SUL ©= T55 \nto Hhe ine equotien:

| + (?725)5 \2/5
3- (%5)3 | - 5
-2 +(3§5) 4 “2%%s

-22
CoovdinaouceS (lz/{,, %; %)

13
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Question 4 continued

7/

~N KR,
Qw cos"'{o"b \=6 §
\lalle\ | g
a.b=[F) 5 \_s-1+06 =13 5
9 3 z
4 E
~ — 872 Jo%
lal = /4212422 = [ 5
B

o = (2240245 = (g
/ =
cos™! [ 13\ . 40 6639215 ° o
xm"' x {14 ’, 8
= t" ' ©
i

14

P 6 2 6 7 2 A 0 1 4 2 8



L

LXK

XX

0000000200000 %0009 %0 %%
Ipa0gelelete’

XX
RS
SRR

R

355
%S

XX

X

.50
b5

9 0.0 0.9.9.9:9°9.0.0.
RRRLRKLR

o%
RS

%%
XK
XK
35
oot
o%e%

X
9%
%
X
%X

$%6%%
o
3RS
b9%0%9
X

::::
.:::
XX

<L
%
ol

o0
o0

0

X

K XK
R

096%%6%%%
300RRKKS
fotetetetotototets
35
o%%

X

<
e Sototetetotetete!
, o 28
2 000

&00000000
4

{

%%
o8

1909020209029 %%

I
ZRRRRRN
SR

25

X
égﬂ?
Y

(9.0, 0.0. 09999,
R85

<
%

QK
RIS
3RKRRS

00
PSS
RRRL

XX

XX
XX

6%

o

o XRRXRRK,
LRRLIRZRRLRLRR

%

S
.
2

oY
J(

PhysicsAndMathsTutor.com

~ ™)
Question 4 continued
(Total for Question 4 is 9 marks)
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5. Two compounds, X and Y, are involved in a chemical reaction. The amounts in grams
of these compounds, # minutes after the reaction starts, are x and y respectively and are
modelled by the differential equations

%2—5x+10y—30
dt

dy

= = 2x+3y—4
di 4

(a) Show that

2
dx & se=s0
dr dr
3)
(b) Find, according to the model, a general solution for the amount in grams of
compound X present at time ¢ minutes.
(6)
(c) Find, according to the model, a general solution for the amount in grams of
compound Y present at time ¢ minutes.
(&)
Given that x=2 and y =5 when =0
(d) find
(1) the particular solution for x,
(i1) the particular solution for y.
“4)
A scientist thinks that the chemical reaction will have stopped after 8 minutes.
(e) Explain whether this is supported by the model.
1)

(> dZJL - _ ,
\ dbz - 5%% ‘flogg

_g%_i& = -53%* 110 (—21133-—4-)
= O° _ - carigy —30
(kg )
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Question 5 continued

Az x

A =+
de?

at €

using. m=xtBL wn the eamation
x= e*"( Acospb + Bemnpt) :

x=e (Acos?:b + 65|n21—,)

PT:’ﬁ:j

x= K
x'= 0
1ll: O

Suv valued n the eguation X"+ 2x'+ S5x=60 :
O+ 2(0) +s5(¥K)=50

K=(0O

Greneval Sduton:  x = € “(Acos2e + BSmZQ + 10

P 6 2 6 7 2 A 01 7 2 8

(as regquired)
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Question 5 continued

c) ax _ - e v (Acos 2t + Bsn2t) +
at e ¥ (28cos2t —2Asin2t)

US\Y'\S Q‘a%f:_ = -6 410y - 20

dx | g3 t30
ade S

1O

=39

';‘5 ((- e “(Acos 2t Bsmztx +et (26c052b~2f\5m2b))
+ 5(e Y(Acos2t +8sin2t)t10) 1—30) =4

g = _l,’g"e-b (L‘-A%?;b + 2_3(_052{-,+48§|n2t-—2ﬁ$ln'2k»+8

2 Y- ‘%o/ e * ((LfMZB) cos2t + (46 -2A) 5’””’) 08

di.) when tzo, x=2
2=A+\0O
A=-2
when t=o0, y=5
S5 -5 (4A+20)+ 2
-3= _L- (A—A—r?.ev)
30 = 4A+28
we know that A=-8
“20= 4(-8) + 2@
-30=-22+28
2=28
2=
% ox= e ¥ (sh2t -8cs2t) + (0
O\ﬁ) y= et (2sm2+. -3cos2t) + 8

P 6 2 6 7 2 A 0 1 8 2 8
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Question 5 continued

©) whrent=¢«
= €72 (sin lo - F<oSIe) +10 = 4,291 512327F
y= € 7(sn 16 - Bcos(0)+8 = 7. 41921753

when £ =2 0o
x 21D as(e'b-—ao)
y—> 38 as (e’b—ao)

. when £ 78, the amount o compound X and the
omount of compound Y cEmain OnNStant at o and
-1 rcspcct,\'vc,\:j | Whion sugqests that the cnemicad
reacki o has stopped.

TS supporbts the gaentist's Clawn,

(Total for Question 5 is 17 marks)

19
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6. (i) Prove by induction that forn € Z*

zn:(3r +1D)(r+2)=nn+2)(n+3)
©6)

(i1) Prove by induction that for all positive odd integers n
f(n)=4"+5 +6

is divisible by 15
(6)

'f‘) when =1 ¢

LHS: (3nw)(112) =

RHUS: ) +2)(1+3) =

As LS = RHS, statement s brus fov vz )

Assuwae. true f-cv NnN=gK -
v

. (3\"+|)(r1")_) = K(luz)(m-s)

Y=\

whnen n= kty
4L

S (3ea)(e2) (300 w0 ) () +2) + K (era)es d)
(g,u aY(er3) + E(kr2)(Ksz)
(1x2) (Berar + £ (x42)
= (ead)( 2 15e+u)

- (eaz)(era) (et )

(\u\)(tu 1)+ zx(m DE; 3)
13 the statement 15 bue for N=K 4hen it hos been shown

Hue for n=ktl  ond as & s Arue for n=1, the Stotement s

Yroe chau positaE  Wieaeys n.

P 6 2 6 7 2 A 0 2 0 2 8
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Question 6 continued
i) wnen N=1
u'y+ 5'4+ ' =15
‘5(‘) So  the statement s frue for n =1\

ASSume_ whnen n=K | e Skatement S AwWwsble bx:) S.
()= o +5°4 °

when Nn=K+x2_

Fra2) =4 + 852 4 **
= (x4 25 x5+ 3k "
= 1ox4% 4 16x5" + Wk &" + AX 5% + 20K 0"
= |of(K) + 45x5°™" 4 120x0“"

As 19 dwdes G(Kﬁ) , 46 and 120 , 50 15 dwide)
F(lé-tl) .\ Yoo for n=k& Wen Yrue for n=kEt2
Puse for n=) so e for ald positave add,

\Y\rl—cgc,vs A

21
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Question 6 continued
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Question 6 continued
(Total for Question 6 is 12 marks)
. y
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7. A sample of bacteria in a sealed container is being studied.

The number of bacteria, P, in thousands, is modelled by the differential equation
(1+t)%+P= (14 1)

where ¢ is the time in hours after the start of the study.
Initially, there are exactly 5000 bacteria in the container.

(a) Determine, according to the model, the number of bacteria in the container 8 hours
after the start of the study.

(6)
(b) Find, according to the model, the rate of change of the number of bacteria in the
container 4 hours after the start of the study.
4)
(c) State a limitation of the model.
1)

&) {\+t)%% + P = £F (1)

.g%"’P = ..b'z‘.—

[+t
J7 dt wm(itt
T - e tt _ 6n(| ) = It

£ (1te)P= t=(141)
(\+t) P = _[{‘«“"‘(\H:) &

P 6 2 6 7 2 A0 2 4 2 8
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Question 7 continued

a) wnen t=8,
2
f= Z(=)°

FZ(g) T rs

(v + %)

- 10.22 4% (thousands)

- 10,2733 bactevrwa

3 S
b\ As P-= %"‘b/z-r?'/stli-'é'

(l+bT
%
a%g_ N GEL” (2 t'%')-(%'bSQ-l _;:.-{—/ +5)
(1+e)?

wnen t =4

Eo\lt‘,i _ (|H)(q.’i A LI—Mz) - {%(ﬁl—)%-r %—-(q)% - '5)

[t +)2
= w03
375 (tnousands per how)
403

x looo = 3224%

235

= |07 5 bactera pev hour.

R 0 00 AR WA Turn over
P 6 2 6 7 2 A 0 2 5 2 8
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Question 7 continued

o) The wuwmyper of bacteria. nNereases

 ndefin pt:c&éj,_lAL\&LfAA_\,SAP_‘F_CEQ-US Ecc.

V3UVY SIHL NI ILIM LION OG-

e

KNI
SO
0{’%
B
’?f‘to
ST
Poter—4e%S
SRIERK
Xy
b 90
s‘m‘
31 0%
’{é‘&
',;%
SIS
BOSRY2 %08
Somps
omo
oS0
PS8 T o s
SP

5

;«gs.

00000,
s
| vauve

%
a

%%
fg‘»
R

5%

&

R

e

oot
20!

s
-

0"”
e

53
55
\,:

XX

i
o

5
53
XX

&.z?f

oo
L
%

LT
O
O

s
L1l i'i:‘;

o
555
%

';&\
XX XX
<

5

R

0\"

r
L
%

R
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Question 7 continued

0090 9.0.9.0°0. GO0 000000 0000909090090 090200000000 90 0. 9.0 0.0, 000 XIIIIAIIIXHIXHIARIIXIRKIKAIKAIIKH IR IRKIIKIIKAIIIHIXIIAI AR IXHIXHIKAIIKIIXIIKIIKAIIIKHXHIKAIIIKIIXIKIIXIIHKIIKAIKIKIRKN
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Question 7 continued

(Total for Question 7 is 11 marks)

TOTAL FOR PAPER IS 75 MARKS
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