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Answer ALL questions.  Write your answers in the spaces provided.

1.
I��z�� � z���� az���� bz���� cz��� d

�ZKHUH� a��b��c�DQG�d�DUH�UHDO�FRQVWDQWV�

�*LYHQ�WKDW�í�����L�DQG���í�L�DUH�WZR�URRWV�RI�WKH�HTXDWLRQ�I�� z�� ��

��D��VKRZ�DOO�WKH�URRWV�RI�I�� z�� ���RQ�D�VLQJOH�$UJDQG�GLDJUDP�
(4)

��E��ILQG�WKH�YDOXHV�RI� a��b��c�DQG�d�
(5)
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Muhammed Ali Mehmood

a l Zi and 3ti are also roots

conjugate pairs
him

1 2i
Sti

x the
3 i

l 2

fczb
Cz C Itzi Z fi Zi z Gti z CID

2 2 22 5 2 2 62 10

z 4 62 31 102 2 22 3 1222 202 52 2
302 50
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2. Show that

() ()2
0

812
dln

231

x x k
xx

− =
++∫



 where k is a rational n ber to be fo nd.
(7)
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Partial fractions i

8 12 Axt B
3 Cxt 3

t

8 12 Axt B Xt 1 to 2 73

let 20 CCS

C 4
etx 12 134 4 3

B Of
1etx i 4 A 2 4 S

i A 84
i I 5 8175 ft dx

YEIegf.ee cli5os 21nl2xt3l 4lnlxti1

climes fn 2 735 1 next 174
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Question 2 continued
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3.

A B

D C

'LDJUDP�QRW�
to scale

����P

Figure 1

� )LJXUH���VKRZV�WKH�GHVLJQ�IRU�D�WDEOH�WRS�LQ�WKH�VKDSH�RI�D�UHFWDQJOH�ABCD���7KH�OHQJWK�
of the table, AB��LV�����P���7KH�DUHD�LQVLGH�WKH�FORVHG�FXUYH�LV�PDGH�RI�JODVV�DQG�WKH�
VXUURXQGLQJ�DUHD��VKRZQ�VKDGHG�LQ�)LJXUH����LV�PDGH�RI�ZRRG�

� 7KH�SHULPHWHU�RI�WKH�JODVV�LV�PRGHOOHG�E\�WKH�FXUYH�ZLWK�SRODU�HTXDWLRQ

r� �������a cos 2ș� � � � � � ��- ș � 2ʌ

 where a is a constant.

� �D�� 6KRZ�WKDW�a� ����
(2)

� +HQFH��JLYHQ�WKDW�AD� ����FP��

� �E�� ILQG�WKH�DUHD�RI�WKH�ZRRGHQ�SDUW�RI�WKH�WDEOH�WRS��JLYLQJ�\RXU�DQVZHU�LQ�P2 to 
��VLJQLILFDQW�ILJXUHV�

(8)
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A D The

o

a 0 0 r O 6 O 6 0 4 t a
i a o z

b Area total O G X l 2 O 72 m2

Area glass z I o 4 to 2.05205do

I b t O 046520 to 16 cos 20 do
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Question 3 continued
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Co 540 265420 I

Cosyotl cos 20
2

Are agia
6 0204 fosyoti to locos20 do

Area
grass 18 to 16 cos20 to 026540 do

IT

Co 180 to 085m20 to 0055in401

6.18 it to to O

O 18th
i Shaded region O 72 O 18T

m2
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4. Prove that, for n ��], n . 

1

12 323
0

rrr
nanb
cnn

r

n

+() +() +() =
+() +()
+() +()

=
∑

 where a, b and c are inte ers to be fo nd.
(5)
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Question 4 continued
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5.� $�WDQN�DW�D�FKHPLFDO�SODQW�KDV�D�FDSDFLW\�RI�����OLWUHV���7KH�WDQN�LQLWLDOO\�FRQWDLQV�
����OLWUHV�RI�SXUH�ZDWHU��

� 6DOW�ZDWHU�HQWHUV�WKH�WDQN�DW�D�UDWH�RI���OLWUHV�HYHU\�PLQXWH���(DFK�OLWUH�RI�VDOW�ZDWHU�
HQWHULQJ�WKH�WDQN�FRQWDLQV���JUDP�RI�VDOW�

� ,W�LV�DVVXPHG�WKDW�WKH�VDOW�ZDWHU�PL[HV�LQVWDQWO\�ZLWK�WKH�FRQWHQWV�RI�WKH�WDQN�XSRQ�HQWU\�

� $W�WKH�LQVWDQW�ZKHQ�WKH�VDOW�ZDWHU�EHJLQV�WR�HQWHU�WKH�WDQN��D�YDOYH�LV�RSHQHG�DW�WKH�
ERWWRP�RI�WKH�WDQN�DQG�WKH�VROXWLRQ�LQ�WKH�WDQN�IORZV�RXW�DW�D�UDWH�RI���OLWUHV�SHU�PLQXWH�

 Given that there are S�JUDPV�RI�VDOW�LQ�WKH�WDQN�DIWHU�t�PLQXWHV�

� �D�� VKRZ�WKDW�WKH�VLWXDWLRQ�FDQ�EH�PRGHOOHG�E\�WKH�GLIIHUHQWLDO�HTXDWLRQ

d

d

S
t

S
t

= −
+

3
2

100

(4)

� �E��+HQFH�ILQG�WKH�QXPEHU�RI�JUDPV�RI�VDOW�LQ�WKH�WDQN�DIWHU����PLQXWHV�
(5)

� :KHQ�WKH�FRQFHQWUDWLRQ�RI�VDOW�LQ�WKH�WDQN�UHDFKHV�����JUDPV�SHU�OLWUH��WKH�YDOYH�DW�WKH�
ERWWRP�RI�WKH�WDQN�PXVW�EH�FORVHG�

� �F�� )LQG��WR�WKH�QHDUHVW�PLQXWH��ZKHQ�WKH�YDOYH�ZRXOG�QHHG�WR�EH�FORVHG�
(3)

� �G��(YDOXDWH�WKH�PRGHO�
(1)
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a mass in 3g per minute
volume of salt water added

mass out 2X

L L given by Sbecause Z litres everymin 2Lflows out permin flows out but 3L Comes
in i there is a net 11
added every min So
amount of water loot E
at time E

Si mass out 2 X
o
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Question 5 continued
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If mass mass out

3 coffee

b dude t s 3

I e
Edt

e
214100 4

eindoote

tooth

2 2

XCloott loot E DI 25400T E 3 loot
dt

Ige S loot E
2

3 Dott

S loot E
t 3 100ft dt

S loot 42 3 900
3

c
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Question 5 continued
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i Schott CoottPtc
t O 5 0 O too 1 c

s 40033

S loot 42 coott 3 Goo 3

S Coote
loot 4

S no 1003
1102

4g

c I O 9
100th

S 90 to 9T

from b S loot t
100 42

3 loot E 10032 9010.91400142

10 to It 100
Tooth

3 loot E 100 3

Coote
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Question 5 continued
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(Total for Question 5 is 13 marks)

fo loot tf 1603

loot E 3 10 1003

loot E 3
C 3f 3 100

1003 10 00

100 Tco 1

115 4 x
so minutes

d The model is fine for oats 115
but it should not be valid
fort 115 as the value closes
at E 115

g

at E 115 volume of solution in tanu
is 194 Litres which is less than the

pagitg.yofabsou.li EapaTiafn
need
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6.� 3URYH�E\�LQGXFWLRQ�WKDW�IRU�DOO�SRVLWLYH�LQWHJHUV�n

I��n�� ��2n + 4�í��2n

� LV�GLYLVLEOH�E\��
(6)
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n 1 f l 36 24 725 145 s
i true for n I 4

assumetnieforn

U.ief ie 3244 224 is divisible by S

consider n Uti

f Ceti 32Mt 4 Cutt

324 6 2241 2

32 3244 z2 Eh
9 324 4 4 zu
9 324 4 224 t S za

9 f Cle s zu
T T Div by SDiv by S

assumption

time for n UH

so we proved the statement the fo n I
when assumed true for h U we proved
it to be true for n Uti
i by mathematical induction its true for all

n C 2ft
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7. The line l��KDV�HTXDWLRQ�

x y z− = +
−

= −1

2

1

1

4

3

 The line l2�KDV�HTXDWLRQ�

r = i + 3k + t(i − j + 2k�

 where t�LV�D�VFDODU�SDUDPHWHU�

� �D�� 6KRZ�WKDW�l� and l2�OLH�LQ�WKH�VDPH�SODQH�
(3)

� �E��:ULWH�GRZQ�D�YHFWRU�HTXDWLRQ�IRU�WKH�SODQH�FRQWDLQLQJ�l� and l2
(1)

� �F�� )LQG��WR�WKH�QHDUHVW�GHJUHH��WKH�DFXWH�DQJOH�EHWZHHQ�l� and l2
(3)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a Two lines are coplanar if they meet or
are parallel C and Lz are clearly not
parallel since their direction vectors
aren't multiples of one another so
lets show that they meet

f i IES
equating i it 2T its

5 21 4

equating j i l t S
but s 2 t

i l t 2E
c so s Z

eq U 4t3t 3 25

using t 41 3 31 25
4 25 e 5 2,5
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Question 7 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

values of TIES are consistent
So I Cz do indeed meet
Hence they are coplanar

b r at Xb pic
where b c are vectors that lie on the
plane and a is a point on the
plane
a g

b I c Ig

r tµE

c use
aa

a F Kb I

a b Ff I q
direction vectors

lat Tiff 54

14 Ftth 56
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Question 7 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

coso i D access

10.90
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8.� $�VFLHQWLVW�LV�VWXG\LQJ�WKH�HIIHFW�RI�LQWURGXFLQJ�D�SRSXODWLRQ�RI�ZKLWH�FODZHG�FUD\ILVK�LQWR�
D�SRSXODWLRQ�RI�VLJQDO�FUD\ILVK�

� $W�WLPH�t�\HDUV��WKH�QXPEHU�RI�ZKLWH�FODZHG�FUD\ILVK��w��DQG�WKH�QXPEHU�RI�VLJQDO�
FUD\ILVK��s��DUH�PRGHOOHG�E\�WKH�GLIIHUHQWLDO�HTXDWLRQV

d

d

d

d
e

w
t

w s

s
t

w t

= −( )

= − −

5

2

2

5
90

� �D�� 6KRZ�WKDW

2 5 2 450

2

2

d

d

d

d
e

w
t

w
t

w t− + = −

(3)

� �E��)LQG�D�JHQHUDO�VROXWLRQ�IRU�WKH�QXPEHU�RI�ZKLWH�FODZHG�FUD\ILVK�DW�WLPH�t�\HDUV�
(6)

� �F�� )LQG�D�JHQHUDO�VROXWLRQ�IRU�WKH�QXPEHU�RI�VLJQDO�FUD\ILVK�DW�WLPH�t�\HDUV�
(2)

� 7KH�PRGHO�SUHGLFWV�WKDW��DW�WLPH�T�\HDUV��WKH�SRSXODWLRQ�RI�ZKLWH�FODZHG�FUD\ILVK�ZLOO�
KDYH�GLHG�RXW�

 Given that w =����DQG�s =����ZKHQ�t =��

� �G�� ILQG�WKH�YDOXH�RI�T��JLYLQJ�\RXU�DQVZHU�WR���GHFLPDO�SODFHV�
(6)

� �H�� 6XJJHVW�D�OLPLWDWLRQ�RI�WKH�PRGHO�
(1)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a die Ew E s
dt 2

w 3due S
dt

dsz deaf EDIE
but deff Is w goe t
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Question 8 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

Ew a oe t
died zsdI.ae

XI w 225 e
t
SzLef daff

diff Szdeaf t w 225 e
t

XI 2d E Stef tzu 45 Oe

b Aud 2 2 S X t 2 0

2X l X 2 O

X I X 2

i CI w Ae Be't

P let w Ce
t

is Ce t

Ce t

subbing the PI back into the DE

2 Ce t Sce t t 2 Ce t 450 e
t
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Question 8 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

compare coefficients of e
t i

2C t SC t 2C 450

9 450 C 50g
so w So e ta

GI w Ae tBe e

c fore i s w E dedt

def I Aettt 2Be't Soe
t

s Aettt Beat Soe t

If'zAe t2BeIsoe
3 s Aet Aettt Be't Bea

soe ttzoe

s Ae tt's Belt to e
t

d w 0 i 6 S At B 1 SO

i At B IS

s 8S 85 JAL Is to

i 4A t B 7 20
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Question 8 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

3A 60

A 20g
and from B IS A

IS 20
S
T

so w Zoett Sett Soe
t

w o 0 20 ET SETT SUET
e
t So Sesttzoe 3 0

I
e T 1 0 so so SEI 20 o

This is a quadratic in EE
let y

72

Then so Sy't 20g O

Syr 20g so O

y hey 10 0

y S ytl 0

y S y I
e3Th S Ly esta I

Ins T Z 1ns no solutions
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Question 8 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

(Total for Question 8 is 18 marks)

TOTAL FOR PAPER IS 75 MARKS

So T In 1.073

e fort Fins w will be negative
which does not make any sense

since he is a population S will

also be negative for large enough t

012

S will lively grow after w die out

due to less competition for resources

this is not supported by the model
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