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Materials

e You must have the AQA formulae and statistical tables booklet for A-level
Mathematics and A-level Further Mathematics.

e You should have a scientific calculator that meets the requirements of the
specification. (You may use a graphical calculator.)

Instructions

e Use black ink or black ball-point pen. Pencil should only be used for drawing.

o Fill in the boxes at the top of this page.

e Answer all questions.

e You must answer each question in the space provided for that question.
If you require extra space for your answer(s), use the lined pages at the end
of this book. Write the question number against your answer(s).

e Do not write outside the box around each page.

e Show all necessary working; otherwise marks for method may be lost.

e Do all rough work in this book. Cross through any work you do not want to
be marked.

Information
e The marks for questions are shown in brackets.
e The maximum mark for this paper is 100.

Advice

e Unless stated otherwise, you may quote formulae, without proof, from the
booklet.

e You do not necessarily need to use all the space provided.
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Answer all questions in the spaces provided.

1
2
lim
D4
3

Given that z is a complex number, and that z* is the complex conjugate of z, which of
the following statements is not always true?

Circle your answer.

[1 mark]
() = = =l (=2 = -
(xw) (x-iy) 5 - (- iy)-(+iy)
2iY =-2iy = only Hrve if Y=0
Which of the straight lines given below is an asymptote to the curve
|
ax? \ 7 g OL)C_
A 7
; x-1-
h i - tant?
where a is a non-zero constan ] P OX +a +a
Circle your answer. P X-1
\ \ [1 mark]

=MX+Cisan as mhrfz((: (x)- mx+b o)
ax+2+—‘3-—px+u)=o S [F A )]

The set Ais definedby A= {x: —/2<x<0}u{x:0<x</2}
Which of the inequalities given below has A as its solution?

Circle your answer.
[1 mark]

2 — 1| > 1 x2 1] > 1 x2 —1] <1

Xz-1=| -X*+ 1=
X+-2=0 X*=0
:f{i' )C:()

=5 -[Z<X<0 & 0<X<fZ

02
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Do not write
. . . outside the
4 The positive integer & is such that box

k
> (3r—k)=90
r=1
Find the value of %.

= (3r-k)- 53T - Zk

[3 marks]

ino_standard
'-‘-5(‘;‘#(‘2"") - k(k.) lLﬂ??suh‘s

7/

=2 b (k+1)-le

?_k‘+3k =20 — k" +3k-130=0
(R+15)(k-12)=0
k_must be +Ve So k=|2

Turn over for the next question

Turn over p
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Do not write
outside the

5 A curve has equation y = coshx box

Show that the arc length of the curve from x =a to x =5, where 0 <a < b, is
equal to

sinh b — sinha

b L

"y 1., a2\%

s=\ ("+{52] Jdx  stondaad result
Jg & Vox//
dy =Sinhx
dx identity
|+4Y) —l +sinh-x = cosh’x
\dXJ

[4 marks]

b
j _c.osh" dx = 3 coshxdx
(/4 [+ } ) la
= | Sinhx
Qa

Sinhb-sinha

0 4
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6 A circle C in the complex plane has equation |z —2 — 51| = a box

The point z4 on C has the least argument of any point on C, and arg(zq) = —

3,/2

Prove that ¢ = -

L fan(t)=1=

A @s) \ / o
~N |/ aniE|=—=> Z 1<

\ N line s

: let 2, = R+Pi1,dS =X

[6 marks]

||

/ amduevﬂ of l-anqen’r— 1~ amtiem‘
oC dius = - qra\d'en’rs of
Y adius h +ame,n’r pgrpendlcularlmes

M\Alhd\a to O\\VQ |
.. line between (2,5) & (k,R) has amdle_n’r iy
=2 5-kh - —| =>5-R=k-2

2-k 2R =7
_7

-_— =

equation of cirde: (X=X )'+(y-y)=a"

sub in values (2.5) & (2 2

Turn over p
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Do not write
ide th
7 The points A, B and C have coordinates A(4, 5, 2), B(=3, 2, —4) and C(2, 6, 1) ok
7 (a) Use a vector product to show that the area of triangle ABC is Séﬁ
- - [4 marks]
AR=[-3\-p\=(-2\ AC=(2\-fr\=/-2
2| |5] |-3 6] [s] | !
\-it] \&/ \-6) 1) \2/ \-I

O i ETEA Sy
)

areo=% [ABxAC|="+5"+ 12" = 5[

7 (b) The points A, B and C lie in a plane.

Find a vector equation of the plane in the form r.n = k
[1 mark]

we need o Vector that is b fo the plane conaining the

points ft 8 &C - the cross product is b => I f;'. =h
N=9+5j-15ke” \1z)

pick_pint in_plane *( [ \[ £\ =3b425-24

> 1=35
1S

-

\ £

5 =35

06
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not write
tside th
7 (c) Hence find the exact distance of the plane from the origin. hox

[n = 50T magnitude of normal

[1 mark]

ies projection ot on N So distance
by Ch’

N
¢®

-

(;Ls

Turn over for the next question

Turn over p
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Do not write
. 2 outside the
8 A parabola P4 has equation y“ = 4ax where a >0 box

b
P, is translated by the vector {0} , where b > 0, to give the parabola P,

8 (a) The line y = mx is a tangent to P>

Prove that m — i\/g

Solutions using differentigtion will be given no marks.
7 [4 marks]

b

+mr\5|a&ion‘ X —>X-b
ss_parabola_becomes y*=4a(X-b)
fangengP equate ys so m-X*= ko O-b)

M=X> - bax +4ab =0

tangent = only one solution 1 above
e.quahon > repeoted roots
L A=0 * [po*- km* (tob)= O
Yo lbat = lom*ab
= tm‘
\b

0 8
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The line y = \/ix meets P, at the point D.

The finite region R is bounded by the x-axis, P, and a line through D perpendicular to
the x-axis.

—_—

The region R is rotated through 2r radians about the x-axis to form a solid. __%

Find, in terms of @ and b, the volume of this solid.

Fully justify your answer. ’ %
marks]

first sketch problem /D

then Gind coord of D /[
ﬂgent Meels by b~ [2b
(\\Wz_:g(}\k o (X-b) f,

AXE= bab(x-b)
X2 -k +b =0 = (X-2b)=0
= Y=2b
Lind where P, meefs Y-atyis 0= kal(X-b).. X=b

S0 _intearaion bounds for Volume of revelution are
Cb,2b)

~20 2b

V= ‘lt\trmx-b)o(x LT l" \ox

=4oTt W‘WF 2~}

=kaTio-(-b* )3

Z

=20 T\

09

Turn over p
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Do not write
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9 (a) Find the eigenvalues and corresponding eigenvectors of the matrix box

1 2

5 b
M:

-3 13

5 10

[5 marks]
einenvalues : der(M-A1)=0O
Jl n 2 | N\ 7.a \ . 'Qq,ulred
s AT |=(5-A)(FA)r==0
—-é_ |é__//l ' 1 3
= 2z _
50 1\p
= (0.5-|52+*-0
205232+ =0
(22-1)(A-1)=0 - A=l & A=05
eigevectors: My = Ay=> (M-A)v=0
A= : {"’L % (X ,-
2 2| |70 = y~t=0 (¥5)
\5 10/ ') Y2
- E—I?_o S¥e ﬁxrbaﬁ%&wlﬁ
\\g l:I-'-E’lk } oy =3y

<

i\
© -
>_>

o
U'l

<
f—-'\.
wF

So A=1

9 (b) Find matrices U and D such that D is a diagonal matrix and M = UDU "
[2 marks]

W _is mode of e < D=di A

10
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?\f' n=0>
Do not write
/ outside the
so A= D=p 3
b |
Ll 4

etge_r\\lalues in order
corcesponding to thei ejgenvectors given in W

9 (c) Given that M” — L as n — oo, find the matrix L.

) i -1l 3"‘\' [4 marks]
tind U debUh= 3-3=-5 = U’ ‘3-(-7 y

M=UDU"' = M"=udu .
Um0 e
ezl )2 1)

9 (d) The transformation represented by L maps all points onto a line.

Find the equation of this line.

[2 marks]

(bx-%y)

1
J'J5

Turn over p

11
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10 Prove by induction that f(n) = n3 + 3n2 + 8n is divisible by 6 for all integers n > 1
[7 marks]

for n=1 )= C+30 +8(1=12=2%b
€0) is divisible by b, so stoatement is 4rue for h=|

assume is rue for N=k _ So £(k)=
for some._integer m.

Por n=k : §(k+1)= (Rt 1) +3(+1) + $ (Rr1)
= K+3k +3k+ | +3(R+2R+1)
+ (k1)
= K+ b+ |1 FRt |2
Llle+')-F(k) =3k +AR +12

S (k)= bm+3R +9k + 12
*4Qk+ 12=23(R +3R+Y)
3!&"+01_k4-\2_=5(_k"+3h) Fl2
R +3R =k(R+3) => either k or R+3 is even
(difference is 3 so cant both be even).
e.ve.nxodd Ven, 50 B +3k is even, Y s even
L 23(+3k+lH) js an even multiple o£3
(divisible by342) SO is divisible by 0. thus, i§
k) is divisible b b F(R+) is

of b, hence is also a multiple of b.

S0, if We assume He Stakement is Hrwe for 1;(
it's Hue for £(k+1). @S it is4rue for £(1) S0 by
induction we conclude it is true for all k€ Z*

12
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Turn over for the next question

DO NOT WRITE /ON THIS PAGE
ANSWER IN THE /SPACES PROVIDED

Turn over p
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Do not write
i . outside the
11 The line L4 has equation box

x—2 y+4 4z-5
3 8 5

i)

Find the shortest distance between the two lines, giving your answer to
three significant figures.

The line L, has equation

[8 marks]
- _X__—Z - "f'-_-_ 'S Ll
3 8 5
given by (e \+A/3\=2\+A/12
S/ 5 | [t 32
\S4| & \ 5
 —
. 42 2 i
Ly Vedor: I,=[ o +W',
3 S
NoW we have v eavwations for both lines, we {4 e
Vector hetween them 3¢ the Vector b to both
2\ 2\ (4
L,=>L, (% \-\ o= "r\
4 \3) \4)
N="\/*\=]i ; k|=i(26-5)-i(36-

7 ~ j @
S22 22 5] (0) + kR (1Z-64)
\S 312 1 3
=/4

-2b
-52 |

1 4
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o not write
outside the

=\ 2+ 26+ 52 =[Thbl = [3[67

‘ L 2
\"2) \:52) == =51#5%.=518 (3s¢)
N {0

Turn over for the next question

Turn over p
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12 (a)

16
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Do not write
. i i . outside the
Abel and Bonnie are trying to solve this mathematical problem: box

z =2 — 31 is a root of the equation
223 4 mz? + pz+91=0

Find the value of m and the value of p.

Abel says he has solved the problem.
Bonnie says there is not enough information to solve the problem.

Abel’s solution begins as follows:

Since z =2 — 3i is a root of the equation,
z = 2+ 31 is another root.

State one extra piece of information about m and p which could be added to the
problem to make the beginning of Abel’s solution correct.

m £ p_are real numbers

[1 mark]

Jun19/7367/2
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Do not write
outside the
X

12 (b) Prove that Bonnie is right.
2 [4 marks]
5y Mz P340 =0
2 . Z
SO _product of rosts =-1
2
as (2-3i) is one yoot ( 2-3i \F;X == —
A = 2-3i) == x 2430 =-9((248i)
2 2(273i) 243 2 (4+9)
= - 4| (?_1'31)
26
=-7(2+73i
S0 roots could be (243i) &-% 2

giving M= ?—x()_+3u+z-3- 1) —-I&
p=+2x (4444 (2430) %2 4 (2-3)x 2 )
P2
but rosts could also be (‘H'bl) %_—
giving m= -2 x(2-3i +4 +bi -.- | = —I

_djfe.re_r\’r Values for m & p.

ere is Mo 0 set ‘ es for

there is more thah one set of pasible values for m A&
P, SO e don't have g,nQ\Agh info o solve the problem.

. Bonnie 1S rgh’r.

Turn over p

L Jun19/7367/2



13 (a)

13 (b)

W=2X V—-e
) '2_
—> \lze'zxo\x_‘-‘--xle- (X -2x dx 1§ we
/ 2 J R~ differentiate
. this, we get |,
earate t< again : 9
U=y Vi g
u=|\ J=-e** compute
N z - -
Jxefdx=(X")+ (e du=_xe™ &>
N2 ) J g 2 4

PhysicsAndMathsTutor.com
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Do not write
outside the
X

m.
Explain why J x%e %*dx is an improper integral.
3

[1 mark]
e upper limit i< infinity, Making it
umpe_r.
Evaluate J:O x%e " dx
Show the limiting process.

[9 marks]

Start by Co\lcu\m’nm fhe mimm\ withoud +\ne limits
use m’regrachon by parks: U=XE \'=e™

\X=eZdy. = ™ (g&e’u dx
N=y}
2 73

18
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Do not write
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box

L [
= fim

n
-.X-Le-u-_lt_e_-u-— e—zx‘) 'L

N0

L 2 2 L\-Jgj

h->=2:€"">0 his dominates over the increase

X>0

' g b - b - _
— S"axlg""dx= 91€°, 3¢ o, eb =25¢ o

3

™

Turn over for the next question

19

Turn over p
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14 Let
n
S, = !
— (r+ 1)(r+3)
where n > 1

14 (a) Use the method of differences to show that

S, — 5n2 + an

12(n + b)(n + ¢)

where a, b and ¢ are integers.

[6 marks]
' = _p.‘_ + .._6_

se partial Crachons:
(ra)(re3) T+ TH3

| = A(r+3)+6(r t1)

r=-3: l—-ZB-’B z"? |l -1 = !

=l 1=2A 2 A="1 32(r+) 2(rs3) (r+|)(r+3)
ya

Lo/ |/
- 25,= ZrH—FE-__Z-+3- ,{
$ \/ -1/ +_'/- |+
r%l M‘l K n+2 +|

— 3(nt2)(n+3) +2.(n+2)(N+3)

o L P |
£ NOA
-3x2(n+3) - 2x3(N+2)

2x3x(n2)(n+3) 263k (ni2)(n3)

= §(n+2) (n+3)— b(n3tn+2)
~ b(nt2)(n+3)

20
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Do not write
outside the
0,

= S, = 5(n4+5n+6)-b(2n+5)
|2- (n+3)(n+2)
= 5n* + 13n
12(n+2)(n+3)

Question 14 continues on the next page

Turn over p

2 1
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12 5
14 (b) Show that, for any number k greater than 5 if the difference between 12 and S, is

less than ]1 then

k—5+vVk2+1
n > 5
[6 marks]
-5 _(5n*+13n)

difference hetween 2 & S, < i 2 PR <

= 5(n+2)(n+3)-(5n*+13n) _ |
12 (n+2)(n+3) k.

12n+30 o |

—

[2(h+2)(n+3) R

both denominators >0 so k(l2n+30)<(2(N+2)(n+3)

= 12n*+ (60-12k)n +(32-30R) >0
b 2n*+((0-2R)N + (12-5k) >O

k> s (12-5k}<0 = ghove equiation has a
+ve. & Ve root

e voot: (2k- 10)+{(1D-20)"- §12-5k) =
- n
(22-10)+{{100 +4#2-60)- Qo + -0k ' =
2 5 |
(2k-10) Hib> +4 = 2 (k-5)+ 2{k*+ |
. « ]
4

2 2
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Do not write
outside the
bo.
= (k-5) s |
-2
A=

as tne root is +ve if 120"+ (b0-12lk)h +(32-30k)
is >0, Hen N> (k-5)+{k*+1

Turn over for the next question

Turn over p
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—N
- gl

Two tanks, A and B, each have a capacity of 800 litres.

At time ¢ = 0 both tanks are full of pure water.
When ¢ > 0, water flows in the following ways:

* Water with a salt concentration of i grams per litre flows into tank A at a constant
rate

¢ Water flows from tank A to tank B at a rate of 16 litres per minute

* Water flows from tank B to tank A at a rate of r litres per minute (b)

* Water flows out of tank B through a waste pipe -

* The amount of water in each tank remains at 800 litres.

At time ¢ minutes (¢ > 0) there are x grams of salt in tank A and y grams of salt in
tank B.

This system is represented by the coupled differential equations

dx C(b\

o= 33_ 0.02x + 0.005y (1)
dy

= —0.02x — 0.02 2

Find the value of r.

[2 marks]
from Bt A= +Ve W coefficient in d
- ot

[=0-005%x%00=4
C Capacity of tanks

2 4
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outaido fhe
15 (b)  Show that p =3 box

[3 marks]
constant rate : flow intd A = flow out of A

lb-%= |2 L|min = Carnies lly\j/M(h

3b is constant value in ‘% S0 lam = 2b

3

15 (c) Solve the coupled differential equations to find both x and y in terms of ¢.

difecentiate (2): ‘;“ Y=0:02X-0-02}
{’1
D-02.X.= U\‘I’OOZM

X = 50‘3*!9“ 5%4—3

subin (1) 50u4—\5 3b- 002(50\5\+ )
0 005u

[9 marks]

50u+2u+005u =3

CL 5D WP +2Mm +0015= 0> M= -2\ (50)(0-015)
2(50)

Turn over p

2 5
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Do not write
outside the

PL let u=A »y=Y=0. Swb jn:00BA=3
Game form oS RHS A= 2400

Y= A % 4+ B + 24-00

X= 50u+u sovoam,d M
u - -D-03 Aeu‘ 03t _p.018e %"
S -5 Ve 058" + 2400

initial conditions: @+4=0, ¥:0£y=0
= A+8+2400=0 (m 0]
-05A+0-58 +2400:0( 1) @
D+2x@: 28+ 2200=0

R=-24L00
A-3L00 + 2400 =0
A=1200
<5 X—-(oOOe.MSt—I%OOeMIt 24-00
= 1200 ¢ "™ 3600¢ " **+24-00

END OF QUESTIONS

2 6
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There are no questions printed on this page

DO NOT WRITE/ON THIS PAGE
ANSWER IN THE /SPACES PROVIDED

2 7
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Question Additional page, if required.
number Write the question numbers in the left-hand margin.

2 8

Jun19/7367/2



PhysicsAndMathsTutor.com

29
Do not write
outside the
box
Question Additional page, if required.
number Write the question numbers in the left-hand margin.

2 9
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Question Additional page, if required.
number Write the question numbers in the left-hand margin.
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Question Additional page, if required.
number Write the question numbers in the left-hand margin.

31
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Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.
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