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Mathematics and A-level Further Mathematics. Question Mark
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e Use black ink or black ball-point pen. Pencil should only be used for drawing.
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Answer all questions in the spaces provided.

Do not write
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box

1 Which of the integrals below is not an improper integral?

Circle your answer.

[1 mark]
o 2 1 1 1
e “dx dx T
JO Jo 1—x2 JO NG
T range O-2 T
undefined mcludes 1
values I-12 = O . cannot Cc;\mg: dwde
dinde by O. Yo
2 Which one of the matrices bélow represents a rotation of 90° about the x-axis?
Circle your answer.
[1 mark]

10 O -1 00 1.0 0
01 O 0 10 0 0 1
0 0 1 0 0 1 010

02
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3 The quadratic equation ax2 + bx + ¢ =0 (a, b, c € R) has real roots « and f3. box
One of the four statements below is incorrect.
Which statement is incorrect?

Tick (v') one box.
[1 mark]

c=0=a=00r =0

¢ =a = o is the reciprocal of f§

b<0O0and c<0=a>0and >0

b=0=oa=-p

Turn over for the next question

Turn over »
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4 (a)

It is given that 1 — 3i is one root of the quartic equation
2% 223 4 pz? +rz4+80=0
where p and r are real numbers.

Express z*% — 223 + pz2 + rz + 80 as the product of two quadratic factors
with real coefficients.

[4 marks]
|G Y 1
1t 3¢, 'S alSo a voot
(2_ - (1 -3() ‘Z—(H—Si)\,
222 -3%z - L+ 3z — 3 - 9i?
T 2%2-2Z +\0_ 15 o factor
2 _ + 2, + = “_ 5., '02.7'-0'(2-*30

Com parc. Colfficients

23 coefpf: bh-2 = -2
b=0O

o ouadvatw 13

(\‘2,7'—2,% -+ (o\,( 2% 4 8\,

0 4
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4 (b)

Find the value of p and the value of r.

[2 marks]
(22—22 T co)(z7-+~3)
= 24i$22-223_|®z ' (0z2 4 SO

=294 223 4 1g72% 1= + 80

P=I8  r=-1|;

Turn over for the next question
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5 (a)

H 4 is the locus of points such that the distance from the point (5, 0) is twice the
distance from the line x = 2

Show that the equation of /4 can be written in the form

2
(x—1)2—%:r

where g and r are integers.

[5 marks]
_J_JL-5)Z—!-31 r2!3C—2.)
-5)% 4 uz = -2)*
2 ? —lox-r?‘h-le = Y432 — e+ 1l

6\_= g’)(_z X — n?‘

2= X%+ -2 — Hz

3

W (om.‘o\etf’ tine
97— 4 Squore

3= (o= D -
2
_ 2 2
4 = (oc=1)% - 3——3

06
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5 (b) H, is the hyperbola box
X224

Describe fully a sequence of two transformations which maps the graph of H, onto

the graph of H 4
[4 marks]

. 4—-r_omsLo«.,'cLs:»r\ by ('o)
J v 7

Turn over »
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8
6 Let w be the root of the equation z” = 1 that has the smallest argument o in the
interval 0 <o <m
6 (a) Prove that w" is also a root of the equation z’ = 1 for any integer n.
[1 mark]
?
n _ Fn _ EDN n
(W) = WP = (W)™ 9% g
L ] "\ ? —-—
6 (b) Prove that 1 +w+w2 + w3 + w4 + w5+ wb =0
[2 marks]

Az 2%—1,. —2*F_ \=-o

Roots of 2¥—1=0 are 1, . w2, w3, wf Wandw

2;6“'“'“‘0 &Lm_Mb_S =0

v o wawirnwiay wH awi4nw -o

(_M%WM)

6 (c) Show the positions of w, w2, w3, w4, w®, and w® on the Argand diagram below.

[2 marks]

( e
im (2 m(ﬁmh}ﬂ«

1

0 8

Jun20/7367/1
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9
6 (d) Prove that
0082 +COS4TE+COSGTE— L
7 7 7 2
[4 marks]
21T
W= (os 9‘+ + (Sin =
6 -2
S W - (oS (—————\f lSIV\./
= Cos q |5;ﬂ
We s the. cmsmm pair o W
s Wi ® = 2cos ZI:T_
2 wrtw’ = 2cos EX
2 ndan = 2_(05—%
Dswma port b
J
I+ W+ nvZ 4+ w3 4 v+ S il =
\+ 2c0SZT + 2c05s 4 4 72c0sET =05
= ES
7({‘08/‘\' cosﬂ + (OSGW, = -
=11 1T -
Cos?:lr- +Cogq-:: + coséé-,: = =1 wi

Do not write
outside the
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10
7 Three planes have equations
(4k + 1)x — 3y +(k-5z=3
(k—1)x+@—-k)y + 2z=1
7x — 3y + 4z =2
7 (a) The planes do not meet at a unique point.

Show that k£ = 4.5 is one possible value of k, and find the other possible value of %.

[3 marks]
alen.
aives
A= /‘HG.—l -3 K-5
K—1 3-y 2
=2 -3 4y
= ] - + -\ )14
r (k-5) =3(k=i)-F(3-1) ]
: (1-\441-\)(% —LHC) + 3(ar )+ (K- | 2
= 2K — |GEZ +1R —4K 412K — S+ b2 - 15K
—20K +9o0

= 2% 440k 54

detA = O
22 - 42K -54 = O
Qqu*=- gk -18 = o
(LH(- l%)@éﬂ) =0
= 4, 5 (as rgg,“ted)

and —

10
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11

Do not write

7 (b)
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For each value of & found in part (a), identify the configuration of the given planes.

In each case fully justify your answer, stating whether or not the equations of the
planes form a consistent system.

[4 marks]
nhen K=4 5.
/
A= (("i -3 ——0.5\
\3.5 -1.5 2 \
\? -3 4 /

\\

9 -2 -0.5 Yi\ 2\
25 ~-I1.S5 2 q\ ) \

2 -3 a N2/) \o)
/\ 7

\
1Ay — 3u —0.52 =3 "m
3 e =L @
-'|-53-r-2£=l - \2_—/

Fx =3y =+ 42 =2 — (&)

The systemm OF egquations & consskent
y £ |

+the tavrd plewne

pnen KL= -
A= /-3 -3 —e\\

—2
= = o
\

Turn over »
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A b onunued) .

-3 -3 —¢ \/x 33
-2 « A Y = |
=+ -3 4 /\? 2
-3 x — 33 -2 =3 —®
2x 44y 22 = 'g
2x -3y t4z =2 —

@ -®
(-3x-3y-c2) - (Fx —3y+t4z)=3-2
- \O0x —10o=z= —@

vx@® - 3x(
(- 1z — 12y — 242) - (&,x+l7_3 tbz) = 12-3
-®

-bx -202 - 9

© - 2,@
(-6ax-202)- (-3%0x -302)=9-3
24x = ©

Insert X avne &= nte @
“E - () 3 =3y

—_1t

Y= 2o
Inseve X, and 2 \nto

2(4) () (F )T #

. The syster~ of eguations 1S 1nconsiStent.
“The 3 plocnes form ow prism
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12

The three roots of the equation

4x3 —12x2 _13x+ k=0

where £ is a constant, form an arithmetic sequence

Find the roots of the equation.

—_—

[6 marks]
let tihe voots be X-Gr, A, X+ (=
! = - + =
3x = —b_ - \Z - g
= o
X = |
! - _ + =+ -
Knowwnog x =1
C -13
2+ (l——c-r?-)°".‘,7"
© =
— o)
25 - 2
o
C = x '—é—‘
' Z=

s o

the voots arve : —|.5, 1, 3.5

12
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Turn over for the next question

13

Turn over »
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9

9 (a)

The function f is defined by

_ x(x+3)
- x+4

f(x) (x e R, x # —4)

Find the interval (a, b) in which f(x) does not take any values.

Fully justify your answer.

let F(x) = y
| ] L4 J

[5 marks]

U=x(x+3)
x+ 4
ulx+er) = x(aa+3)
J T 7 =7
311-14—«‘ = A2+3x
iz+ XIS-U\ -4y =0
L 4) v,

(y+a)(y+1) ¢co

70 I

— a9 Yy < —|
J

—q ¢ f(x) <~

o doe)s
LN _the nterval (~a, —|)

‘ L4

1 4

Jun20/7367/1
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9 (b) Find the coordinates of the two stationary points of the graph of y = f(x) box
[2 marks]
"N Ctnoa 4
{ en US 1IN \2
’ _ ' )C
= = X
[ -\
(ytAJj)

where 3[1) = x4 4

9‘(1) = 1
(o) = X(X+2) = x%43x
nW(x) = 2x+ 3

o ) (2xv3) —(=2+32) ()
() (Xta)*

O= (x+a)(2x+3) - (x2+3)
= 222 43x+48X+12 - 2 -3
= 2AZ48xtTI12
= (x+)(2+2)
x=- x="2
y==a y=-I

Sbabmarb points are (-G,—Q) and ('2.—\\

Method 2 (muen guucwer woy)

Substitute - A4 and -1 o f(x)
—a = x(x13) -\ = o([(x+3)
oLt 4

x4y

“Qa -3C = 243X -2 -U = XT+3x

2% 412X 136 =0 XZ4+4-xXx +4 =0

(ct@)*=o0 (
x=-0C

7. Stabonony ponte Sl’atLan.onfj point



9 (¢)

Show that the graph of y = f(x) has an oblique asymptote and filRhysiegAmeMathsTutor.com

[2 marks]
e‘x!: x2-+3x = ‘1 t'ﬂ){l"’l)-ﬂ:
x+4 C+-241-) x+4
‘%./v e} ’

= x-) - 4
xX+4

Asumptote 15 y= X-|
J v i ~

Question 9 continues on the next page
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9 (d)

Sketch the graph of y = f(x) on the axes below.

x=-4

YA

("z"'l

(-¢-P)

=V

9 =2-)
[4 marks]

16
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Turn over for the next question box
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Turn over »
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10 (a)

18
Find the general solution of the differential equation
dy 2y x+3
dx X T xx-NZ+3) =)
[8 marks]
Yo Y
1% Tax 2
e =€ = X
des o ~
dy .2 o _ x (x+3)
—2 X =F 43.}. = AN > 7
X (- 2 +3)
d 2.) . X*¥3x
(‘1 yl = =
(x-x+3)
243
:i'LLJ = oL 32
J (x-N(x*+3)
H
\8%
2
X+3xX = _A + Bx+ C
(DC")(ILB) x-1 x2+3
x2+zx= A(x?+3) + (Bxtc)fx-1)
(bngIC (Q%Elgﬁntﬁi
XPcoeff: 1= A+ R ’@
X coef€: 3= -8B +C "@
constent . O = 3A — C "’@

18
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10 (b)

Find the particular solution for which y =0 when x =3

Give your answer in the form y = f (x)

uwnen y=o, x =3

[2 marks]

O:

i

)
— N2 ¥ ——
= S15

ton™ (‘%"‘\ +
1O/

C‘

i3

—

= (in2 + T

v )

[ 4

o:
C.‘:

-n2 -3 _
S

Particutar Solution :

y= o= (In(x-D+ 13 tan™'(Z) -1In2 -
3/

179

Turn over »
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11

11 (a) (i)

The lines /4, I5 and I3 are defined as follows.

1 -2
l1 r— 5 X 1 =0
.__1_ __~3_
37 o ]
12 r— 2 x | —1 =0
—7— —3—
-5 47
Ii:[r—|12]|x]0o|=0
4 9|

Explain how you know that two of the lines are parallel.

{, and fz are._paralle) os tine direction

[1 mark]

vectorS are muluples of eachotner.

-2 [2])
| = =] x I-—l (

2 0

Jun20/7367/1
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11 (a) (ii) Show that the perpendicular distance between these two parallel lines is 7.95 units,

correct to three significant figures.
[5 marks]

- [}
7 >— L
>— L.
A
(a-b) A
_s _ - Q-
wovu out & 2 6= ws m_/)

:g-3-24 = -9

a0 = (23)-(3)
8/

-2
'
3

lol=(88  Jo|={2?+1+ (37 = It

-1al °
& = cos™ 'a'bi. = 006"—‘—”?.’_ = 672.4...
[alTbl 189 - tieF

x= [B9 x51n5+. 4 ..
= 2.950741205
= 2.95 unuts (ZS_F>

Turn over »
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22
Do nqt write
11 (b) Show that the lines /4 and /3 meet, and find the coordinates of their point of o
intersection.
2X [5 marks]
() . 5 +A
) - \-—I 3A /
P, : - /—5+4—H \
5
\ 4 +qpm

\€ they meet, ¢ =

('5”\ ( il

\-1-32/ -u+mu/

'l-—?)=-5+4-'u
b =2A+bp 2 3=A+42p2 “'@
- EaAA=12 D A=
—1-3 = H449u

3= 2A+9u D 1 =A43u  — (2)

wnen A =7
@-9_3:(1&2“
-4=Z,u
p=-2

ji==2 and A=% m+om
1= () + 3(=2)
1=%-6G . consistent
= ?. and fg do wmeet.

Insert. A=*% pback |nm£ gqugﬁ'g{_\ P

-2(7)\ f2
5 1-(?')) /I =\_53
-1-3(7

M

e, ou\d ()3 weet at (—13, |2, -—7—7—) Jun20/7367/1
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12 (a) Use the definition of the cosh function to prove that box

Ny,
cosh‘1(g)zln<x+); a) fora>0

[6 marks]

ZL

+han 1 and other 1S less Han
{ As cosn'(Z be >0

then e¥2 1 . So larger root

IS choseéen

2 4

Jun20/7367/1
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12 (b)

25
oY o Xrix? a®
~ (3

_ ,u('}?fl?r)
= In_( a//

Cosh ™' ’L = In(-‘I*‘JC"—Q’)

A

(as reavu]ﬁgd)

The formulae booklet gives the integral of ; as
2 _ g2

x
cosh*1(5> or In(x+VvVx2-a?)+c¢

Ronald says that this contradicts the result given in part (a).

Explain why Ronald is wrong.

[2 marks]

alven 1n parkt (o)
J ] A 4

2 5

Turn over »
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13

13 (a)

Do not write
outside the

Two light elastic strings each have one end attached to a particle B of mass 3ckg, box
which rests on a smooth horizontal table.

The other ends of the strings are attached to the fixed points A and C, which are
8 metres apart.

ABC is a horizontal line.

A C

V e

B

{
H-r D<= )l
String AB has a natural length of 4 metres and a stiffness of 5¢ newtons per metre.

’[\ o

String BC has a natural length of 1 metre and a stiffness of ¢ newtons per metre.

1
The particle is pulled a distance of 3 metre from its equilibrium position towards A,
and released from rest.

Show that the particle moves with simple harmonic motion.
[8 marks]

tau eN Swon o, ' )

5 n —

M&B‘g

2= Ly
2 =UYasg
’-=>_§-= e~

Z W A

A _ — S = . |

5c (2 DC) C (2 1-13 gC s rceleratin

_5 c-6cx —-2-¢c - xc = 3cx

M~ - Gex = 3>

Jun20/7367/1
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13 (b) Find the speed of the particle when it is at a point P, a distance % metre from the

equilibrium position. Give your answer to two significant figures.
[4 marks]

Uswma pavt (o)
O )
w*=2 .. w2

>A-L
3

Using equatian vi- w? (AZ '12)
v =2 (-:S';i “—73/:)

v /7
v2=2(A-L)
A W (]
VQ': a
=22
V= %= 0-31 ms™~! (29,,6)

Turn over »
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14 (a)

14 (b)

Given that
sinh (4 + B) = sinh A cosh B + cosh 4 sinh B
express sinh(m + 1)x and sinh (m — 1)x in terms of sinh mx, cosh mx, sinhx and

coshx
[1 mark]

Snnh(m-ﬂ):x, = SinhmxX osnX + COSMISInh)(
s mot+)

Syan{m-1)x = Sinhmx (oSh X — coSInmxX Sinh X

smh(woc—l)

Hence find the sum of the series

C,, = coshx + cosh 2x + --- + cosh nx

in terms of sinhx, sinhnx and sinh (n + 1)x°

[5 marks]
Sinn(M+1)2¢ - Sinn(M-1)x
= 2 oshmxSinhx
L m m ) x — )X
e ot

.F(‘)’ SNN2X - Sinho 2¢os hx $imnx
P(z): SthJt - SiInhX = 2cosh2x Sinh

F(2): Smhlx —Sinh2x =2cosh3xSimhx
F(n—Z)-’ Sinh{n-)x -Sn hn-3)x = 2¢cosn(n-2)x Hinhx
a n -): Sinhnx — Sink(n—Z)x < 2cosk(n-))x Sinhx

]L( n) : Smi(nx)x-Sinh (n-1) X = 2 coshnxfinhx

2 8
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Si

%X+ sinlhnx -

= hx

hax + COSh2X +...

Do not write
outside the
box

4

CoShna)

= 25\\!1\!\_16&

2 Cn

Sinh [nrt) X+ sinhnxX -Ssinhx

2sinh. X

END OF QUESTIONS

2 9
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number Write the question numbers in the left-hand margin.
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