Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 1

Question:

Attime ¢ seconds the position vector of a particle P iz v metres and its velocity iz
vm s} The motion of P iz modelled by the differential equation

— =3y
di
given that when £ =0 r=73i and v=i-7j, find r in terms of £,

Solution:
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%— v =0 Aumliary equation1s A-3=10

=4=3

General solution is v= Ae¥
When t=0,v=1i—-j=i-j=A

So, v={i—je*
A L L g
1E. —=I11—]JE
- 1-3)
:>r=%(i—j}e3’+]3
Whenr.=0,r=3i:‘>3i=%(i—j)+B
:;~§i+lj:B
303
1 8. 1
Hence, r=—(i—-7e¥+2i+—3
3( 1) e

:%{e3’+8)i+(1—e3’j}

Alternative method

E—31r=lﬂl
d&
2
:;»d—‘;—33=0
T de

Auxmliary equation:
A-31=0= AA-3=0
= A=0or3
= General Selution iz v=A +Be™
i=0r=3=3=A+B @
r=A+Be* = v = 3Be”
t=0v=i—-j= i-j=ZB

1. .
:>§l:1 -j1)=B Substitute into O
ﬁ=§i+lj
33
e e
Hence, r=—1+=-j+=-{1—7)e as before
3 33
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Exercise A, Question 2

Question:

The velocity vm s of aparticle P at time ¢ seconds satisfies the differential equation
—+v=0
ot

iven that the initial velocity of 215 (1214637, find the velocity of Pat £=1n3.

Solution:
dw
E+v=0:>}i+]=0:‘~}£=—1

S0, general solution is v=Ae™
(=0,v=12+6] = v= {121 +6je’
When £=1n3, v=(12i+6j)e™

=4i+2j
Velocity is (4i4+2))m s~
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Exercise A, Question 3

Question:

The velocity vm s at time ¢ seconds of a particle moving in a plane satisfies the
differential equation

% =fv, where v=4+2] when £ =10

Griven that the particle starts, at £ =0, at the point with position vector {i+)m find

a the position vector of the particle P at time £ seconds,

b the titne when the magnitude of the acceleration of the particle P first
equals 100m 7.

Solution:

%—6v=0:‘»ﬂ—6=0:}}.{=6

=0, general solution 15 v= A
t=0v=4i+2) = v = (di+2j)e™

=r = %(4i+2j)e‘5’ +B

t=0r=i+j=i+j =l6(4i+2j)+B

1, 2
=—-i+—j =R
ERC
1 1., 2
a Hence, r=—(2i+7e¥ +21+=3
3( 1 LR

b a= %: Ev =(24i+12j)e™
=12e™(21+])
la|=12e% 22 + 2
= 1245

S0, 12,/5e% =100

:>:=11n( 100 J=0.2195 (35.£)

6 h124f5
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Exercise A, Question 4

Question:

Attime £ zeconds the position vector of a particle P iz r metres and itz velocity is
vm s} The motion of P iz described by the differential equation

— =4
de

iven that when f=0r=i-k and v=i+j+k,

a find rin terms of £,

b findthe speed of Fwhen £ =2,

¢ find the magnitude of the acceleration of & when £ =2

Solution:

3
d_"—4v=u:,=d_§—4$=o = A2-41=0
At A&

= Ad=00rd

=0, general solution s r=A +Be¥

a i=0r=i1-k=i-k=A+EB [

v=4Be". :=0v=i+j+k :}>B=£(i+j+k)

:A=i—k—i(i+j+k}

EEO L
=Zlj~ij=Zk=_(3i=]j-5k
P 4( 1-35k)

1
So.r=—{ 3i—j-Sk+i+j+ke"
4{ ] (i+j +k)e¥}

b v=(i+j+kie"
When ¢=2,v=(i+]+k)e’
|V|=ES—\|'§mS_1
c As a=ﬁ=4v

At e=2|aj=4e*f5m s
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Exercise A, Question 5

Question:

Attime ¢ seconds the position vector of a patticle P is v metres. The motion of P iz
described by the differential equation

dPr _dr
at T de
Given that the initial velocity of P is (2i—j)m s, find the speed of Pat ¢ =1n 3.

Solution:

£—2E=U:~E—2v=0
de de de
=A-2=0=1=2
=v = Ae¥
=0, v=2i-j=v=(2i-je"
f=In3, v =(2i-je™
= (18- 9

vERRE (=1 =945 m s
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Exercise A, Question 6

Question:

Attime £ zeconds the position vector of a particle P iz v metres. The motion of 2 i3
modelled by the differential equation

dr
=t er=(15+10§e™
" ( i)

Ciiven that when £ =0r=2i+j, find
a rinterms of'f,
h the welocity of P when £ =1n4d

Solution:

B
10

Integrating factor = e

3oy = (15}&
de 10

3
efr = (]ﬁj’+c
2

15
a E+2r=[ J A
de

2 2f
[ =g

]
f,=1n4,1r=(6] ><64+(2] xi: ;
16 284 =

velocity 18 (076 éi+384éj) ms™
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Exercise A, Question 7

Question:

The position vector v metres of a particle & at time £ seconds satizsfies the wvector

differential equation

£+r =ke',
de

Given that when § = 0r=2i+3j+k find rin terms of £,

Solution:

£+r =Lke
di

nar _ ¢

Integrating factor = e e

= i (re’) = ke®
di

=re’ = _I-kemdé = lkeg:r +c
2
When t=0,r=21+3+k

:>(2i+3j+k)=%k+c
:‘,>2i+3j+%k=c

1., T
:>r=§ke +(21+3]+§k)e

r= 2&"i+3&'¢j+%(e’+e"jk
Alternative method
%4‘1" =0=A+l=0=41=-1
CFisr =Ae”
PITrvr =RBe $%=Be’

So, Be'+Be =ke' =B =%k

S0 PLizr =%ke’
General selutien1s CF. + P.L

ie r=Ae" +12k e’

£=0,r=2i+3j+k=>2i+3j+k=A+%k

= 2i+3j+%k=A

So, r= (2i+3j+%k)e"+%kﬁ’
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Exercise A, Question 8

Question:

At time £ the velocity v of a patticle P satisfies the vector differential equation

dv  Ev .
— +— =0, where T iz a constant.

: . : S : L 3ai—j
Attime ¢ =0 the position vector of P iz a(2i+7) and its velocity 15 y.

Find the position vector of P at time £,

Solution:
o
di T

s e ()

T
2,
Lw=AeT

3t
=r =—gAeF+B
3a Sa
When =0 v=—{i-j) = =(i—-j)=A
T( 1) T( 1)
3
So, r=—ali-{le’ +B
When i=0r=aizi+])
= al2i+j) = -ali-})+B
=ali) =R

=3

So,r=Cai—ali-jle’
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Exercise A, Question 9

Question:

The position vector of a particle & at time £ seconds 15 v metres. The motion of P 1z
modelled by the vector differential equation

£+3r =474
di
Giiven that when ¢ =0 r==2i—j, find r in terms of ¢

Solution:

Shigns =4¢7j IF =gl =¢*
dr

d 2
=—(re”) = 4e
il ]

re’ = 2e¥4+A

(=0r=2i-j=2i-j=2+A
=2i-3=A
=r = Zelj4+(2i-3e
= e +(2e7 -3y
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Exercise A, Question 10

Question:

The position vector of a particle P at time £ seconds is v metres. The motion of 2 i3
modelled by the vector differential equation

OGN
& ¢

Given that when i =1,r=1-7j, find r in terms of ¢,

Solution:

i=lr=i-j=i-j=—4j+c
c=i+3j

Sor=(1+7 - 45

ie. =r=£54(3%-40j

Check % = i+ (62 — 4]

LHS = 26+ (6t — j— E{zzi +(3* - 48)j)
i
= 4j=RHS
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Exercise B, Question 1

Question:

At time £ seconds the position vector v metres of a particle F satisfies the vector
differential equation

2
d—§+4£+8r=u.
& &

At £=0,r=i+j and the velocity of P is (2i—4j)m s
Find an expreszsion for v in terms of 2,

Solution:
3
d—§+4g+8r=0 = P +41+8=0
&
= (A+2° =—4
= A=-2+3%

General solution is r =e ™ (A cos 2t +Bsin 2¢)
f=0r=i+j=i+j=A
% = e (—2Asin 2+ 2Bcos 22— 2e ¥ (A cos 2t +Bsin 2¢)
=0 v=2i-4j=2i-4=2B-2A
= B=i-Zj+i+j=2i—j
So, r=e 2 [(i+]) cos 26 +{2i—])sin 2]
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Exercise B, Question 2

Question:

The position vector v metres of a particle P at titne £ seconds satisfies the vector
differential equation

d*r _dr

—+3—+2r=0

At ¢ =0, the particle is at the point with position vector 2§ m moving with velocity
{i+jm s

Find r in terms of ¢,

Solution:

2
d—§—3%+2r=0:>,12+3,1+2=0
= (A+DA+0 =0
= A=-2or -1
General solution is
r = Ae ¥ +Be”

t=0r=2=21=A+B o
E =A™ —Be?
di

t=0,v=i+]=i+j=-2A-B &
D+@:  i+3=-A=A=—-3
=B=i+5j

So, r=(—i-3)e® +{i+5))e”
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Exercise B, Question 3

Question:

The position vector of a particle P at time £ seconds 15 r metres. The motion of P iz
modelled by the differential equation

2

d—‘; .

ds de

Given that when ¢ =0r =1 and % =j, find the distance of P from the origin & when

t=%.

Solution:

g—2£+r=ﬂz>f—2,%+l=0
di de
= (A-1*=0
= A=T1itwice)
General solution iz r =&’ (A +Be)
i=0r=i=i=A
& £B+e (A+Bs)
de
i=0v=j=j=B+A=B=-i+j
r=ce[i+—-i+j)]
When £=2,r = &*{i—2i + 2j)
= e*(—i +2j)

Ir|= e f- 17 +2F =e* B m
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Exercise B, Question 4

Question:

The position vector of a particle P at time £ seconds is r metres and zatisfies the
differential equation

dr  dr
?+—+r=0_

iven that when ¢ =0,r =-21 and % =1 +a,.'"§j CIind roin terms of £

Solution:

2
d—r+%+r=0:»,%2+ﬂ+l=0

4
2

={a+2| =-2

2 4

= 1= _1+i£
2 2
1
General solution 15 ¥ = e—f(Acos %.ﬁ +B:in gﬁ}

t=0r=-2i=-21=A

1
E=e_ { J_ £ﬁ+£Bcos£ﬁJ—le_f(Acaséi+Bsin£i)
di 2 2 2 2 2

zzo,v:i+£j:i+ﬁj:§3—%g
:>i+ﬁj=§]3+i:>]3=2j
- 3 VB

So,r=e ¥ (—2cos—s+2sin —4
( > i &)
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Exercise B, Question 5

Question:

The position vector of a particle P at time £ seconds is r metrez. The motion of F iz
modelled by the differential equation

2
d—§+2$=u.

Fiwen that when : =0r=0 and % =41, find r in terms of 2.

Solution:
2

d—§+2£=u = P2 4+21=0
@

= AA+2)=10
= A=0or-2

General Solution is r= A+Be™
t=0,r=0=0=A+B @

=-—2Be™

a8

z=0,%=4i:>4i=—23 —B=-2

=A=2

So, r=21—2e™
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Exercise B, Question 6

Question:

The position vector of a particle  at time ¢ seconds is r metres and satisfies the
differential equation

2
jﬁ—§+r =10e¥i,

Tiven that when é =0r =1 and % =2j.find rin terms of ¢,

Solution:

2
d—§+r=U:>}£2+1=0:>,51=ﬁ
d&

= CF 1sr =Acost+Bsin{
ForPI try r = Ce¥

2
=& _ e :»d_;" = 4Ce¥
ar dt

So 4Ce¥ +Ce® = 10:%i
=0 =2
Plisr = 2ie®
o general solution isr = Acost+Bsing + 2e™i
f=0r=i=i=A+0+2i=A=-
% =—Asint +Bross +4e”i

: =U%=2j:>2j=]3+4i:»3=—4i+2j

So r=—costi+sins(—di+2) +2e*
ie. r=(2e¥ —cost—4sini+2sing
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Exercise B, Question 7

Question:

The position vector of a particle P at time £ seconds is v metres. The motion of 2 i3
modelled by the differential equation

2
L

Given that when ¢ =0r==2i—j and %=i+j Vfind rin terms of £

Solution:
g—ziﬁr:u = A -2145=0
ez e
=(A-1P¥=-4
= A=1xz
= CFizsr=¢({Acos2:+Bsin )
For P I try

r =psinitgoost
=y =poosi—qsind
=¥ =—pant—qcost
So, —pani-goosi —2(poost —qsind)+o(panti+qoosi) = 10zn A
dpzint+2qani+dqoosi—2proosi = 10sin s
dp+2q=10i and 4q—-2p =0=p="2q
10g =10
g =i=p=2
SoPlisr=21ani+icost
General solution 1z
r = ¢ (Acos2:+Bsin 20+ 2isinz +icoss
t=0r=3-]=2-j=A+Hi=A=1-]

& &

=e'(Acos2:+Bsin ) +e' (—2Asin 2+ 2Bros 28+ 2icosi—ising

=4
Il

L‘J,%=i+j:>i+j=ﬁ+2]3+2i

2o 1+j=i-j+2B+zai

j—i=B

Sor=¢[i—-jcos2t+(—i+j)sin 2]+ 2isin £ +Hicoss

1E r=i(e’|:os 2t—e'sin 2£+23in£+cosz)+j(e’sin 2t —¢ cos2f)

© Pearson Education Ltd 2C
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Exercise B, Question 8

Question:

The position vector of a particle P at time 2 seconds is r metres and satisfies the
differential equation
dr & :
— —4—+4dr =3i.
di
At £ =10, the particle 15 at the point with position vector (21 —kim mowing with

velocity (i+2§)ms™.
Find r in terms of ¢,

Solution:

2
d—§—4£+4r=0 = A -41+4=0
—{A=21"=0
= A =2(twice)
= CF.isr=e®(A+B)

ForPItryr=20
r=0
F=0

S 4U=8i=C=2i
G.S is r=e*(A+BH+2i
=0r=2i-k=2-k=A42i=A=-k

£
% e*B+2e¥ (A 4Bt

¢ =0%=i+2j:>i+2j=3+2g =B=i+2j+2k

So r=e¥[—k+£(i+2j+2k) ]+ 2i

© Pearson Education Ltd 2C
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Exercise B, Question 9

Question:

The position vector of a particle P at time £ seconds is r metres and satisfies the
differential equation

4 e
dﬁ_‘; —dr =124 2j,
At § =0, the particle is at the point with position vecter (i+k)m moving with

velocity 2jm s™.

Find r in terms of £

Solution:
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2
d_‘;—4r:0:>f—4:0:~ﬂ:i2
dt

= CFisr=Ae" +RBe™
FarPIltry r=Cit+D
F=C
=0
So 0—4(C:+D) = 124 - 25
=-40=12i=c=-3
1
—4D = -2j :>D=Ej
. .
SoPI s r=—3n+§]
B r=Ae:”+Be'2’—33i+%j
i=0r=i+k :‘,>i+k=A+B+%j

:>i—%j+k=A+B @

= DAt oPe M5

& |8

z=o%=2j — 2j=2A-2B-3i

— %+2j=2A-2B @
2i—j+2k=2A+2B @
Add,
Si+j+2%k =4A
T
4 2
_1_
4

i
o
I
=

=

-
|

2| —

]

i O [ IS N gy [
&

it
£

i
|

So, T =

Rl m B B W | B

o | o
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Exercise B, Question 10

Question:

The position vector of a particle P at time £ seconds 15 v metres. The motion of P iz
modelled by the differential equation

d*r dr
22T 8 =(94+18]e".
B G ( i)

Giiven that when ¢ =0r=14+2j and % =2i+j, find rin termz of 2.

Solution:

2
d_g—zﬁ—sr:o:,aﬂ—zﬂ—gzo
at T de

= (A-DHA+2)=0

= A=dor-2

= CFisr=Ac"+B
ForP 1 try

r=0C¢

r=0e

r=0_¢

Ce’ — 208" —8Ce" = (%i+18j)e
—W =5 +18 = C=—i-2j
SoFPI iz r=(-i-2j¢
LGS s r=AeY+BeH 4 (i -2
t=0r=i4+2j=i+2j= A+B+i{-i-2j
=zZ+d=A+EB o

=4Ae" - DB 4(—i- 2§)¢!

& | &

rzﬂ,%=2i+j = 2i+j =4A-2B-i-2j

=3i+3=4A- 2B @

Si+dj=A+B @
3i+3 =4A- 2B @
4i+8 = 2A+2B @ x @

Ti+11j =6A

B Al 5. 1%

—i+—)]=A=B==i+—3j
& 6 & 6

o S 13
r= [EHE]'J e"’+(gi+gj] e +{—1- 2
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Exercise C, Question 1

Question:

In each of the following cases calculate the work done by the force F as it mowes its
point of application through the displacement d:

a F=0CGi+j-AON d={i+j-2km.

b F=({-4i—j+2k)N,d={31i—j+4k)m .

¢ F=0-2k)N,d=(—-3k)m

Solution:
3 1

a 1] 1 |=3+1+4=8]
-2 )=z
-4 3

h |-1]|-1|==-12414+8=-31T
2 4
1 0

C 0 1 [=67
2] 1-3
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Exercise C, Question 2

Question:

In each of the following cases calculate the work done by the force F as it mowes its
point of application from the peint A with position vector 1, to the point B with
pesttion vector ry:

a F=0+j-2k)MNr,=(i+j-kimr,=(2i-3j+k)m.

b F=02i—j+3k)Mr,=Ci-j+kim,r, =(4i-3-Zk)m.

c F=i-kMNr,=21-jmr,=CGi-j+kim.

Solution:
1 1

a 11| |=1-4-6=-97T
-2 3
2 2

b |-1||-2|=4+2-9==-3T
3 -3
1 1

C o{o)l=1+0-1=07
-1} 11
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Exercise C, Question 3

Question:

In each of the following cases a particle P of mass 0.5 kg is moved from the point A
with position vector v, to the point & with position wector ¥y by a force F. Assuming
that in each case there are no other forces, apart from F, doing work on P and that the
speed of P at the point A is 4 m 57, find in each case the speed of P when it reaches
the point 5

a F={-j+2k) N r,=0+ji-ZImr,=2i-3+k)m.

b F=C2i—-j-k)MNr,=0Ci-j+kimr,=4H-3-2kim.

c F=G-1Mr, =21-jmr, =CGi-j+kim.

Solution:

a work done =E E gan

1 1
-1| | -4 =12><L‘].5(v2 4%
2] |3

60 = v*
u‘ﬁm =y
2% (2
| EE Y = =%><U.5(v2—42}
-3} | -3

44249 = %(v? ~16)

76 = v
\‘%ms_l=v
1Y ;
c 00 =§><U.5(v2—42)
-1} 11

1+O—1=%(v2—16]
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Exercise C, Question 4

Question:

Forces of magnitudes & M, 7 I and 9 M act in the directions 204+ 2j+k, 6i -5+ 2k,
and 71+4)—4k, respectively. The three forces act on a particle causing a
displacement of (34i +10§m .

a Find the worlk done by each force.

b Verify that the total work done by all three forces 15 equal to the wotk done by the
resultant force.

Solution:
: 2 4
F1=6><m 2(=|4
Y 1 2
& &
F2=?><; —3|=|-3
B2 H(=3)% 427 5 5
: 7
FB:ng 4 1= 4
v —4 —4
24
a 41110 =1364+40=1767T
2, L0
34
=2 |10 =204-30=1741T
2 0
T34
4 [ |10 =2384+40=273]
4] b0

b Total work dene=6281T

A% sfieiy aiig 17
p=|4|+-3|+ 4 |=|5
2) l2) 1l 0

17y 34
51110 |=578+50=6251
0 0
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Exercise C, Question 5

Question:

In each of the following cases the force F acts through the point with position vector v
relative to the origin & Find the vector moment of F about O

a F=00+2pMr=(1-jim.

b F=0+20MNr={21i-kim.

c F={i-7Nr=3km.

d F=(+j-2k)Nr=3E-j+kim.

Solution:
1 1 0

a |-1|=2|=(0]|Hmn
0 o] 3
2 1 0

h 0= 0==-5Hm
-1 0
0 1 3

¢ | 0= -1|=|3|Hm
3 0 0
3 1 1

d |-1|x 1|=|7|Hm
1 -2 4

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 6

Question:

In each of the following cases the force F acts through the point with position vector v
relative to the origin & Find the vector moment of F about the point A

a F=(i+j-kMNr=(G-2{)m,A[0,1,0),

b F={-Hr=0+2)m, 40,1},

¢ F=0+2k) N r={(+j-k)m, 6 A2,0,2).

Solution:

-0 0 0 0 -3
1-2 1 -1 1 2

c 1-0 = 0= 1|x|0]=|-1|MNm
-1-z -3 2 -1

© Pearson Education Ltd 2C
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Exercise C, Question 7

Question:

A force Foacts through a point with position vector p. Find, in terms of F, p and g, the
vector moment of F about the point with position wvector g

Solution:

p-q)xF=p=F-q=F

© Pearson Education Ltd 2C
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Exercise C, Question 8

Question:

Ineach of the following cases the force F has vector moment n about the origin O
Find a vector equation of the line of action of F if

a F=0i+n=4k INm,

b F=Zi-pHNn=30+23) Hm ,

¢ F=0+j-k)MNn=0G-2j+k) I¥m .

Solution:
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1 0 x 1 0
a rx|1|=|0]ie|¥y|[xf1]=|0
0 4 z 0

-z 0

= z [ =0

-y 4

= z=0x—y=4

Let y=0x=4

4 1
Equationis r=| 0+ 3| 1
0 0

z 1
= 2z =|2
—x—Z2¥ 0

=z=1,—x-2y=10

Let w=0x=10
0 2
equation 1s v =| 0| + 3| -1
1 0
1 3 X 1 3
c rx| 1 |=|2lie|ylx 1|=]|-2
-1 1 z -1 1
—y-z ]
= | z+x |=|-2
-y 1

=-y-—z=3z+x=-2x-y =1
Let y=0=z=—Z2and =1

1 1
Equationis r=| 0 |+ 4| 1
-3 -1
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Exercise C, Question 9

Question:

Ineach of the following cases the force F acts through a point P. Find a vector

equation of the axiz through the point O about which the moment of F iz calculated.

a F=(i-2{)I,F(0,1,0),0(0,0,0),
b F=(+2N PG +k)m, QG +2i k),
¢ F=(20i+j- k)N, Pli+]+2)m, O—i+2j —K)m .

Solution:
0 1 0
a [1 ®[=2| =] 0
0 0 -1
0 0 0
r=|0|+4 0| =4 0| izequation of axis,
0 -1 -1
0 0 -
b |-2|=x|1|=|0
2 2 0
1 —&
r=| 2 |+A] 0] is equation of axis.
-1 0
2 2 -2
c |-1|x|1]|=|28&
3 —1 4
=i -2
r=|2|+A4| 8| 1z equation of axis.
-1 4
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Exercise C, Question 10

Question:

The moment of a non-zero force F about a point P is equal to its moment about
another point (. Show that the line of action of F iz parallel to the line 20

Solution:

Let T be the position vector of a point on the line of action of F.

Let @=p and @=q
Then the moment of F about P iz (T -F)xF and above Q iz (r—q)xF
Therefore (r —p)xF=(r—q)xF=TxF-pxF=rxF-qxF

=pxF =qg=F
=pxF-g=xF =0
={p-q)=F =0

=gP=F =0 | Since F =0, ﬁ must be parallel toF
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Exercise D, Question 1

Question:

Prowe that the following systemn of forces reduces to a couple:

E ={+2j-3k ) acting at the point with position vecter iy = (i —j +2k)m,
F, =(-3i+j-3k)M acting at the point with position vector r, = Gi+k)m,
F, =(i—3+ 2k} acting at the point with position vector 1, = (Z2i+j—kjm,
F,=(i—-2j +4k)M acting at the point with position vector r, =(j — 2k)m .

Solution:

1 -3 1 1 0
SFE=|2 4+ 1|+]|-1+-2|=|0

-3 —= 2 4 0
1 1 3y (-3 2 1 0 1
SrxE ==l 2 [+ 0= 1|+ 1 |=| =1+ 1 |=x|-2
2 -3 1 -3 -1 2 -2 4
-1 -1 1 ]
=| 5|+ 6 |[+]|-3]|+|-2
-3 -1

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

Prowve that the following system of forces 15 in equilibrium:
F ={-1M acting at the point with position vector 1 =i +k)m,
F, ={2j+k)I acting at the peint with pesition vector 1, =i -2jim ,

F, =(-2i — )M acting at the point with position vector 1, = (3i+j +kjm .

F,=0{i-k)N acting at the point with position vecter ¥, =Z2im.

Solution:

0
D= -1+ 2|+ -1+ 0|=|0
1]

1 1 1 0 3 -2 2 1
Zrz-sz.=U><—1+—2><2+1><—1+Cl><D
1 0 0 1 1 0 0 -1

=1 [+ -1+ -2|+|2
-1) L2) 1) Lo

0
=|0 Hence system i in equilibrium,
0
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Exercise D, Question 3

Question:

A gystem consists of three forces B, F, and F, . The forces | and F, act at the points
(2,-1,00 and (2, 0, D respectively,. B = - 2101 F, = § +k)I, F, has magnitude
Y11 and acts along the line whose equation is r=3-k+ G 4+j-k) .

Prowe that the system reduces to a single force and find a wector equation for its line of
action.

Solution:
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2 r*E -3 °F,

= «h—l
> 32+12+( e
4
0
0

-=2+[1+1]
2

= =1 = =2 (] 0= 1|+ O x| 1
0

— Lk

0
-2 |+ 2
=3

=0
0
=0
4
0y (4
=(0[]0]|=0
4110

Hence the resultant 1z coplanar with the couple
Hence system reduces to a single force.

g

T

=
[ S o N N o T

dz | =
—4y

for a point v on the line of action

=z=0y=-1 x=3a(anything)

o o ko o, S O

0 1
—1|+.4| 0] 1z vector equation.

0 0
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Exercise D, Question 4

Question:

The line of action of a force (314+2j — k)M passes through the origin O and the line of
action of a force (=31 —j+2k) N passes through the point with position wector
(Fi4+j+A0m .

a Feduce the system of two forces to a single force acting through the origin &

together with a couple.
b Find the magnitude of the couple.

Solution:

3 =5 0

R=| 2 [+|-1|=|1

-1 2 1

Comparing moments about O,
3 -3

1= -1|=06G

2 2

single force 12 (j+10T
Couple has vector moment (4 —1210MNm

b |G = 8 +(—12)* =160 = 44/100m
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Exercise D, Question 5

Question:

Two forces 4§ M oand 5k I act through the points with position vectors (i4+j)m and
(j+k)m respectively. & third force acts through the point with position vector
{i+k)m andis such that the three forces are equivalent to a couple. Find the vector
moment and the magnitude of this couple.

Solution:

4+3k+F, =0  (gince system reduces to a couple)
=F =(-4j-3k)N

0y (o) [0y (1Y [0
G=>nxfy=|1|x4|+| 1| %0+ 0]x -4

o) Lo} L1} 13) l1) | -3
0y (3 (4

=0+ 0|+ 3
a) lo) -4
7

=| 3| Mim = (7i+3j)2m
0

G| = /72 +3 =58 Nm
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Exercise D, Question 6

Question:

In each of the following cases find the simplest system of forces which 15 equivalent to
the given system:

a B =(-2i+3j+k)I acting at the point with position vecter 1y =(—i+2j—k)m
F, =(=2j-k)M acting at the peint with positien vector 1, =3jm ,
F, =(i—3+k)I acting at the point with position wvector ¥, = (i — Zkjm .
b F =(2i-ji1 acting at the point with pesition vector i =1 +2jm .
F, =G +j) acting at the point with position vecter 1, = (21 +3)m ,
F, =(=i+j)I acting at the point with positien vector ¥, =—2jm .

¢ Forces PO, QR and RP where the points F, (2 and & have position wectors p, g and
r respectively.

d Forces AB, BC, CD and DA where the A5C00 15 a regular tetrahedron.
e Force (1+3)N acting at the origin & and a couple of vector moment 3k MNm

Solution:

PhysicsAndMathsTutor.com
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a SF = 3 |+|-2[+]|-1|=| 0

=l =l 0 0 1 1
PrxE = 2 x| 3 |+|3[x|-2|+ 0|x-1

=0f Ao b 0l kel Wel d
2N adas

= +{o yliesz
05} gl

+5
3
1

0

0

Hence system reduces to a single force {(—1+k)N acting through the origin &
2 3 -1 4

b SE=|-1+ 1]+

1 2 2 3 0 -1
TExE =2 x| =1+ 3| x| 1[+-2|x| 1
0

o] Lo o] Lo Lo
0y (0 (0 0
={o|+| o+ o]:: 0
-5) -7) |-2) |-14
AN
SE- S xE=[1|] 0 [=0
0) |-14

Hence resultant force is coplanar with the couple.
Peoint on line of action given by

< 0 x 4 0

r| 1= 0 |te|y|[=|1|=] 0
0 —14 z 0 —-14

-z |:| { z=|:|

=
=| 4z |[=| 0O x—4dy=-14
=4y -14
Let y=0=x=-14

single force (di+H

PhysicsAndMathsTutor.com
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-14 4
o Line of action has equation r=| 0 |+ 4|1
0 0

c ZF!- =@+§+ﬁ=ﬁ+ﬁ=ﬂ Hence couple or equilibrium

2r <, = (p x PO) + (g X Q) + (@ x RP)
=px{g-p)tpxir—gq)+rx{p-r}
=pxg+gxr+rxp

Hence system reduces to a couple of vector moment (p xq)+ (g +ri+(r =xp)

d SF, = AB+BC+CD+DA=0
>, <, = axAE +h x BC+exCD +px DA
=ax(h—a)+hx{c-h)+cx{d—c)+d=x{a-d)
=axh+hxc+ecxd+d=a
Hence system reduces to a couple of wvector moment (axh+b xec+cxd+d xa).
1
e > F =3
8]
>orxF =0+3k
a

0

3
o

Since ) F, 2 xE =|3|-| 0| =0 force is coplanar with the couple.

0y L3

Point ontime of action given by

1 0 x 1 0
rx|3 =0 1e |»|x3|=|0
0 3 z 0 3
-3z a
z =0
x—y 3
=z=03x-—y=3
Let x=0,y=-3
0 1
.. Equation of line of action iz r=| -3 |+ A =
0 0

Hence system reduces to a force (14301 acting at the point (0, =3, 07,

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:

F =0CG-3+ 2 acting at the point with position wector 1 = Gi—-kjm,
F, =(-i—-4j+ k)1 acting at the point with position vecter 1, = (2i—4j)m ,
F, ={i+3— Zk)I¥ acting at the peint with position vector 1, = (=3 +3k)m .
“When a fourth force F, 15 added the system 15 in equilibrium.

a Find the force F,.

b Find a vector equation of its line of action,

Solution:

PhysicsAndMathsTutor.com
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3 -1 1
a 2F=0=(-1|+|-4[+| 1 |+F, =0
2 1 -2
-3
=F,=|4|N

o
ie F,=(-3i+4j-k)N

2 2 2 -1 0 1 -3 0
h Zr!.xF!.: O x| =14+ == =d|+|-3|= 1 |4+r=l 4 |=|0
-1 2 0 1 5 -2 -1 0
-1 -4 1 -3 0
=S 4| =2 |+ S|4+r=l 4 | =0
-3 =12 3 -1 0
-4 -3 0
-6 ]—i—rx 4 1=10
-1z -1 0
x -3 4
:>[y | 4 | =6
z -1 12
—y—4z 4
:>[—32+x =| &
dx+3y 12
-4z =4
—32+x=6
dx+3y =12

Let x=0=yv=4 and z =-2
o Equation of line of action 1s

0 43
r=| 4|+4| 4
25 =

© Pearson Education Ltd 2C
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Exercise D, Question 8

Question:

A force (i—j+ A0 acts through the point (—1,-1,10 . Show that this force is

equivalent to an equal force acting through the origin together with a couple. Find the
magnitude of this couple.

Solution:
-1 1
-1| x| =1| =0+, comparing moments about &
1 2
el
2 =0 so |G|=,||‘|(—1)f*+33+22

=-\,."'1_4Nm

© Pearson Education Ltd 2C
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Exercise D, Question 9

Question:

DProwe that the following system of forces can be reduced to a force together with a
non-coplanar couple

E =+ acting at the point with pesition vector 1 = Gi+j+k)im ,

F, =i +k)IT acting at the point with position wvector r, =im |

F, =(2j—k)M acting at the point with position wector 1, =2jm .

Solution:

1 ] 2
ZE= H O+ 2|=|3
1 -1 0

1 1 0 0
+H 0= 0+] 2| 2
0 1 0 -1

1

1

0
-1 0 -2
=(1 +[—1 +| 0

Zrz' <Ky =

2 b i 0
2
=0
5
DT
SF,-ShxF,=|3|| 0 |=-6=0
ol L2

Hence, resultant force 12 #af coplanar with couple,
Sosystem can be reduced to a force (2143017 acting through the origin O together
with a couple of vector moment {—3i+ 2k Mm

© Pearson Education Ltd 2C
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Exercise D, Question 10

Question:

A force (14 2)—-k)I acts through the point (2, 0, 0) together with a couple of vector
moment {21 —kiMNm

a Show that this system cannot be reduced.
b Find an equivalent system where the force acts through the point (1, 3,47,

Solution:

PhysicsAndMathsTutor.com
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1
a ZFE-= 2
=1
2 1 2
SrxE=0]x| 2|+ 0
0 -1 -1
0 2
=|2|+| 0
4) 11
2
=|Z
3
1y (2
SF OrxE=| 2| |2[=320
=105

Hence, resultant force 12 non-coplanar with the couple . no further reduction
possible.

1 2 1
h Force | 2 |at (2, 0,00+ Couple | 0 |= Force | 2 [at(1,-3, 4) + Couple G
-1 -1 -1
(200 (1,-3,4

Comparing moments about O,

From a,

2 1 1

20 =|=-3|% 2 |+G
Z 4 -1

2 -3

2] =| 3 |+G

3

7

-3 =G

-2

Equivalent system iz (i4+2j -k acting at {1,-3,4) pluz a couple of moment
{i—-31-2k)Hm

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

The wertices of a tetrahedron PORS have position vectors p, g, r and s respectively,

where

p=3i-4j+k gq=4di+dj-2k

r =4di+k s=i-2j+k

Fotrces of magnitude 30 and Y117 act along (' and RS respectively. & third force
acts at F. Given that the system reduces to a couple,

a find the magnitude of this couple,

b find the force acting at =,

¢ find a unit vector along the axis ofthe couple.

Solution:

PhysicsAndMathsTutor.com
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Find the third force Fsfirst

4% 74
a @=q—r= 4 (—(0|=| 4
-2 1 -3
0 0
F, =% 4 ><30={24
-3 —18
1 4 -3
RS =s-r=|-2 —[0 ==y
1 1 0
-3 -3
F, =L -2 11?"=L =2 |5
13 0 13 0

9 2 4 9
RPx|-18|=1| -4 |-| 0|tx|-18
18 1 1 [18
-72 —4
=| 18 |=18 ]}
54 3
- Magnitude = 1826 Nm
9
b [-18
18
—4
¢ unit vector along axis L 1

V26

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

Pagel of 1

Tweo forces (Zi42] +k)M and (i4+ 2§+ 3k act at the points 204,-1,1) and

5,1, &) respectively.

a Find the force through the origin & and the couple which together are equivalent to

these twao forces,
b Find the magnitude of the couple.

¢ Show that the lines of action of the forces through D and & meet and find the

position vector of the point of intersection.

Solution:
3 1 4
a ZF!.= 21+ 21 =4
1 3 4
4 3 3 1 -3 -9

Il
|
+
|
LA

erijz—lx2+l><2
1 1 & 3 11 5

Hence force 15 (di+4§+ 40N through & plus a couple of vector moment

(—12i —4j +16k)m .
b |G [E44=3)% +(-1)7 +47 =426 Nm

4 N (3 1
e |-1l+a]2]=]1]+u|2
1 1) |6 3

= 44+31=3+u

o
—“1+21=1+2u &
1+A=6+3u &
- 0431 =T+5u &
-4 =—4-4u
—d=u=A=-1
Point of intersection has position vector {1—31)m .
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Exercise E, Question 3

Question:

A gystem of five forces consists of the forces Fy =i - 2j+ )M F, =21+ k) I and
F,=00-2j-4k)I, all acting threugh the origin &, together with a force

F, =(i—-2j -k acting through the point (—2,4.2) and a force F,=(—i-2j -7
acting through the point (1, -2,-17.

a FReduce the system to a force R acting at & together with a couple G

b Hence, or otherwise, verify that the system 15 equivalent to a single force

i¢i — 8 —4k)MN acting through the point (1,-1,17.

Solution:

e G e REC R
aR=2F=-2|+ 0|+ -2|+ -2|+|-2|=|-8
z) le) l—a) 1-1) |=7)] l-4
-2 1 1 -1
G=2rxF =|4|x -2|+|-2|x|-2

2 -1 -1 =7

0 12

=|o|+| 8

0) |-

12

=| g

|

R = (4i- 8- 4K G =(12i + 8 - 4k) M

s
b |-1|x|-8/=| 8 |=6 QED
1) L) l-a
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Exercise E, Question 4

Question:

A zystem consists of three forces:

E ={-j+2k) acting at the peint with pesition vector 1 = Gi—j+kim,

F, ={i+3 —k)IT acting at the point with position wector 1, = +2k)m ,

F, =(si+4 +2k)M acting at the point with position wvector 1, =k m .

a Obtain, in terms of & and £, the equivalent system consisting of a single force F

acting through the origin and a couple of moment G
b Determine the values of s and ¢ such that G s parallel to F.

Solution:
1 1 )
a DE=|-1|+| 3 |+|¢
2 -1 L2
2+
=|2+¢|=F
3

3 1 0 1 0 g
o xE = =1 x[=1[+]| 1| x| 3 [+[0] x|z
1 2 2y ALl Al L2

=10 (=7 (-t
=|=-53|+| 2 [+]| =

-2) -1 0

=B
=|-3+s|=0

=3

b Gparalelto F=—-(24s1=—8—-f =éf=s—t
—(2+81=—3+5 =1=5+¢
7 -3

e

=5 =—
2
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Exercise E, Question 5

Question:

A force B of magnitude 26 M, acts along the direction of the wector (4i—-3j+12k).
igiven that the line of action of B passes through the point (2,1,-17,

a findthe moment of By about O,
A bead moves along a smooth straight wire from the point P53, —2.1) to the point

05, -22, 2, under the influence of B and the reaction from the wire only,
b Find the work done by B in this moetion

Solution:
4 g
a F1=i —3|x26=|-5
e
12 24
% g 12
1 |%| =6 |=|-56 |t = (18 - 56§ - 20k)Nm
~1) l24) l-20
%
b PQ=|-20
1
B B
work done = | =6 | .| 20| =16 +120+24=1607
o4) |1
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Exercise E, Question 6

Question:

A zystem consists of three forces:

E =i+ + 2k acting at the point with position vecter i =(Bi+4j+k)m,
F, =(i—-2j +k)I7 acting at the point with pesition wector 1, =1+5j—-Zk)m,
F, =(-5i+j-3k)I acting at the point with position vector r,=(i+j+k)m.

a Show that this system reduces to a couple and find its magnitude,
The torce Fy 13 now removed from the syetem and replaced by the force ¥, such

that the forces 1, F, and F, are in equilibrivm Find
b the magnitude of F,,

¢ avector equation for the line of action of F,.

Solution:
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0
=[0
0
&y (4 1 1 T =
dhxE =4 x| 1]+ 5 x| -2|+]| 1] %[ 1
1 2 -2 1 1 =3
7 1 —4
=| -8 |+|-3|+|-2
—-10 =7 &
4
=|-13| =G
-11
1G] = & +(=13 +(~11)F =16 +169+121 =306 Nm
4 1 0
b |1|+]-2|+F,=|0
2 1 0
-5
F,=| 1 |=(F, |Ev25+1+49=A351
-3
¢ Froma,
7 1 -4
2rxE=| -8 |+|-3|+rx| 1| =|0
-10 =7 -3
-5 -8
=|xy|x| 1|=|11
z) =3 17
—3v—z -5
S 43z =| 11
x+5w 17
Put y=0.z=172z="h
17 —
Equation of line of action of Fy 1z v=| 0 [+ 4| 1
8 -3
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Exercise E, Question 7

Question:

Three forces of magnitudes 26, 4 Y41 and 15 N act respectively along the sides OF,
PO and 00 ofthe triangle FOQ where & is the origin. Eelative to O, the coordinates
of Fand O are (5, 12, 0 and (2, 0, 4) respectively.

a Show that the resultant 13 (31— 41T

b Find the magnitude of the moment of the resultant about &,

Solution:
5 10
a F1=l 12| %26 = | 24|
13
0 0
R ARl
Fo=|0|-[12]|=|-12
4) Lo 4
-2
F, = L —12 | 441
Jet+ i+ 4 |,
[ -4
AT —;2 441 = —;4 1)
-3
@5=[0
-4
-3 -9
F,=-|0[15=] 0 |
o =12
0% (=4 (-9 (-3
SF, =|24 |+|-24|+| 0 |=| 0 |=(-FE-4N
0 g ) l-12) |-4
58 A 96
b Sk xF =|12|x|-24|=|-40|=6
0 B ~72
|G| = 8127 +(=5)F +(-9)°
= 5./144+25+81
= 8250
= 404f10 Men
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Exercise E, Question 8

Question:

The point 4 has coordinates (2,-3,10, the point B has coordinates (—8,-1,4), the
point ' has coordinates (0, -13.5) and the point 22 has coordinates {4,3,-3) .

a Show that the lines A8 and CD intersect at right angles,
b Find the coordinates of the point of intersection.

A force of magnitude F acting in the direction AD moves a particle from & to 22
¢ Find the work done by the force.

Solution:
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—g-2% (-10
a AB=|-145|=| 4
4 -1 3
4-0 4
D =|3+13 |=| 16
~3-5) |-g
—10Y { 4
AB.CDO=| 4 ||16 |=—40+64-24=0
3 ) l-g
- perpendicular

2 -10 0 4
b =S+ 4 | =-15]+ 4] 16
-8

1 3
=2-101=4u O
—5+43=—13+16u &
1433 =5-8u )
2+6A=10-16u T 3
—3+104 =-3
1
A= U::»,.:J—E

Point of intersection 1s {2,-5,1)

¢ F=7Fxunit vector along AD

>
AD=| 8 ||A4D|= /2 +8 +(-4)
—4
=4+ 64+16
= B4
> 4+8Y (12
R A A o SO FE P
4l —3-4]) -7
2 (12
'ﬁr-::urk-ci-::unna=i 3 || 4
84 4] 1-7

= (24 +32 +28) = FyBd = 2721

4’7
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Exercise E, Question 9

Question:

The force F =({5 +) acts through the point with position vector r=(xi —»j)im.

a Prowve that this force 1z equivalent to an equal force at & together with a couple.
Three variable forces By = 2cosd, By, = cosfi+Z2sin 8. F; =3sinfi+cosg act at the
points with position vectors O, 14+ and -3 +2j respectively.
Ifthe system iz reduced to a single force R acting at & with a couple G,

b find the values of B and 3.

reduce an equation of the line of action of the resultant.

show that this line passes through a fized point which 1s independent of 2.

[

Solution:
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x A 0
a |—-y[x|F|= ] =3
0 0 xF+uX
Couple 15 (xF + 35k Nm

2cost cosk Jain g
b R=ZE- = 0 | 4| 2siné | +| cost
0 0 0
Zcosf+3and
=| Zasnf4cozt (W
0
1 Cost -3 Zeint
G =27 =F, =|1| x| 2sint | +| 2 | x| cost
0 0 0 0
0 0
= 0 + 0
2ainf—cosd —3cosi—bant
0
= 0
—dsint—4cosi

x dcost+dsni 0
c | y| x| Z2siné4cost | = 0
z 0 —dzinf —dcosi
—z{2zin f+cosi) 0
z(3costi +3a8n§) = ]
x(2zinf +oosd) — i 3cosi43ani) —danf—deoosi

=Z2x-—Sy=—dx-Sy=— =z=10
If x=0,y=%,z=0(‘;"(for ally £)

3 Jrosi+3sini
Hence line of action is v = = +A| Zsing+cost
0 0
0
. . 4
d This line passes through the fized point =
0
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Exercise E, Question 10

Question:

A force of unit magnitude has equal vector moments about points with position
vectors § m and (i+2j—k) m . Find the possible forces.

Solution:

1= »|=| 2 |x|»
0 z -1 Z
-1 x
=|-1|x|y]| =0
1 z
—Z—y 0
=| x+z | =|0
—v+x 0
=y =-z
x=-z
=x =y=-z
and X2 +y° +28 =1
Bgti=]
Jr=iL
3
1 1 1
X—E,y——g z———3
R
=B FR

Possible forces i% fi+j—-k)M
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