Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 1

Question:

Attime ¢ seconds the position vector of a particle P iz v metres and its velocity iz
vm s} The motion of P iz modelled by the differential equation

— =3y
di
given that when £ =0 r=73i and v=i-7j, find r in terms of £,

Solution:
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%— v =0 Aumliary equation1s A-3=10

=4=3

General solution is v= Ae¥
When t=0,v=1i—-j=i-j=A

So, v={i—je*
A L L g
1E. —=I11—]JE
- 1-3)
:>r=%(i—j}e3’+]3
Whenr.=0,r=3i:‘>3i=%(i—j)+B
:;~§i+lj:B
303
1 8. 1
Hence, r=—(i—-7e¥+2i+—3
3( 1) e

:%{e3’+8)i+(1—e3’j}

Alternative method

E—31r=lﬂl
d&
2
:;»d—‘;—33=0
T de

Auxmliary equation:
A-31=0= AA-3=0
= A=0or3
= General Selution iz v=A +Be™
i=0r=3=3=A+B @
r=A+Be* = v = 3Be”
t=0v=i—-j= i-j=ZB

1. .
:>§l:1 -j1)=B Substitute into O
ﬁ=§i+lj
33
e e
Hence, r=—1+=-j+=-{1—7)e as before
3 33
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Exercise A, Question 2

Question:

The velocity vm s of aparticle P at time ¢ seconds satisfies the differential equation
—+v=0
ot

iven that the initial velocity of 215 (1214637, find the velocity of Pat £=1n3.

Solution:
dw
E+v=0:>}i+]=0:‘~}£=—1

S0, general solution is v=Ae™
(=0,v=12+6] = v= {121 +6je’
When £=1n3, v=(12i+6j)e™

=4i+2j
Velocity is (4i4+2))m s~
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Exercise A, Question 3

Question:

The velocity vm s at time ¢ seconds of a particle moving in a plane satisfies the
differential equation

% =fv, where v=4+2] when £ =10

Griven that the particle starts, at £ =0, at the point with position vector {i+)m find

a the position vector of the particle P at time £ seconds,

b the titne when the magnitude of the acceleration of the particle P first
equals 100m 7.

Solution:

%—6v=0:‘»ﬂ—6=0:}}.{=6

=0, general solution 15 v= A
t=0v=4i+2) = v = (di+2j)e™

=r = %(4i+2j)e‘5’ +B

t=0r=i+j=i+j =l6(4i+2j)+B

1, 2
=—-i+—j =R
ERC
1 1., 2
a Hence, r=—(2i+7e¥ +21+=3
3( 1 LR

b a= %: Ev =(24i+12j)e™
=12e™(21+])
la|=12e% 22 + 2
= 1245

S0, 12,/5e% =100

:>:=11n( 100 J=0.2195 (35.£)

6 h124f5
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Exercise A, Question 4

Question:

Attime £ zeconds the position vector of a particle P iz r metres and itz velocity is
vm s} The motion of P iz described by the differential equation

— =4
de

iven that when f=0r=i-k and v=i+j+k,

a find rin terms of £,

b findthe speed of Fwhen £ =2,

¢ find the magnitude of the acceleration of & when £ =2

Solution:

3
d_"—4v=u:,=d_§—4$=o = A2-41=0
At A&

= Ad=00rd

=0, general solution s r=A +Be¥

a i=0r=i1-k=i-k=A+EB [

v=4Be". :=0v=i+j+k :}>B=£(i+j+k)

:A=i—k—i(i+j+k}

EEO L
=Zlj~ij=Zk=_(3i=]j-5k
P 4( 1-35k)

1
So.r=—{ 3i—j-Sk+i+j+ke"
4{ ] (i+j +k)e¥}

b v=(i+j+kie"
When ¢=2,v=(i+]+k)e’
|V|=ES—\|'§mS_1
c As a=ﬁ=4v

At e=2|aj=4e*f5m s
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Exercise A, Question 5

Question:

Attime ¢ seconds the position vector of a patticle P is v metres. The motion of P iz
described by the differential equation

dPr _dr
at T de
Given that the initial velocity of P is (2i—j)m s, find the speed of Pat ¢ =1n 3.

Solution:

£—2E=U:~E—2v=0
de de de
=A-2=0=1=2
=v = Ae¥
=0, v=2i-j=v=(2i-je"
f=In3, v =(2i-je™
= (18- 9

vERRE (=1 =945 m s
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Exercise A, Question 6

Question:

Attime £ zeconds the position vector of a particle P iz v metres. The motion of 2 i3
modelled by the differential equation

dr
=t er=(15+10§e™
" ( i)

Ciiven that when £ =0r=2i+j, find
a rinterms of'f,
h the welocity of P when £ =1n4d

Solution:

B
10

Integrating factor = e

3oy = (15}&
de 10

3
efr = (]ﬁj’+c
2

15
a E+2r=[ J A
de

2 2f
[ =g

]
f,=1n4,1r=(6] ><64+(2] xi: ;
16 284 =

velocity 18 (076 éi+384éj) ms™
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Exercise A, Question 7

Question:

The position vector v metres of a particle & at time £ seconds satizsfies the wvector

differential equation

£+r =ke',
de

Given that when § = 0r=2i+3j+k find rin terms of £,

Solution:

£+r =Lke
di

nar _ ¢

Integrating factor = e e

= i (re’) = ke®
di

=re’ = _I-kemdé = lkeg:r +c
2
When t=0,r=21+3+k

:>(2i+3j+k)=%k+c
:‘,>2i+3j+%k=c

1., T
:>r=§ke +(21+3]+§k)e

r= 2&"i+3&'¢j+%(e’+e"jk
Alternative method
%4‘1" =0=A+l=0=41=-1
CFisr =Ae”
PITrvr =RBe $%=Be’

So, Be'+Be =ke' =B =%k

S0 PLizr =%ke’
General selutien1s CF. + P.L

ie r=Ae" +12k e’

£=0,r=2i+3j+k=>2i+3j+k=A+%k

= 2i+3j+%k=A

So, r= (2i+3j+%k)e"+%kﬁ’
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Exercise A, Question 8

Question:

At time £ the velocity v of a patticle P satisfies the vector differential equation

dv  Ev .
— +— =0, where T iz a constant.

: . : S : L 3ai—j
Attime ¢ =0 the position vector of P iz a(2i+7) and its velocity 15 y.

Find the position vector of P at time £,

Solution:
o
di T

s e ()

T
2,
Lw=AeT

3t
=r =—gAeF+B
3a Sa
When =0 v=—{i-j) = =(i—-j)=A
T( 1) T( 1)
3
So, r=—ali-{le’ +B
When i=0r=aizi+])
= al2i+j) = -ali-})+B
=ali) =R

=3

So,r=Cai—ali-jle’
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Exercise A, Question 9

Question:

The position vector of a particle & at time £ seconds 15 v metres. The motion of P 1z
modelled by the vector differential equation

£+3r =474
di
Giiven that when ¢ =0 r==2i—j, find r in terms of ¢

Solution:

Shigns =4¢7j IF =gl =¢*
dr

d 2
=—(re”) = 4e
il ]

re’ = 2e¥4+A

(=0r=2i-j=2i-j=2+A
=2i-3=A
=r = Zelj4+(2i-3e
= e +(2e7 -3y
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Exercise A, Question 10

Question:

The position vector of a particle P at time £ seconds is v metres. The motion of 2 i3
modelled by the vector differential equation

OGN
& ¢

Given that when i =1,r=1-7j, find r in terms of ¢,

Solution:

i=lr=i-j=i-j=—4j+c
c=i+3j

Sor=(1+7 - 45

ie. =r=£54(3%-40j

Check % = i+ (62 — 4]

LHS = 26+ (6t — j— E{zzi +(3* - 48)j)
i
= 4j=RHS
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Exercise B, Question 1

Question:

At time £ seconds the position vector v metres of a particle F satisfies the vector
differential equation

2
d—§+4£+8r=u.
& &

At £=0,r=i+j and the velocity of P is (2i—4j)m s
Find an expreszsion for v in terms of 2,

Solution:
3
d—§+4g+8r=0 = P +41+8=0
&
= (A+2° =—4
= A=-2+3%

General solution is r =e ™ (A cos 2t +Bsin 2¢)
f=0r=i+j=i+j=A
% = e (—2Asin 2+ 2Bcos 22— 2e ¥ (A cos 2t +Bsin 2¢)
=0 v=2i-4j=2i-4=2B-2A
= B=i-Zj+i+j=2i—j
So, r=e 2 [(i+]) cos 26 +{2i—])sin 2]
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Exercise B, Question 2

Question:

The position vector v metres of a particle P at titne £ seconds satisfies the vector
differential equation

d*r _dr

—+3—+2r=0

At ¢ =0, the particle is at the point with position vector 2§ m moving with velocity
{i+jm s

Find r in terms of ¢,

Solution:

2
d—§—3%+2r=0:>,12+3,1+2=0
= (A+DA+0 =0
= A=-2or -1
General solution is
r = Ae ¥ +Be”

t=0r=2=21=A+B o
E =A™ —Be?
di

t=0,v=i+]=i+j=-2A-B &
D+@:  i+3=-A=A=—-3
=B=i+5j

So, r=(—i-3)e® +{i+5))e”
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Exercise B, Question 3

Question:

The position vector of a particle P at time £ seconds 15 r metres. The motion of P iz
modelled by the differential equation

2

d—‘; .

ds de

Given that when ¢ =0r =1 and % =j, find the distance of P from the origin & when

t=%.

Solution:

g—2£+r=ﬂz>f—2,%+l=0
di de
= (A-1*=0
= A=T1itwice)
General solution iz r =&’ (A +Be)
i=0r=i=i=A
& £B+e (A+Bs)
de
i=0v=j=j=B+A=B=-i+j
r=ce[i+—-i+j)]
When £=2,r = &*{i—2i + 2j)
= e*(—i +2j)

Ir|= e f- 17 +2F =e* B m

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 4

Question:

The position vector of a particle P at time £ seconds is r metres and zatisfies the
differential equation

dr  dr
?+—+r=0_

iven that when ¢ =0,r =-21 and % =1 +a,.'"§j CIind roin terms of £

Solution:

2
d—r+%+r=0:»,%2+ﬂ+l=0

4
2

={a+2| =-2

2 4

= 1= _1+i£
2 2
1
General solution 15 ¥ = e—f(Acos %.ﬁ +B:in gﬁ}

t=0r=-2i=-21=A

1
E=e_ { J_ £ﬁ+£Bcos£ﬁJ—le_f(Acaséi+Bsin£i)
di 2 2 2 2 2

zzo,v:i+£j:i+ﬁj:§3—%g
:>i+ﬁj=§]3+i:>]3=2j
- 3 VB

So,r=e ¥ (—2cos—s+2sin —4
( > i &)
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Exercise B, Question 5

Question:

The position vector of a particle P at time £ seconds is r metrez. The motion of F iz
modelled by the differential equation

2
d—§+2$=u.

Fiwen that when : =0r=0 and % =41, find r in terms of 2.

Solution:
2

d—§+2£=u = P2 4+21=0
@

= AA+2)=10
= A=0or-2

General Solution is r= A+Be™
t=0,r=0=0=A+B @

=-—2Be™

a8

z=0,%=4i:>4i=—23 —B=-2

=A=2

So, r=21—2e™
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Exercise B, Question 6

Question:

The position vector of a particle  at time ¢ seconds is r metres and satisfies the
differential equation

2
jﬁ—§+r =10e¥i,

Tiven that when é =0r =1 and % =2j.find rin terms of ¢,

Solution:

2
d—§+r=U:>}£2+1=0:>,51=ﬁ
d&

= CF 1sr =Acost+Bsin{
ForPI try r = Ce¥

2
=& _ e :»d_;" = 4Ce¥
ar dt

So 4Ce¥ +Ce® = 10:%i
=0 =2
Plisr = 2ie®
o general solution isr = Acost+Bsing + 2e™i
f=0r=i=i=A+0+2i=A=-
% =—Asint +Bross +4e”i

: =U%=2j:>2j=]3+4i:»3=—4i+2j

So r=—costi+sins(—di+2) +2e*
ie. r=(2e¥ —cost—4sini+2sing
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Exercise B, Question 7

Question:

The position vector of a particle P at time £ seconds is v metres. The motion of 2 i3
modelled by the differential equation

2
L

Given that when ¢ =0r==2i—j and %=i+j Vfind rin terms of £

Solution:
g—ziﬁr:u = A -2145=0
ez e
=(A-1P¥=-4
= A=1xz
= CFizsr=¢({Acos2:+Bsin )
For P I try

r =psinitgoost
=y =poosi—qsind
=¥ =—pant—qcost
So, —pani-goosi —2(poost —qsind)+o(panti+qoosi) = 10zn A
dpzint+2qani+dqoosi—2proosi = 10sin s
dp+2q=10i and 4q—-2p =0=p="2q
10g =10
g =i=p=2
SoPlisr=21ani+icost
General solution 1z
r = ¢ (Acos2:+Bsin 20+ 2isinz +icoss
t=0r=3-]=2-j=A+Hi=A=1-]

& &

=e'(Acos2:+Bsin ) +e' (—2Asin 2+ 2Bros 28+ 2icosi—ising

=4
Il

L‘J,%=i+j:>i+j=ﬁ+2]3+2i

2o 1+j=i-j+2B+zai

j—i=B

Sor=¢[i—-jcos2t+(—i+j)sin 2]+ 2isin £ +Hicoss

1E r=i(e’|:os 2t—e'sin 2£+23in£+cosz)+j(e’sin 2t —¢ cos2f)

© Pearson Education Ltd 2C
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Exercise B, Question 8

Question:

The position vector of a particle P at time 2 seconds is r metres and satisfies the
differential equation
dr & :
— —4—+4dr =3i.
di
At £ =10, the particle 15 at the point with position vector (21 —kim mowing with

velocity (i+2§)ms™.
Find r in terms of ¢,

Solution:

2
d—§—4£+4r=0 = A -41+4=0
—{A=21"=0
= A =2(twice)
= CF.isr=e®(A+B)

ForPItryr=20
r=0
F=0

S 4U=8i=C=2i
G.S is r=e*(A+BH+2i
=0r=2i-k=2-k=A42i=A=-k

£
% e*B+2e¥ (A 4Bt

¢ =0%=i+2j:>i+2j=3+2g =B=i+2j+2k

So r=e¥[—k+£(i+2j+2k) ]+ 2i

© Pearson Education Ltd 2C
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Exercise B, Question 9

Question:

The position vector of a particle P at time £ seconds is r metres and satisfies the
differential equation

4 e
dﬁ_‘; —dr =124 2j,
At § =0, the particle is at the point with position vecter (i+k)m moving with

velocity 2jm s™.

Find r in terms of £

Solution:
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2
d_‘;—4r:0:>f—4:0:~ﬂ:i2
dt

= CFisr=Ae" +RBe™
FarPIltry r=Cit+D
F=C
=0
So 0—4(C:+D) = 124 - 25
=-40=12i=c=-3
1
—4D = -2j :>D=Ej
. .
SoPI s r=—3n+§]
B r=Ae:”+Be'2’—33i+%j
i=0r=i+k :‘,>i+k=A+B+%j

:>i—%j+k=A+B @

= DAt oPe M5

& |8

z=o%=2j — 2j=2A-2B-3i

— %+2j=2A-2B @
2i—j+2k=2A+2B @
Add,
Si+j+2%k =4A
T
4 2
_1_
4

i
o
I
=

=

-
|

2| —

]

i O [ IS N gy [
&

it
£

i
|

So, T =

Rl m B B W | B

o | o
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Exercise B, Question 10

Question:

The position vector of a particle P at time £ seconds 15 v metres. The motion of P iz
modelled by the differential equation

d*r dr
22T 8 =(94+18]e".
B G ( i)

Giiven that when ¢ =0r=14+2j and % =2i+j, find rin termz of 2.

Solution:

2
d_g—zﬁ—sr:o:,aﬂ—zﬂ—gzo
at T de

= (A-DHA+2)=0

= A=dor-2

= CFisr=Ac"+B
ForP 1 try

r=0C¢

r=0e

r=0_¢

Ce’ — 208" —8Ce" = (%i+18j)e
—W =5 +18 = C=—i-2j
SoFPI iz r=(-i-2j¢
LGS s r=AeY+BeH 4 (i -2
t=0r=i4+2j=i+2j= A+B+i{-i-2j
=zZ+d=A+EB o

=4Ae" - DB 4(—i- 2§)¢!

& | &

rzﬂ,%=2i+j = 2i+j =4A-2B-i-2j

=3i+3=4A- 2B @

Si+dj=A+B @
3i+3 =4A- 2B @
4i+8 = 2A+2B @ x @

Ti+11j =6A

B Al 5. 1%

—i+—)]=A=B==i+—3j
& 6 & 6

o S 13
r= [EHE]'J e"’+(gi+gj] e +{—1- 2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

In each of the following cases calculate the work done by the force F as it mowes its
point of application through the displacement d:

a F=0CGi+j-AON d={i+j-2km.

b F=({-4i—j+2k)N,d={31i—j+4k)m .

¢ F=0-2k)N,d=(—-3k)m

Solution:
3 1

a 1] 1 |=3+1+4=8]
-2 )=z
-4 3

h |-1]|-1|==-12414+8=-31T
2 4
1 0

C 0 1 [=67
2] 1-3
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Exercise C, Question 2

Question:

In each of the following cases calculate the work done by the force F as it mowes its
point of application from the peint A with position vector 1, to the point B with
pesttion vector ry:

a F=0+j-2k)MNr,=(i+j-kimr,=(2i-3j+k)m.

b F=02i—j+3k)Mr,=Ci-j+kim,r, =(4i-3-Zk)m.

c F=i-kMNr,=21-jmr,=CGi-j+kim.

Solution:
1 1

a 11| |=1-4-6=-97T
-2 3
2 2

b |-1||-2|=4+2-9==-3T
3 -3
1 1

C o{o)l=1+0-1=07
-1} 11

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5

Edexcel AS and A Level Modular Mathematics
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Question:

In each of the following cases a particle P of mass 0.5 kg is moved from the point A
with position vector v, to the point & with position wector ¥y by a force F. Assuming
that in each case there are no other forces, apart from F, doing work on P and that the
speed of P at the point A is 4 m 57, find in each case the speed of P when it reaches
the point 5

a F={-j+2k) N r,=0+ji-ZImr,=2i-3+k)m.

b F=C2i—-j-k)MNr,=0Ci-j+kimr,=4H-3-2kim.

c F=G-1Mr, =21-jmr, =CGi-j+kim.

Solution:

a work done =E E gan

1 1
-1| | -4 =12><L‘].5(v2 4%
2] |3

60 = v*
u‘ﬁm =y
2% (2
| EE Y = =%><U.5(v2—42}
-3} | -3

44249 = %(v? ~16)

76 = v
\‘%ms_l=v
1Y ;
c 00 =§><U.5(v2—42)
-1} 11

1+O—1=%(v2—16]
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Exercise C, Question 4

Question:

Forces of magnitudes & M, 7 I and 9 M act in the directions 204+ 2j+k, 6i -5+ 2k,
and 71+4)—4k, respectively. The three forces act on a particle causing a
displacement of (34i +10§m .

a Find the worlk done by each force.

b Verify that the total work done by all three forces 15 equal to the wotk done by the
resultant force.

Solution:
: 2 4
F1=6><m 2(=|4
Y 1 2
& &
F2=?><; —3|=|-3
B2 H(=3)% 427 5 5
: 7
FB:ng 4 1= 4
v —4 —4
24
a 41110 =1364+40=1767T
2, L0
34
=2 |10 =204-30=1741T
2 0
T34
4 [ |10 =2384+40=273]
4] b0

b Total work dene=6281T

A% sfieiy aiig 17
p=|4|+-3|+ 4 |=|5
2) l2) 1l 0

17y 34
51110 |=578+50=6251
0 0
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Exercise C, Question 5

Question:

In each of the following cases the force F acts through the point with position vector v
relative to the origin & Find the vector moment of F about O

a F=00+2pMr=(1-jim.

b F=0+20MNr={21i-kim.

c F={i-7Nr=3km.

d F=(+j-2k)Nr=3E-j+kim.

Solution:
1 1 0

a |-1|=2|=(0]|Hmn
0 o] 3
2 1 0

h 0= 0==-5Hm
-1 0
0 1 3

¢ | 0= -1|=|3|Hm
3 0 0
3 1 1

d |-1|x 1|=|7|Hm
1 -2 4
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Exercise C, Question 6

Question:

In each of the following cases the force F acts through the point with position vector v
relative to the origin & Find the vector moment of F about the point A

a F=(i+j-kMNr=(G-2{)m,A[0,1,0),

b F={-Hr=0+2)m, 40,1},

¢ F=0+2k) N r={(+j-k)m, 6 A2,0,2).

Solution:

-0 0 0 0 -3
1-2 1 -1 1 2

c 1-0 = 0= 1|x|0]=|-1|MNm
-1-z -3 2 -1

© Pearson Education Ltd 2C
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Exercise C, Question 7

Question:

A force Foacts through a point with position vector p. Find, in terms of F, p and g, the
vector moment of F about the point with position wvector g

Solution:

p-q)xF=p=F-q=F

© Pearson Education Ltd 2C
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Exercise C, Question 8

Question:

Ineach of the following cases the force F has vector moment n about the origin O
Find a vector equation of the line of action of F if

a F=0i+n=4k INm,

b F=Zi-pHNn=30+23) Hm ,

¢ F=0+j-k)MNn=0G-2j+k) I¥m .

Solution:
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1 0 x 1 0
a rx|1|=|0]ie|¥y|[xf1]=|0
0 4 z 0

-z 0

= z [ =0

-y 4

= z=0x—y=4

Let y=0x=4

4 1
Equationis r=| 0+ 3| 1
0 0

z 1
= 2z =|2
—x—Z2¥ 0

=z=1,—x-2y=10

Let w=0x=10
0 2
equation 1s v =| 0| + 3| -1
1 0
1 3 X 1 3
c rx| 1 |=|2lie|ylx 1|=]|-2
-1 1 z -1 1
—y-z ]
= | z+x |=|-2
-y 1

=-y-—z=3z+x=-2x-y =1
Let y=0=z=—Z2and =1

1 1
Equationis r=| 0 |+ 4| 1
-3 -1
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Exercise C, Question 9

Question:

Ineach of the following cases the force F acts through a point P. Find a vector

equation of the axiz through the point O about which the moment of F iz calculated.

a F=(i-2{)I,F(0,1,0),0(0,0,0),
b F=(+2N PG +k)m, QG +2i k),
¢ F=(20i+j- k)N, Pli+]+2)m, O—i+2j —K)m .

Solution:
0 1 0
a [1 ®[=2| =] 0
0 0 -1
0 0 0
r=|0|+4 0| =4 0| izequation of axis,
0 -1 -1
0 0 -
b |-2|=x|1|=|0
2 2 0
1 —&
r=| 2 |+A] 0] is equation of axis.
-1 0
2 2 -2
c |-1|x|1]|=|28&
3 —1 4
=i -2
r=|2|+A4| 8| 1z equation of axis.
-1 4
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Exercise C, Question 10

Question:

The moment of a non-zero force F about a point P is equal to its moment about
another point (. Show that the line of action of F iz parallel to the line 20

Solution:

Let T be the position vector of a point on the line of action of F.

Let @=p and @=q
Then the moment of F about P iz (T -F)xF and above Q iz (r—q)xF
Therefore (r —p)xF=(r—q)xF=TxF-pxF=rxF-qxF

=pxF =qg=F
=pxF-g=xF =0
={p-q)=F =0

=gP=F =0 | Since F =0, ﬁ must be parallel toF
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Exercise D, Question 1

Question:

Prowe that the following systemn of forces reduces to a couple:

E ={+2j-3k ) acting at the point with position vecter iy = (i —j +2k)m,
F, =(-3i+j-3k)M acting at the point with position vector r, = Gi+k)m,
F, =(i—3+ 2k} acting at the point with position vector 1, = (Z2i+j—kjm,
F,=(i—-2j +4k)M acting at the point with position vector r, =(j — 2k)m .

Solution:

1 -3 1 1 0
SFE=|2 4+ 1|+]|-1+-2|=|0

-3 —= 2 4 0
1 1 3y (-3 2 1 0 1
SrxE ==l 2 [+ 0= 1|+ 1 |=| =1+ 1 |=x|-2
2 -3 1 -3 -1 2 -2 4
-1 -1 1 ]
=| 5|+ 6 |[+]|-3]|+|-2
-3 -1

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

Prowve that the following system of forces 15 in equilibrium:
F ={-1M acting at the point with position vector 1 =i +k)m,
F, ={2j+k)I acting at the peint with pesition vector 1, =i -2jim ,

F, =(-2i — )M acting at the point with position vector 1, = (3i+j +kjm .

F,=0{i-k)N acting at the point with position vecter ¥, =Z2im.

Solution:

0
D= -1+ 2|+ -1+ 0|=|0
1]

1 1 1 0 3 -2 2 1
Zrz-sz.=U><—1+—2><2+1><—1+Cl><D
1 0 0 1 1 0 0 -1

=1 [+ -1+ -2|+|2
-1) L2) 1) Lo

0
=|0 Hence system i in equilibrium,
0
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Exercise D, Question 3

Question:

A gystem consists of three forces B, F, and F, . The forces | and F, act at the points
(2,-1,00 and (2, 0, D respectively,. B = - 2101 F, = § +k)I, F, has magnitude
Y11 and acts along the line whose equation is r=3-k+ G 4+j-k) .

Prowe that the system reduces to a single force and find a wector equation for its line of
action.

Solution:
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2 r*E -3 °F,

= «h—l
> 32+12+( e
4
0
0

-=2+[1+1]
2

= =1 = =2 (] 0= 1|+ O x| 1
0

— Lk

0
-2 |+ 2
=3

=0
0
=0
4
0y (4
=(0[]0]|=0
4110

Hence the resultant 1z coplanar with the couple
Hence system reduces to a single force.

g

T

=
[ S o N N o T

dz | =
—4y

for a point v on the line of action

=z=0y=-1 x=3a(anything)

o o ko o, S O

0 1
—1|+.4| 0] 1z vector equation.

0 0
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Exercise D, Question 4

Question:

The line of action of a force (314+2j — k)M passes through the origin O and the line of
action of a force (=31 —j+2k) N passes through the point with position wector
(Fi4+j+A0m .

a Feduce the system of two forces to a single force acting through the origin &

together with a couple.
b Find the magnitude of the couple.

Solution:

3 =5 0

R=| 2 [+|-1|=|1

-1 2 1

Comparing moments about O,
3 -3

1= -1|=06G

2 2

single force 12 (j+10T
Couple has vector moment (4 —1210MNm

b |G = 8 +(—12)* =160 = 44/100m
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Exercise D, Question 5

Question:

Two forces 4§ M oand 5k I act through the points with position vectors (i4+j)m and
(j+k)m respectively. & third force acts through the point with position vector
{i+k)m andis such that the three forces are equivalent to a couple. Find the vector
moment and the magnitude of this couple.

Solution:

4+3k+F, =0  (gince system reduces to a couple)
=F =(-4j-3k)N

0y (o) [0y (1Y [0
G=>nxfy=|1|x4|+| 1| %0+ 0]x -4

o) Lo} L1} 13) l1) | -3
0y (3 (4

=0+ 0|+ 3
a) lo) -4
7

=| 3| Mim = (7i+3j)2m
0

G| = /72 +3 =58 Nm
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Exercise D, Question 6

Question:

In each of the following cases find the simplest system of forces which 15 equivalent to
the given system:

a B =(-2i+3j+k)I acting at the point with position vecter 1y =(—i+2j—k)m
F, =(=2j-k)M acting at the peint with positien vector 1, =3jm ,
F, =(i—3+k)I acting at the point with position wvector ¥, = (i — Zkjm .
b F =(2i-ji1 acting at the point with pesition vector i =1 +2jm .
F, =G +j) acting at the point with position vecter 1, = (21 +3)m ,
F, =(=i+j)I acting at the point with positien vector ¥, =—2jm .

¢ Forces PO, QR and RP where the points F, (2 and & have position wectors p, g and
r respectively.

d Forces AB, BC, CD and DA where the A5C00 15 a regular tetrahedron.
e Force (1+3)N acting at the origin & and a couple of vector moment 3k MNm

Solution:

PhysicsAndMathsTutor.com
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a SF = 3 |+|-2[+]|-1|=| 0

=l =l 0 0 1 1
PrxE = 2 x| 3 |+|3[x|-2|+ 0|x-1

=0f Ao b 0l kel Wel d
2N adas

= +{o yliesz
05} gl

+5
3
1

0

0

Hence system reduces to a single force {(—1+k)N acting through the origin &
2 3 -1 4

b SE=|-1+ 1]+

1 2 2 3 0 -1
TExE =2 x| =1+ 3| x| 1[+-2|x| 1
0

o] Lo o] Lo Lo
0y (0 (0 0
={o|+| o+ o]:: 0
-5) -7) |-2) |-14
AN
SE- S xE=[1|] 0 [=0
0) |-14

Hence resultant force is coplanar with the couple.
Peoint on line of action given by

< 0 x 4 0

r| 1= 0 |te|y|[=|1|=] 0
0 —14 z 0 —-14

-z |:| { z=|:|

=
=| 4z |[=| 0O x—4dy=-14
=4y -14
Let y=0=x=-14

single force (di+H

PhysicsAndMathsTutor.com
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-14 4
o Line of action has equation r=| 0 |+ 4|1
0 0

c ZF!- =@+§+ﬁ=ﬁ+ﬁ=ﬂ Hence couple or equilibrium

2r <, = (p x PO) + (g X Q) + (@ x RP)
=px{g-p)tpxir—gq)+rx{p-r}
=pxg+gxr+rxp

Hence system reduces to a couple of vector moment (p xq)+ (g +ri+(r =xp)

d SF, = AB+BC+CD+DA=0
>, <, = axAE +h x BC+exCD +px DA
=ax(h—a)+hx{c-h)+cx{d—c)+d=x{a-d)
=axh+hxc+ecxd+d=a
Hence system reduces to a couple of wvector moment (axh+b xec+cxd+d xa).
1
e > F =3
8]
>orxF =0+3k
a

0

3
o

Since ) F, 2 xE =|3|-| 0| =0 force is coplanar with the couple.

0y L3

Point ontime of action given by

1 0 x 1 0
rx|3 =0 1e |»|x3|=|0
0 3 z 0 3
-3z a
z =0
x—y 3
=z=03x-—y=3
Let x=0,y=-3
0 1
.. Equation of line of action iz r=| -3 |+ A =
0 0

Hence system reduces to a force (14301 acting at the point (0, =3, 07,

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:

F =0CG-3+ 2 acting at the point with position wector 1 = Gi—-kjm,
F, =(-i—-4j+ k)1 acting at the point with position vecter 1, = (2i—4j)m ,
F, ={i+3— Zk)I¥ acting at the peint with position vector 1, = (=3 +3k)m .
“When a fourth force F, 15 added the system 15 in equilibrium.

a Find the force F,.

b Find a vector equation of its line of action,

Solution:

PhysicsAndMathsTutor.com
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3 -1 1
a 2F=0=(-1|+|-4[+| 1 |+F, =0
2 1 -2
-3
=F,=|4|N

o
ie F,=(-3i+4j-k)N

2 2 2 -1 0 1 -3 0
h Zr!.xF!.: O x| =14+ == =d|+|-3|= 1 |4+r=l 4 |=|0
-1 2 0 1 5 -2 -1 0
-1 -4 1 -3 0
=S 4| =2 |+ S|4+r=l 4 | =0
-3 =12 3 -1 0
-4 -3 0
-6 ]—i—rx 4 1=10
-1z -1 0
x -3 4
:>[y | 4 | =6
z -1 12
—y—4z 4
:>[—32+x =| &
dx+3y 12
-4z =4
—32+x=6
dx+3y =12

Let x=0=yv=4 and z =-2
o Equation of line of action 1s

0 43
r=| 4|+4| 4
25 =

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 8

Question:

A force (i—j+ A0 acts through the point (—1,-1,10 . Show that this force is

equivalent to an equal force acting through the origin together with a couple. Find the
magnitude of this couple.

Solution:
-1 1
-1| x| =1| =0+, comparing moments about &
1 2
el
2 =0 so |G|=,||‘|(—1)f*+33+22

=-\,."'1_4Nm

© Pearson Education Ltd 2C
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Exercise D, Question 9

Question:

DProwe that the following system of forces can be reduced to a force together with a
non-coplanar couple

E =+ acting at the point with pesition vector 1 = Gi+j+k)im ,

F, =i +k)IT acting at the point with position wvector r, =im |

F, =(2j—k)M acting at the point with position wector 1, =2jm .

Solution:

1 ] 2
ZE= H O+ 2|=|3
1 -1 0

1 1 0 0
+H 0= 0+] 2| 2
0 1 0 -1

1

1

0
-1 0 -2
=(1 +[—1 +| 0

Zrz' <Ky =

2 b i 0
2
=0
5
DT
SF,-ShxF,=|3|| 0 |=-6=0
ol L2

Hence, resultant force 12 #af coplanar with couple,
Sosystem can be reduced to a force (2143017 acting through the origin O together
with a couple of vector moment {—3i+ 2k Mm

© Pearson Education Ltd 2C
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Exercise D, Question 10

Question:

A force (14 2)—-k)I acts through the point (2, 0, 0) together with a couple of vector
moment {21 —kiMNm

a Show that this system cannot be reduced.
b Find an equivalent system where the force acts through the point (1, 3,47,

Solution:

PhysicsAndMathsTutor.com
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1
a ZFE-= 2
=1
2 1 2
SrxE=0]x| 2|+ 0
0 -1 -1
0 2
=|2|+| 0
4) 11
2
=|Z
3
1y (2
SF OrxE=| 2| |2[=320
=105

Hence, resultant force 12 non-coplanar with the couple . no further reduction
possible.

1 2 1
h Force | 2 |at (2, 0,00+ Couple | 0 |= Force | 2 [at(1,-3, 4) + Couple G
-1 -1 -1
(200 (1,-3,4

Comparing moments about O,

From a,

2 1 1

20 =|=-3|% 2 |+G
Z 4 -1

2 -3

2] =| 3 |+G

3

7

-3 =G

-2

Equivalent system iz (i4+2j -k acting at {1,-3,4) pluz a couple of moment
{i—-31-2k)Hm

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

The wertices of a tetrahedron PORS have position vectors p, g, r and s respectively,

where

p=3i-4j+k gq=4di+dj-2k

r =4di+k s=i-2j+k

Fotrces of magnitude 30 and Y117 act along (' and RS respectively. & third force
acts at F. Given that the system reduces to a couple,

a find the magnitude of this couple,

b find the force acting at =,

¢ find a unit vector along the axis ofthe couple.

Solution:

PhysicsAndMathsTutor.com
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Find the third force Fsfirst

4% 74
a @=q—r= 4 (—(0|=| 4
-2 1 -3
0 0
F, =% 4 ><30={24
-3 —18
1 4 -3
RS =s-r=|-2 —[0 ==y
1 1 0
-3 -3
F, =L -2 11?"=L =2 |5
13 0 13 0

9 2 4 9
RPx|-18|=1| -4 |-| 0|tx|-18
18 1 1 [18
-72 —4
=| 18 |=18 ]}
54 3
- Magnitude = 1826 Nm
9
b [-18
18
—4
¢ unit vector along axis L 1

V26

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

Pagel of 1

Tweo forces (Zi42] +k)M and (i4+ 2§+ 3k act at the points 204,-1,1) and

5,1, &) respectively.

a Find the force through the origin & and the couple which together are equivalent to

these twao forces,
b Find the magnitude of the couple.

¢ Show that the lines of action of the forces through D and & meet and find the

position vector of the point of intersection.

Solution:
3 1 4
a ZF!.= 21+ 21 =4
1 3 4
4 3 3 1 -3 -9

Il
|
+
|
LA

erijz—lx2+l><2
1 1 & 3 11 5

Hence force 15 (di+4§+ 40N through & plus a couple of vector moment

(—12i —4j +16k)m .
b |G [E44=3)% +(-1)7 +47 =426 Nm

4 N (3 1
e |-1l+a]2]=]1]+u|2
1 1) |6 3

= 44+31=3+u

o
—“1+21=1+2u &
1+A=6+3u &
- 0431 =T+5u &
-4 =—4-4u
—d=u=A=-1
Point of intersection has position vector {1—31)m .
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Exercise E, Question 3

Question:

A gystem of five forces consists of the forces Fy =i - 2j+ )M F, =21+ k) I and
F,=00-2j-4k)I, all acting threugh the origin &, together with a force

F, =(i—-2j -k acting through the point (—2,4.2) and a force F,=(—i-2j -7
acting through the point (1, -2,-17.

a FReduce the system to a force R acting at & together with a couple G

b Hence, or otherwise, verify that the system 15 equivalent to a single force

i¢i — 8 —4k)MN acting through the point (1,-1,17.

Solution:

e G e REC R
aR=2F=-2|+ 0|+ -2|+ -2|+|-2|=|-8
z) le) l—a) 1-1) |=7)] l-4
-2 1 1 -1
G=2rxF =|4|x -2|+|-2|x|-2

2 -1 -1 =7

0 12

=|o|+| 8

0) |-

12

=| g

|

R = (4i- 8- 4K G =(12i + 8 - 4k) M

s
b |-1|x|-8/=| 8 |=6 QED
1) L) l-a
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Exercise E, Question 4

Question:

A zystem consists of three forces:

E ={-j+2k) acting at the peint with pesition vector 1 = Gi—j+kim,

F, ={i+3 —k)IT acting at the point with position wector 1, = +2k)m ,

F, =(si+4 +2k)M acting at the point with position wvector 1, =k m .

a Obtain, in terms of & and £, the equivalent system consisting of a single force F

acting through the origin and a couple of moment G
b Determine the values of s and ¢ such that G s parallel to F.

Solution:
1 1 )
a DE=|-1|+| 3 |+|¢
2 -1 L2
2+
=|2+¢|=F
3

3 1 0 1 0 g
o xE = =1 x[=1[+]| 1| x| 3 [+[0] x|z
1 2 2y ALl Al L2

=10 (=7 (-t
=|=-53|+| 2 [+]| =

-2) -1 0

=B
=|-3+s|=0

=3

b Gparalelto F=—-(24s1=—8—-f =éf=s—t
—(2+81=—3+5 =1=5+¢
7 -3

e

=5 =—
2
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Exercise E, Question 5

Question:

A force B of magnitude 26 M, acts along the direction of the wector (4i—-3j+12k).
igiven that the line of action of B passes through the point (2,1,-17,

a findthe moment of By about O,
A bead moves along a smooth straight wire from the point P53, —2.1) to the point

05, -22, 2, under the influence of B and the reaction from the wire only,
b Find the work done by B in this moetion

Solution:
4 g
a F1=i —3|x26=|-5
e
12 24
% g 12
1 |%| =6 |=|-56 |t = (18 - 56§ - 20k)Nm
~1) l24) l-20
%
b PQ=|-20
1
B B
work done = | =6 | .| 20| =16 +120+24=1607
o4) |1
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Exercise E, Question 6

Question:

A zystem consists of three forces:

E =i+ + 2k acting at the point with position vecter i =(Bi+4j+k)m,
F, =(i—-2j +k)I7 acting at the point with pesition wector 1, =1+5j—-Zk)m,
F, =(-5i+j-3k)I acting at the point with position vector r,=(i+j+k)m.

a Show that this system reduces to a couple and find its magnitude,
The torce Fy 13 now removed from the syetem and replaced by the force ¥, such

that the forces 1, F, and F, are in equilibrivm Find
b the magnitude of F,,

¢ avector equation for the line of action of F,.

Solution:
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0
=[0
0
&y (4 1 1 T =
dhxE =4 x| 1]+ 5 x| -2|+]| 1] %[ 1
1 2 -2 1 1 =3
7 1 —4
=| -8 |+|-3|+|-2
—-10 =7 &
4
=|-13| =G
-11
1G] = & +(=13 +(~11)F =16 +169+121 =306 Nm
4 1 0
b |1|+]-2|+F,=|0
2 1 0
-5
F,=| 1 |=(F, |Ev25+1+49=A351
-3
¢ Froma,
7 1 -4
2rxE=| -8 |+|-3|+rx| 1| =|0
-10 =7 -3
-5 -8
=|xy|x| 1|=|11
z) =3 17
—3v—z -5
S 43z =| 11
x+5w 17
Put y=0.z=172z="h
17 —
Equation of line of action of Fy 1z v=| 0 [+ 4| 1
8 -3
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Exercise E, Question 7

Question:

Three forces of magnitudes 26, 4 Y41 and 15 N act respectively along the sides OF,
PO and 00 ofthe triangle FOQ where & is the origin. Eelative to O, the coordinates
of Fand O are (5, 12, 0 and (2, 0, 4) respectively.

a Show that the resultant 13 (31— 41T

b Find the magnitude of the moment of the resultant about &,

Solution:
5 10
a F1=l 12| %26 = | 24|
13
0 0
R ARl
Fo=|0|-[12]|=|-12
4) Lo 4
-2
F, = L —12 | 441
Jet+ i+ 4 |,
[ -4
AT —;2 441 = —;4 1)
-3
@5=[0
-4
-3 -9
F,=-|0[15=] 0 |
o =12
0% (=4 (-9 (-3
SF, =|24 |+|-24|+| 0 |=| 0 |=(-FE-4N
0 g ) l-12) |-4
58 A 96
b Sk xF =|12|x|-24|=|-40|=6
0 B ~72
|G| = 8127 +(=5)F +(-9)°
= 5./144+25+81
= 8250
= 404f10 Men

© Pearson Education Ltd 2C
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Exercise E, Question 8

Question:

The point 4 has coordinates (2,-3,10, the point B has coordinates (—8,-1,4), the
point ' has coordinates (0, -13.5) and the point 22 has coordinates {4,3,-3) .

a Show that the lines A8 and CD intersect at right angles,
b Find the coordinates of the point of intersection.

A force of magnitude F acting in the direction AD moves a particle from & to 22
¢ Find the work done by the force.

Solution:
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—g-2% (-10
a AB=|-145|=| 4
4 -1 3
4-0 4
D =|3+13 |=| 16
~3-5) |-g
—10Y { 4
AB.CDO=| 4 ||16 |=—40+64-24=0
3 ) l-g
- perpendicular

2 -10 0 4
b =S+ 4 | =-15]+ 4] 16
-8

1 3
=2-101=4u O
—5+43=—13+16u &
1433 =5-8u )
2+6A=10-16u T 3
—3+104 =-3
1
A= U::»,.:J—E

Point of intersection 1s {2,-5,1)

¢ F=7Fxunit vector along AD

>
AD=| 8 ||A4D|= /2 +8 +(-4)
—4
=4+ 64+16
= B4
> 4+8Y (12
R A A o SO FE P
4l —3-4]) -7
2 (12
'ﬁr-::urk-ci-::unna=i 3 || 4
84 4] 1-7

= (24 +32 +28) = FyBd = 2721

4’7
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Exercise E, Question 9

Question:

The force F =({5 +) acts through the point with position vector r=(xi —»j)im.

a Prowve that this force 1z equivalent to an equal force at & together with a couple.
Three variable forces By = 2cosd, By, = cosfi+Z2sin 8. F; =3sinfi+cosg act at the
points with position vectors O, 14+ and -3 +2j respectively.
Ifthe system iz reduced to a single force R acting at & with a couple G,

b find the values of B and 3.

reduce an equation of the line of action of the resultant.

show that this line passes through a fized point which 1s independent of 2.

[

Solution:
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x A 0
a |—-y[x|F|= ] =3
0 0 xF+uX
Couple 15 (xF + 35k Nm

2cost cosk Jain g
b R=ZE- = 0 | 4| 2siné | +| cost
0 0 0
Zcosf+3and
=| Zasnf4cozt (W
0
1 Cost -3 Zeint
G =27 =F, =|1| x| 2sint | +| 2 | x| cost
0 0 0 0
0 0
= 0 + 0
2ainf—cosd —3cosi—bant
0
= 0
—dsint—4cosi

x dcost+dsni 0
c | y| x| Z2siné4cost | = 0
z 0 —dzinf —dcosi
—z{2zin f+cosi) 0
z(3costi +3a8n§) = ]
x(2zinf +oosd) — i 3cosi43ani) —danf—deoosi

=Z2x-—Sy=—dx-Sy=— =z=10
If x=0,y=%,z=0(‘;"(for ally £)

3 Jrosi+3sini
Hence line of action is v = = +A| Zsing+cost
0 0
0
. . 4
d This line passes through the fized point =
0

© Pearson Education Ltd 2C
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Exercise E, Question 10

Question:

A force of unit magnitude has equal vector moments about points with position
vectors § m and (i+2j—k) m . Find the possible forces.

Solution:

1= »|=| 2 |x|»
0 z -1 Z
-1 x
=|-1|x|y]| =0
1 z
—Z—y 0
=| x+z | =|0
—v+x 0
=y =-z
x=-z
=x =y=-z
and X2 +y° +28 =1
Bgti=]
Jr=iL
3
1 1 1
X—E,y——g z———3
R
=B FR

Possible forces i% fi+j—-k)M

© Pearson Education Ltd 2C
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Exercise A, Question 1

Question:

A rocket is launched wvertically upwards under gravity from rest at time §=0. The
rocket propels itzelf upwards by ejecting burnt fuel vertically downwards at a constant
speed & relative to the roclket. Attime £ seconds after the launch the rocket has velocity
v and mass (M —A). Derive the equation of motion for the rocket Ignore air

resistance.

Solution:

At time &
[ m N

After an interval &

% Vv
[ m+8m | 4 Bm s
Y, |

Change in momentum: (m+ 5??2:] I:v+5v:l +|:— 5m)[v—u) — g = —prg i

dy e
=m—tu—=—mg
e
=it =P = i) = M - )g
a& o
B
& M-k

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:

L spaceship 15 moving in deep space with no external forces acting on it At titne £ the
spaceship has total mass s and 13 moving with velocity v, The spaceship reduces its
speed by ejecting fuel from itz front end with a speed ¢ relative to itself and in the
same direction as its own motion

a =how that i=i

]
Initially the spaceship 13 moving with speed I and has total masz M Ttz speed 13

reduced to ]EV.

b Find the mass of fuel ejected.
Solution:

a Attime s

| m

After interval ¢

ri
[ m+ | P
I. am .' GEm

\ f
-
\'\-\..__ e

. -~ Ve
Change in momentum = (m +5m) |:v+ 5v:|+|:—5m:l [v+c) —mv =10

mv+miv+vdm+ dmdv—vim—cdm—my =10

v+ dmdv—cdm =1

ay dv ¢
=m—atdv—c=0=—=—
dm dm
dv M
h —=—:}>J. ldv=c] —dm
d.m M ¥ PR
V I s
—— =c|lnm| =cln| —
. =clion =cla( 2]
¥ v
=:>—K =1n[ﬁj,e ¥ = =M w
2 M A

4
Wlass of fuel ejected=M[1—e EJ

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

& rocket 1z launched vertically upwards from rest. The initial mass of the rocket and
its fuel iz 1000 kg The rocket burns fuel at the rate of 20kgs™. The burnt fuel is

ejected vertically downwards with a speed of 2000 m s relative to the rocket, and
burning stops after 30 seconds. At titne # seconds (f < 200 after the launch, the speed

of the rocket is vm s™'. Air resistance may be assumed to be negligible.

a Show that —g(SU—.ﬁ):(SU—zj%—EOOO_

b Find the speed of the rocket when the burning stops.

Solution:
a Attime s
.-"/ B W
[ m A
.\. ‘_,f;

After interval ¢

TN, VS
1= 2000
| m+dm | a4 @ AN

Censidering the change in momentum;

I:m+.ﬁm)[v+5v)+l:—ﬁa?z) [v— EUOUJ—W = —mg ¥
=>md—v+2000% = —mg
e de
Attime 2, =1000— 208

= (1000 - 20;)% +2000 x-20 = - (1000 - 20¢) g

Dividing by 20 = (50—3)%— 2000=—g (50-¢)

e 2000
b _:—g g L
o 50—t
¥ a0
=>J. ldv=J. —g+@dﬁ
] 1] 5[:'_3

Vo =[-gt—20001a(50-£)]7

=—30g—20001n 20+0+20001n 50 = 1540 m ¢

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

A rocket is launched wertically upwards from rest. The rocket expels burnt fuel
vertically dewnwards with speed & relative to the rocket. Initially the rocket has mass

M At time ¢ the rocket has speed v and mass M[l— %z] Ignore air resistance.

a Show that d_v =i—g.
df 3-i
b Find the speed of the rocket when £=1.
¢ Find the height of the rocket abowe the launch site when £=1.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Page2 of 2

a Attime
| m o o

After interval &

\ v+dy
{ v—n
[ m+dm | .\'..,a_:;,,/,:. A

4
—

[m+ 5;?2) [iv+5v) +[—5m)|iv—u) — e = — g Ot
mdv+ dmdv+udm = —mgdt

1
dv gu &
de 4 1, —t
3
i B By Y edt=—uln|3—¢|-gi+C
& 31 ° R £
3 2
I=U,v=0:‘>0=—u1n3+c;v=u1n3——g£=uln§—gwhenr=]
dx 3
t v=—=uln|—0 | —gfi<3
de 5

TTzing integration by parts

:‘>x=J.uln [i]—g:d: =J.u1n3—u1n(3—£)—grdf

i-t
={uln 3}£+u(3—£}1n(3—z}—u(3—£)—égﬁz +C
f=0x=0=0 =04+3uln3-3u+C,C=3u—3uln 3

When £=1,x=u1n3+2u1n2—h—%+3ﬁ—3u1n3=2u1n§+u—§

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:

A spherical hailstone iz falling under gravity in still air. At time £ the hailstone has
speed v The radius » increases by condensation Given that i=»3::r‘", where & 15 a
constant, and neglecting air resistance,
a show that d_v =g — 3k,

ot
b find the time taken for the speed of the hailstone to increasze from i to i

Solution:
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a Attime !

( m | ('E:rhrj'
== W 0

After ime &

.'(". !
[ m+dm |
k-5
—_— Jr

v+ 8y

[[m+ 5;?2) [v+5v):|—[mv+ dre 0] = () g At

= mg+gim

A&
som—+v— =g

The mass of the hailstone 1z Ax%ﬂ?ﬁ

:;»%=4Am~2%=4£1m~2 sl = 4k A

=S a2 s i = Aximﬁg
2 e 2

And therefore jz_v =g —3kv

£
L G"'Ldv={—l1n|g—3kv|}
& £ g3k 3k
ak
kg
. [*7%E 1. gx3 1
=——In =——1In =—1In
3k 3kg %k 2x2g 3%
ST
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PhysicsAndMathsTutor.com

mlm

al=

Page2 of 2



Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 6

Question:

A spaceship is mowing in deep space with no external forces acting on it Initially it
haz total maszs M and iz moeving with velocity ¥ The spaceship reduces its speed to

EV by ejecting fuel from its front end with a speed ¢ relative to itself and in the same

direction as itz own motion Find the mass of fuel ejected.

Solution:

Attime ¢

After interval &

| m+dém | -

vy Ve

Change in momentum = (m + 5m)(v+ 5v)+ (—5m)(v +r:)— po =10

prv+mdvtvdm+ dmdv—vim—cdm—pn =10
miv+dmdv—cim =10
:‘,>m£+5v—c =U,:>ﬂ=i
e deme  m
Eld .
Speed reduced from Fto EV:j ’ 1dv=c?j ldm
5 - P

g #
——=c|lnm|i=cln| —
Z =cliam]meta 2]
¥ ¥
:*—g=ln(ﬁ],c o= 2 = Me
M M
v
Idass of fuel ejeu:ted=M{1—e 5“}
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Exercise A, Question 7

Question:

A rocket 1s launched vertically upwards from rest. The initial tmass of the rocket and

its fuel iz 1500 kg The rocket burns fuel at the rate of 15kg s The burnt fuel is
ejected vertically downwards with a speed of 2000m s7 relative to the rocket, and

burning stops after 60 seconds. Air resistance may be assumed to be negligible.
Find the speed of the rocket when the burning stops.

Solution:

Attime ¢

After interval ¢

AT L VS
e Cv-2000
[ m+ém | e W s

4’/"
-

Ceonsidering the change in momentum:
I:m+ rfl'm) |:v+5v:l+ [Z—.fl'm:l (v— 2000) — v = —mg

L R
d& d

Attime £ m=1500-15¢

:;»(1500—15:)%+ 2000x—15=—(1500—15)g

Dividing by 15= (100 —z)ll —2000=—g (100—£)

ch 2000
=-—g+——
00—z

2000
= ldv— —g+
100—3

v o= [—gs—zoomn(mo—z)]f
= —60g — 200010 40+ 0+ 20001100 51240 m 57

© Pearson Education Ltd 2C
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Exercise A, Question 8

Question:

A rocket iz launched vertically upwards from rest. The initial mass of the rocket and
its fuel is 1200 kg The rocket burns fuel at the rate of 24 kgs™. The burnt fuel is
ejected vertically downwards with a speed of 2000 s™ relative to the rocket, and

burning stops after 30 seconds. Air resistance may be assumed to be negligible.
a Find the speed of the rocket when the burning stops.

b Find the height of the rocket abowe the launch pad when the burning stops.

Solution:

PhysicsAndMathsTutor.com
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a Attime s

After interval bl

N Vv . v=2000
[ m+&m | .4 8m)

\ | I i

Conzidering the change in momentum;
[m+ 5;?2) [iv+5v)+ [— 5;?2) (v— 2000) — v = —mg
:‘*mﬁ+ 2000% = —mg
ot ds
Attime foa= 1200 - 24¢

= (1200 - 24;)% 2000 x—24 = —(1200—248) g

Dividing by 24 = (50—5)%— 2000=—g (50 -£)

dv 2000 ¥, g0 2000
i 2 LR T
T e S B
v =[~gt-20001a(50-)]

—30g— 200010 204 0+ 200010 50 & 1540 m 7

h After time £,

50 ¢ ¢
v=[ —gt-2000ln (50—3)];=—g£—20001n[ = J=—g¢‘.—20001n (1—5]

g0, using integration by parts,

30 30
i j 2t —20001n (l—i]d.t = -2 4100 UUU[l—i]ln [1—i]—1m:u 000[1—1J
; 20 5 50 50 30

o
=—%+100 DOOX%In%—lDD CIDU><§+U—O+IDU D00 18200 m
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Exercise A, Question 9

Question:

A rocket is launched wertically upwards from rest. The rocket expels burnt fuel
vertically dewnwards with speed & relative to the rocket. Initially the rocket has mass

M At time ¢ the rocket has speed v and mass M[l— gz] Ignore air resistance.

a Find the speed of the rocket when £ =2,
b Find the height of the rocket abowe the launch site when £ =2

Solution:
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a Attime s

After interval &

TN V4
f \ . v-H

|_ nt+ém P ';___1":'_-”{' o

(2t Gl (v+ 8w ) +(—dm) (v —u)— v = —mg I
el + v i = —pag O

dv e
=m—>tu— =g
ae e
o= M(l—

E: —_— =
3z =4

(=0 v=0=0 =—ylnd+_

v=uln

dx 4
h v=—=gln|—|—gti<4
ds 4

Tsing integration by parts

S Iuln(iJ—gidi=Iu1n4—u1n[4—.ﬁ)—gf.df.

4—i

—(uln4)¢+u(4—o)n (4—;)—3;(4—:)—%3:2 ‘c

(=0x=0=0=0+4ulnd -4+ O =4y —dulnd
When =2, x=2xulnd+2uln 2 -2u - 2g+du —dulnd =-2uln 24+2u - 2g

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

A rocket uses fuel at a rate A kg s, The rocket moves forwards by expelling used

fuel backwards from the rocket with speed 2500 m s relative to the rocket. At time ¢
the rocket 15 moving with speed v and the combined mass of the rocket and its fuel iz
#2. The rocket starts from rest at time £ =0 with a total mass 10 000 kg and reaches a
final speed 5000m s after 200 seconds. Given that no external forces act on the

rocket

a show that m%= 2500 A,
b find the value of Akgs".

Solution:
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a Attime s

After an interval &f

e S 1 0
N v-2500
| m+dm | B

."\ ___.-/

o

(m + 5m)(v+ 5v)+ (— 5m)(v— 2500)— prr =10
=l + dmdhe 4+ Jm2500 =1
mE +2500% =1

s d

but we are told that %ﬂ =-4

50 md——2500,51 Umﬁ=2500,%
e e
b The initial mass 15 10 000 and %ﬁ=—fi, 50

(10000 — ) % = 25001

Separating the variables

J‘m J‘”’” 25004
= = i —
. 10000— A

5000 = [-25001n (10 000- A2) | =—25001n[

:2:111[ & ],ef*:jm 50— A=1507"

T
A= 50[1—.3-2)%43.2

-4

© Pearson Education Ltd 2C
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Exercise A, Question 11

Question:

& rocket uses fuel at a rate A, The rocket moves forwards by expelling used fuel
backwards from the rocket with speed 2000 m 57 relative to the rocket At time ¢ the
rocket 1z mowing with speed v and the combined mass of the rocket and its fuel 15 me
The rocket starts from rest at time £ =0 with a total mass 12 000 kg and reaches a
speed of 5000m ¢ after 3 minutes.

Given that no external forces act on the rocket

a show that m%= 2000 4,

b find the greatest and the least acceleration of the vehicle during these
three minutes.

Solution:
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a Attime s

After an interval Zf

o "-H\. v l-(’ih'
g v=2000

| m+&m | . ~

7

e

(m + 5m)(v+ 5v)+ (— 5m)(v— 2000)— e =10
= mdv+ dmdv+ dm2000 =10

mﬁ+2000@ =0
de de

but we are told that %ﬂ =-4

50 mE—ZDDD}i:O,mE:EODDA
o de

b The initial mass 1z 12 000 and %ﬂ=—}£, 20

{12000 ﬂs)% = 20004

s000 120
J‘ ldv=J. 20004,
. . 12000— 7
12000—130;&]

120
5000 =[~20001n (12 000~ &) . =_20001n{ 12000

5 5
:‘>§=1n[ 200 ],e§= Al L200—321=200e 2,

200-32 200-34
5
A =@[1—e 5}351.2
3

dv 20004 : : 2000x61.2 2
— =—— =S min acceleraton = ——— =102m s

di m 12 000

2000x61.2 2

=124dm s

max acceleration =

12000-180x61.2

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

A particle falls frem rest under gravity through a stationary cloud. At time f the
patticle has fallen a distance x, has mass » and speed v, The mass of the particle
icreases by accretion from the cloud at a rate of kesv, where k 15 a constant. Tgnore air
resistance. Show that

a ﬁ:v2=g[1—e_m),
b x=%1n[cosh(vlf£:_g ):|

Solution:
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Heinemann Solutionbank: Mechanics 5

a Attime ! After an interval Jf

—— -
.

{ (&) | m+am

\".

b qlp 7

[(era 4 Sepd(v 4+ )] — [ + Jrex 0] = (e + Sesi 2 O

dv  dem
= m—tv— =g
ds ot

But we are told that %=m5:v, 50 m%+v wpioe = mg

dy dv
=gty —=g—i
ds £ dx £

¥ _ 1 a4
J‘g_kvzdv—j]dx ﬁ—ﬁln[g—h)—x+ﬂ*

gt
x=0,v=0=>—i1ng=C=>x=—Lln gk
2k 2k

g
g — 8 ’ A e = o =1
5 (g k) g bt =g (i)
dx
h v2=§(1—e_m),v= E(I—E_m)=—
i o ds
£ 1 e
J.J; N e —1
= by using the substitution coshz =e™ sinh u.% = je™

s1nhu 1
1 ——+C
\/_ J.m' e wﬂcoshg k

0,x =0=coshu=1w=cosh™ ]—CI = =1

= Jkg i =u, cosh(\fkg £)=¢", h=1n[cosh{Jk_g£)],x=£1n[cosh(v’k_gf.)]

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 13

Question:

A raindrop falls through a stationary cloud. When the raindrop has fallen distance x
haz mass = and speed v, The mass increases uniformly by accretion so that

e =M {1+kx).

Given that v =0 when x =10, find an expression, in terms of M, & and x for the kinetic
energy of the raindrop when it has fallen a distance x. Ignore air resistance.

Solution:

At time ¢

— L W

v ]

After an interval 4t

| m+dm |

dv dm  dmdy 4t 4t
mM—tv— =g — + dmg —
ax ax dx ax ax
dv  dm di m dv 4 dm
mM—tv— =g —=— —+v' —=mg
dx dx dr v dx dx
Substituting for
M(l+h)v%+v2kM = M1+ ke
dw 2 Fg . dv 2k T - : : : - 4
Va"‘v e 8=2Va+1+hv =2g A linear differential equation in ¥,

, 2% gy
Integrating factor e’ #F = g@MIHR) = (14 1d

dr a 7 2 2 T o 2g k3
ia[v 1+’ ] = 2g(1+k0°, V(l+ik) =5, 4k +C

(1 +ix) 2g

x=0,v=0=>0=2—g+c, V= ——,
3k kil +kx)

w28

3k

s KE=Lm? =L M+io)| B (tin—— 28
2 2 3k

(14 i)’
= @{(Hmf— L }
7k (14 kz)
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Exercise A, Question 14

Question:

A rocket i3 on the ground facing vertically upwards, When launched it propels itself
by ejecting mass backwards with speed i relative to the rocket at a constant rate & per
unit time. The initial mass of the rocket 1z M Tgnore air resistance.

a Ezxplain why it 15 necessary for Au = Mg

Given that fu = Mg,

b show that the velocity of the rocket after time 15 —xln (1— %J —gt,

¢ find the height of the rocket above the ground when the mass of the rocket
has reduced by one third of itz initial value.

Solution:
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a Attmed

After an interval ¢

\ Vg i

[‘\H m+&m f: T '\"?l'} A
-._x__q__;__f/
Change in momentum = (m+5m) (v+ 51?:] +[—5m)(v—m) — e = —mrg i
dv  dm
S m—tu— =—mg

de dt
m o= M- k= (M uh)%+u(uk)=u(ﬁ{_h)g
dw Fe]
T -z
dt M-k

Ifthe rocket 1z to be able to launch then when £= li?l,ﬁ =]

dt
b, ;
——g=0, e k> M
%G g g

h i—v=M_ —gz}v=—u1n(M—h)—gﬁ+C

i=0v=0=0=—-gulh M+

M—iz
=>v=—uln[M—ﬁi}—g£+ulnM=—uln[ I ]—g‘i

it
=—uln|1-= |- gt
un[ M) Ei

b
¢ =—ula|1-2|-ge=22
un( MJ B

oo on- B S o

(using integration by parts of In [1—-%] 3

¢ =0,x=0=>0=%x—]+c

3 3k

HM{E 2 Ejl gM? uM uM[ 2 gM]
r=——]-1 - = t—=
18k ko 3k

o B 2n S 4+1-22
Fla 3 3 3 bk
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Exercise A, Question 15

Question:

At time £ =0 aparticle i3 projected vertically upwards. Initially the particle has mass

M and speed g7, where 7 is a constant. At time ¢ the speed of the patticle 15 v and its
¥

mass is Me?T  Ignore air resistance. If the added material is at rest when it is acquired,
show that
d 2 i
a — | Med | =-Mz:?,
dt
: M :
h the patrticle has mass B at its highest point.

Solution:
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a Attimeiv

After an interval &%

",

TN vy

| I+ g

\
.

"

Change in mementum: I:(m +dm)v+ 5v):|— [ + im0 ] = — (e + dem ) g O

Taking the limit as 4 — 0
dv  dem .
m—+v—=—mg,1.e.a[mv) = —mg

r

t H
%(MvefJ =—MeT g =—Mge?

d * i3 £ i3
h Q[Mve”} = —Me”g,(Mve”J = J.—Mgezrdz
iy i 5
= Mve® = 2MgTe +O
t=0v=gT C=3MgT
ki 2 L it
= Mye?l = 2MeTel +3MeT = ve¥ = -2gTe? + 3T
H

¥
Atthe highest point, v=0, 30 0=-2gTe¥ +3gT, e =§ atied

© Pearson Education Ltd 2C
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Exercise A, Question 16

Question:

At time £=0 apatticle iz projected vertically upwards from the ground. Initially the

patticle has maszs M and speed 2g7, where T iz a constant. At time ¢ the mass of the
¥

particle is MeT . If the added material is at rest when it is acquired, show that the

highest point reached by the particle is gT2(2—1n3) abowve the ground Ignore air
resistance.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5

At time ¢

rd Y v
f A

[ m N "’-"‘i'“'

After an interval &

; . V4SY
| i +8&m .
Change in momentum: I:(m + dm ) (v + 51))]— [ + dom 0] = = (2 + e ) g 52

Taking the limitas & —0

mdv+vdm——m ie d[mv) =—in
de de B &

d & i L
—[MverJ =—MeTg=—Mge”
o
¥ ¥ i ¥
—(MvefJ =—MeTg (MvefJ = | — MgeTdt
2 i
= Mvel = -MgTel +C

f=00=2gT,0C=3MgT
¥ ¥

¥
= MveT = —MeTeT +3MgT, =v =—gT+3gTe T

¥ r
:;,%=_ET+SETE T ox=—gTt—3gT"e T +C

t
£=0,x=0,=C=3gT? x=-gTt—3gT% T +3T°

LI P
T 3

|

Atthe highest point, v=0,:‘~e_ %
:¢x==—g?¢1n3—3g??%+3gTﬂ
=gT*(2-1n3)
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Exercise A, Question 17

Question:

At time £=10 apatticle s projected vertically upwards. Initially the particle has mass

¥
M and speed g7, where Tiz a constant. At time £ the mass of the particle is MeT . If the
added material ie falling with constant speed g7 when it iz acquired, show that the

: i : : :
particle has mass S at its highest point Tgnore air resistance.

Solution:

Attime ¢

(8m)

After an interval o

N ' 1
s .\
y \
4

| m+dm | 4

iChange in momentum;
[[m+ 5mj[v+5v):|—[mv— dp gT] = —[m+5m)g5£

e dv e
=v—tm— =-—pg—gl—
di dt de
H H ¥
m=Me?:‘>%=%e?,%[mv) = —mg — ghel

g % : : :
Y (Meer =-—MeT g —ghel = -2Mge”

H

H H
= MeTy = j— 2eMeldi =—2gTMeT +C

t=0v=gl=MsT=-20MT+C C=3MgT
H

¥
= MeTv = -2gTMeT +3MzT

M

4 S
v =0,=2gTMeT = 3MgT T = ,:;»mzT

|
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Exercise A, Question 18

Question:

L particle of mass M is projected wertically upwards in a cloud. During the motion the
particle absorbs moisture from the stationary cloud so that when the particle is at
distance x above the point of projection, moving with speed v, it has mass M {1+ ax),
where & 15 a constant. The initial speed of the particle 12 (f2gk . Ignore air resistance.
dv A
a Show that 2v—+ .
1+ ax

b Show that at the greatest height, %, (1+ah)® =1+ 3ka.

Solution:

PhysicsAndMathsTutor.com
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a Attime s

Ve . N v

After an interval Zf
. V4dy

| m+dm | 4

.--/.‘

Change in momentum: I:(m +dm) (v + 51::]}— [ + G 2 0] = = (s + dom ) g I

Taking the limitas Jf — 0
dv  dem
m—+v— = —g

dt ot
e dx
=M1+ ax) =>M(1+£rx}E+vMa’E =-M{l+axg

Tsing —=vE and E=v
£ dx di
dv+v a dx——gvdv+v2 a <
dt (l+ax)de Tdr (4 ax)
:‘>2vﬂ+ 2 v =—2g
{1+ ax)

b Multiply through the differential equation by the integrating facter (since the

differential equation is linear differential equation in v*)

Pre
Pl
IF. = olwi = gantiran) (1+ )’

:%[vﬂ (14 ax) |=-2g 1+ @)’ v (1+ e = [ -2 (1+ e ix
=—§[1+ax:l3 +C

a1

x=0v=.{2gk :‘>2g}{7=—§—i+c, o= Eg[ﬂs+%¥]
1

| | 2
Atthe highestpoint, v=0=>0=—== (1+ah} +2g| k+—
S 3

i[1+a;zj3 = [mi]

3¢ 3¢
and therefore (1+ak) =1+3ka

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:

A body of mass 3M contains combustible and non-combustible material in the ratic
2 1. The body iz initially at rest and falls freely under gravity, At time ¢ the body has
speed v,

The combustible part burns at a constant rate of AM per zsecond, where A iz a
constant. The burning material 1z ejected wvertically upwards with constant speed u
relative to the body, Assuming that air resistance may be neglected,

a show that d_v: A
-
b find how far the body has fallen when all the combustible material has been
used up.
Solution:
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a Attime s

i

After an interval

| m+dm | | 5
i ! —

v v+dy Vel
=>I:m+ﬁm] [v+ Efu]+[—.§?z] I:v—u]—mv = g &

e+ S div + D = mg &, m%+u% = g

m=M(3—Az),:M(3—,az)l_"+u(—AM) = M (3-%)g

dw dv A
S e e B iy e
B-%) 5 B-kle. =34
dv A A
[ T B = e L T A
& 3-x ° jz—ﬂz gdt =-uln(3-4) tgr+C (& <3)

i=0v=0=0 =—uln3+C

a- At At dx
=v =—uln +gi=—wuln|l-— |+g=—
3 3 dt

o S)ro=3[1- 2ol (-4]} e

t=0,z=0=0 =—%+C

All combustible material used = m=A [3— /L‘.] =AM,

e o S 2
(-B)u(i-2)-(-2) |2

L

Lp]
K&

1
5&“‘ >u|

A2 Aalz oz o3| A2

e R

IS E PR =

© Pearson Education Ltd 2C
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Exercise A, Question 20

Question:

A spherical hailstone falls wertically through a stationary cloud from rest under
gravity. The initial radinz of the hailstone 15 @ As the hailstone falls itz wolume
increases through condensation. When the radius of the hailstone 1z 7, the rate of
increase of volume iz 47p° A and the hailstone is falling with speed v. Ignore air
resistance.

a Show that, at time £ r=a+ A

b Show that jﬁ—v=g—@

r

¢ Find the speed of the particle when £ = Ei :

Solution:
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Heinemann Solutionbank: Mechanics 5

a Forthe sphere, %=4ﬂ?’2ﬂ,but

4
P §W3 = dmrt =4
dr
= —=Ar=a+lt
ds
b Attime:
. ':t'.i:i'..;"
I m =
S " N o
After time &
[ m+gm |
\l -..'
— Y vady

[(m+5m)(v+5v)]—[mv+5mx0]=(m+5m)g§i

=m—tv—+
it il it

che cle
=mg +gdm, 50 mE+v—=mg

: . 4 : . :
The mass of the hailstone iz pxgﬂ?B sifice mass 18 proportional to velume

dom , dr

= _—=4 —=4 e
di o df o
4 3dv 1 4 3
= ox—r —4vxd olmrt = ox—ar
2 3 P LEah P A~ 3 E
and therefore dl:g—@
ds r
dy EF A A dv o 3y
C _=g—_=g— ,_-|— —
de F a+A df at+

34
Tsing the integrating factor e'[mdé = gihietat), [a+ ﬂzf:
via+ ) =J.g(a+ﬂz]3dz=f—ﬂ(a+ﬂz]4+c

4 4
t=0,v =0,0=%+c, v(a+a) =2 (a+a) -85

44 44
v=g[a+ﬂf.)_ ga"
42 4afa+ Ay
=i:>v=g[a+ﬂﬂ]— gﬂ4 =E_@=65ﬂg
24 47 a) 84 271 2164
4A[a+}iﬁ]
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics
Exercise A, Question 1

Question:

Answer this question by using calculus.
Find the moment of inertia of a thin uniform rod of mass #2 and length f about an axis
through one end perpendicular to its length

Solution:

Diwide the rod inte small pieces of length &x at a distance x from the axis.

The mase per unit length of the rod = ?

=0 the mass of a small piece = ?52{.

For the whole rod

B i
{
=0
Az dx— 0 summations become integrals and
I 2
g I il e
o 4

I
b
2 L

= lmgﬂ
3
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 2

Question:

Answer this question by using calculus.
Find the moment of inertia of a thin uniform rod of mass »2 and length [ about an axis

. L T
through its centre and inclined at an angle of = to its length.

Solution:

I.
3

’.ﬂ){',f) 'I; “--._‘\\'\l

ARNX SN

Divide the rod into small pieces. &g the mass per unit length of the rod iz E, the mass

of small piece of length &x 15 ?Ex.

Ifthe piece iz at a distance x along the rod from O, the centre of the rod, then its

. o . Ow
distance from the azis 15 xsin—.

"
For the wholered 7= Zﬂqrj where » = xsin% :
=1

Az Hx— 0, summations becotne integrals and
i

i= EEx:{sinzEn:i;r:,wherna sin£=£
= 3 3 2

m| 2P
o ot _+_
4 |24 24
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Exercise A, Question 3

Question:

Answer this question by using calculus.
Find the moment of inertia of a thin uniform rod of mass s and length 27 about an axis

: . ! : o T
through a point at a distance 5 from itz centre and inclined at an angle of " to itz

length.
Solution:
at .
A sinZ-
/ w
Vs RN
[ t — £ ]
o e Cs—
%

The tmass per unit length of the rod= %

Divide the rod into small pieces of length &x at a distance x along the rod from where
the axis meets the rod,

- . o ; e
Then a small piece 15 at distance r= xsmg from axis and the mass =Eﬁx.
2

b
For the wholered [ = Zﬁqr:" where 72 = x° sin° % =
i=1

Az Sx— 0, summations become integrals and
]

— 2
el I VT
=2l 4

T
3

e ]. 3I

i |
T T
1l

_m 933+12533
Il 64 192
m_ 152
=_x—
8 192

197
192
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Exercise A, Question 4

Question:

Answer this question by using calculus.
& uniform lamina, of mass A, iz bounded by the curve with equation y* =16x and the

line with equation x =9,
Tsing calculus, find its moment of inertia about the x axis.

Solution:

.'/’
ap ! 9
\ ey i
~— ! !
Let o be mass per unit area of the lamina.
9

Then =,oI 2ydx
0

v 1
= EpI dxdx
0

%2 |
=2p |:—x4x:‘:|
3 i

2xdw 27

= 1440
M

144
The moment of inertia of a strip about axis through centre, perpendicular to

strip =%5my2 =%p2y- Sx .y

72
=0 f:,[ Zpy? dx
g 3

3 144 5
= EM':-c Ex 243
27 5
4,
5
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Exercise A, Question 5

Question:

Answer this question by using calculus.
Find the moment of inertia of a uniform triangular lamina of mass s which 1z 1sosceles
with base b and height & about its axis of symmetry.

Solution:
(-: ¥ Let the mass per unit areabe 0.
71\ 1
i oY Then m=—xhxhxg
LKA\ gy 2
J/ N 2
/ \ So og=—
.."‘l \"\_ bk
A——f—— >
0
Divide the triangle into strips.
The one shown has mass 2xdyx o
.2
Le. ;m-2x5y=5m
bk
3 # g e 1 2 ‘4m 3
The moment of inertia of the strip about the ¥ axis is grfn'm = —xdy.

Sototal ML as Ay —= 0 15 given by

k
I=I 4;mx3 dy
o Sbk

The equation of the line O'F 15 §+% =1

k.3 3
j:ﬁ‘[ ’39_[1_5] dy
k), 3L K

LR R SR 3
» R

e ), h B B
2 p 3 4
_mb[_ig y}

6h |0 2k W 4P
_mb k
" en 4
bt
4
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Exercise A, Question 6

Question:

Answer this question by using calculus.
A uniform lamina, of mass M, 15 bounded by the positive x and y axes and the portion

_ T
of the curve ¥y =2cosx for which 02 xe— .

TTzing calculus, find ite moment of inertia
a aboutthe x amis
h aboutthe v axis

Solution:
a y For the strip shown
2 [ Y=2cosx = pyax
: 1
\ MI of strip about Ox==Sm y*
\ 3
| x 1 5
O—x—& z =gPXex
2

o total f =%p v* dx

[=1

b

Prosfxdx

] =

Fal

| oo

2

| oo

0 1nx——s1n x:|
0

(WS RNa]

fal

J

,oJ’ 1-sin? x)cos x dr
:

[ d

= s wla

But M =g 22|:r:>s:1rn::1x
,.-:I|:251nx:|,3E
g p=£ atel 20 J—EXE
2
Le. I=EM
9
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3
;I
|

ML of strip about the y-axis = S’

= pyxdx
M
= —yyx'dx
2}"
=0 I=£‘[2xj2cosxdx
2 Ja
.% .
=M| xcosxdx
Jo
: :

= M|z sinx—IExsinx dx}

o
o 3

=M ?— —2xcos x+I2cos xdx
0

2 T T
=M %+[2x Cog x] g—[Zsin x]u_z}

.2
=M ’T__z}
4
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Exercise A, Question 7

Question:

Answer this question by using additive rule and guoting known results.

A uniform ring of radiue » and mass s has a particle of mass #2 attached to it. Find the
motment of inertia of the composite body about an axis through the centre of the ring
and perpendicular to the plane of the ring,

Solution:

Moment of inertia of ring = s
Moment of inertia of particle =mr?

By additive rule, moment of inertia of composite body = Zpp?

© Pearson Education Ltd 2C
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Exercise A, Question 8

Question:

Answer this question by using additive rule and guoting known results.

A uniform rod of mass 2w and length / has a particle of mass # fized to one end.

Find the moment of inertia of the system about an axis through the other end of the rod
and perpendicular to the rod.

Solution:

2mg mg

4 1Y
Moment of inertia of rod = E ZM[E]

” Zpaal?
3

Moment of inertia of mass m = -

2
o Tetal M.I = % +anl (by additive rule)

Sl

2
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Exercise A, Question 9

Question:

Answer this question by using additive rule and guoting known results.
A uniform rod of mass M and length ! 1z attached at one of its ends to the centre of a

uniform disc of radius », which is perpendicular to the rod. Find the moment of inertia
of the system about an axis along the rod.

Solution:

Moment of inertia of rod=10

Moment of inertia of dise = lmrz
1 4

S Total BT =5mr
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Exercise A, Question 10

Question:

Answer this question by using additive rule and guoting known results.
Four uniferm rods each of mass M are rigidly jointed to form a square of side @ Find
the moment of inertia of thiz structure about a diagonal

Solution:

For eachrod use the formula £ =%m£:" sin’ &

a - found in Example 3e.

4 e’ 3
S0 f=—xMx[§] sin® 45°

Eut there are four rods.

sototal J=4x %Mag {additive rule)

Mt

| e
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Exercise A, Question 11

Question:

Answer this question by using additive rule and guoting known results.

Particles 4, Band C of mass 3kg, 4 kg and 3 kg respectively, are rigidly jointed

by light reds to form an equilateral triangle with sides of length &

Find the moment of inettia of the composite body about an axis

a along A5,

h through O along the axis of symmetry of the triangle which iz perpendicular to A8,

Solution:
a s
Bﬁ,J kg
.'{‘H_ 3
i - i )
607 i,
I_r____.- {‘J \\?‘:{
/3 kg a 1 ko

a3
2

T’
MI, =3x—
AB x 4
St
4
b ff;g kg Let X be mid-point of AB
K 2 2
VAR Total ML about CX = 3x [5] +4x[5] +3%0

-, ___.-Tl.’_.-" 3 \x_\ 2 2

e S _3 4
f. \\\ 4 4

Ad = } C 2
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Exercise A, Question 12

Question:

Answer this question by using additive rule and quoting known results.
In a similar configuration to that described in question 11, particles 4, B and C of mass
Akg 4 kgand 3 kgrespectively, are rigidly joined by heavy rods, each of mass 2 kg,
to form an equilateral triangle with sides of length a.
Find the moment of inertia of this composite body about an azis
a along AR,
b through O along the aziz of symmetry of the triangle which s perpendicular
to A5

Solution:

a MIof rod A8 about AD =10
M.I of rod BC about AB = %’”F sin’ & (from Example 3c)

2
=4’<2["] sin? 60°

LW

2
Similarly M1 of rod AT about A8 = %

2
Total BLI of particles about A5 = 9% (from Question 11

a a a 2
sl T Soanadblet® nel w8 i o
7 272 a

2 2
b MI ofrod AR ahout C"X=1§x2x[§] =‘%

4 2
A, ; 2 [g] sin? 20° = %

2
Similarly MI of rod AC about CF = %

2
Total MLI of particles about CX = % (from Question 11)

2 2 2 2
Ta® a® a® a

o Total ML about CX=—+E+_+_

© Pearson Education Ltd 2C
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Exercise B, Question 1

Question:
Find the moment of inertia of a uniform rectangular lamina of mass a with length 20
and width 2& about an axis along the side of length 2a.

Solution:

2a

2h

From the standard result /= imbz

© Pearson Education Ltd 2C
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Exercise B, Question 2

Question:

Find the moment of inertia of a square lamina of mass me with zides of length @ about
at axis along one of the sides,

Solution:

7]

L] o=

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

Find the moment of inertia of a uniform rectangular lamina of masz #2 with length 2a
ated width 2k about an axis in the plane of the lamina, parallel to the sides of length 24
and bizsecting the sides of length 22 at right angles.

Solution:

From the standard result = lmaz

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

Find the moment of inertia of a uniform circular zolid cylinder of mass s, length & and
baze radius &, about itz axis of symmetry.

Solution:

From standard results 7= %maz

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

Find the radius of gyration of a uniform circular hollew cylinder with height & and
with a citcular base of radius @ of the sate material, about its axis of symmetry. The
total mass of the cylinder with its base 1z m.

Solution:

i ‘
L R

Let the mass per unit area be . From standard results, the moment of inertia of the
hollow cylinder is wna’, where w2 is its mass and me = 0 2mah

ie I =p 2na’h.
2
The moment of inertia of the circular base 15

@ .
”322 . where »z, 13 itz mass and

= 2
By = O A

4
Ei{#]

Le I = pT
.. Total M.I can be obtained from additive rule and

I=2ma’h +gpa4 =wa o(2h +§] *

But m=my -+, =p 2nak+po0 72’
1

Le. m=mao(th+a) = o=——7——
O TS

substituting into * gives

ma2(2k+%)

2hta
_mat(dh+a)
202k +a)

‘f
Eadius of gyration, &=, ]—
)
dh+a
=g [————
2l2h+a)

© Pearson Education Ltd 2C
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Exercise B, Question 6

Question:

Find the moment of inertia, about its axis of symmetry, of a uniform circular hollow
cylinder of height & and basze radius @, which has a circular base and circular top of
twice the density of the material which forms the curved surface. The total mass of the
cylinder with its base and top 15 m.

Solution:

Let the mass per unit area= 0.
The mass of the hollow cyclinder 13 2mako
The mass of the circular base is 7a® 2o
The mass of the circular tep is ma® 22
w2

S Total mass =(2?m}'z +2ma’ +2mz2),r:l and o ZW G
wah+dwa

The ML of the hollow cylinder is (2rako)a’

2
LI ofthe circular bacse is (E,vmzp)%

2
M I ofthe circular top is {2ra” £
pie (ora)

s Total ML = 2rahp +ra’ p+matp
= na’ p(2h +2a)

substituting o = — from =*
2rraih+2a)

P —— maa’ (2k+2a)
g  Zmath+2a)

_mal(e+a)
E+2a

© Pearson Education Ltd 2C
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Exercise B, Question 7

Question:

TTze the additive rule, and the standard result for the moment of inertia of a solid
sphere, to show that the rading of gyration of a uniform solid hemisphere of mass

} : ) : 2
and radiug r about a diameter of the circular base iz J;r.

Solution:

Let the moment of inertia of the hemisphere about a diameter of the base be £
: 2 :
Then as two hemispheres form a sphere 747 == wme”, where m is mass of sphere.

2 2

S0 f=—x—mr

But §= m' the mass of the hemisphere
2 12 13 2 : ' 2
so f= Em Fo=m'k® where k, the radius of gyration, = Er

© Pearson Education Ltd 2C
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Exercise B, Question 8

Question:

TTze the additive rule, and the standard result for the moment of inertia of a wniform
citcular disc, to find the radiuz of gyration of a uniform semicircular lamina of mass M

and radius & about an axis perpendicular to the lamina through the mid-peoint of the
straight edge.

Solution:

2
M I of circular disc about perpendicular axis through centre = ——

: . e : . i
Somotnent of inertia, I of semicircular disc about same axis = ——

2
fasI+1= m% . by additive rule)

But mass of semicircular disc M =—

SoMI of semicircular disc = lMaz.

o radiug of gyration, k= Q.

=

© Pearson Education Ltd 2C
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Exercise B, Question 9

Question:

A non-uniform solid sphere of radine £ and mass M has mass &r per unit volume for
all points at distance » from the centre of the sphere.
a Ezpress kinterms of M and &
b Tse calculus to find the moment of inertia of the sphere about a diameter,
giving your answer in terms of M and &

Solution:

Diwvide the sphere up inte concentric shells. Consider one such shell of radius » and

thickness &r
its mass SM = darSrx b

2
o Total mass of sphere =z43’rﬁ:f"3 ar
¥=0

B
As .5r_>oM:I Aol dr
1]

=[],
M

a7
The moment of inertia of the shell

YK Eﬁmrz = Ekﬁrrjc‘?r
3 3

B
SoAs Sr—= 0 I=I %ﬁ:}rrjdr
0

B
= |:E ﬁmrﬁ:|
13 i

=
£
?‘-u

3
o
=

5
SIS

5

(Focl I Y R R o I N
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Exercise B, Question 10

Question:

TTzing the formula for the motent of inertia of a uniform solid sphere,

a findthe moment of inettia of a uniform spherical shell of inner radivg » and
outer radius R and mass m.

: : 2
b Show that as » — R the moment of inertia reaches the value = mr? .

Solution:

PhysicsAndMathsTutor.com
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a By additive rule

Moment of inertia of Moment of inertia IMoment of inertia

sphere with radius » * of shell B of sphere with radius &

Let the sphere have mass per unit volume o

Then moment of 1nertia of large sphere = %x %:ﬂrf{apx R

2
=" gn RS
B

Alzo motment of inertia of small sphere= %Hprﬁ

. Moment of inertia of shell = %mﬂﬂj = E;-'r,r:u‘"

13
Le I=Eﬂp(ﬂj—r5 T
o 13
4 s 4
But mass of shell = = gnR —gm" fal
. 3
—ma (R - @
=37
Dividing @ by @ gives
8
— R -p?
4 _jis S
m —f'?C' R3 3}
SRR IR s Ripse ROt e Rt ptl)
5 (R-r)(R*+Rr+r®)
[R4+Rzr+Rzr2+Rr3+r4}
= 2
SR i)
h sr— R
2 58
I=mx—x—p
5 3R
:Emgﬂ
3
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Exercise B, Question 11

Question:

TTzing the formula for the motment of inertia of a uniform solid cone, (found in
Ezxzample 13)
a find the moment of inertia of a conical shell, with inner radius » and

inner height % and outer radius & and outer height k and mass m. You
should assume that the inner and outer cone are geometrically similar,

: : 1
b Show that as » — R the moment of inertia reaches the value —me?

¢ Explain how vou could have deduced the value of the moment of
inertia by considering a circular disc divided into a large number of concentric
hoops.

Solution:

a Moment of inertia of conical shell = Moment of 1nertia of large cone —

Moment of inertia of small cone

= EMIRE —EMQR
10 10

where M) 1z the mags of the large cone and M, is the mass of the small cone,

Let o bethe mass per unit volume of the cones.

Then M1=%frfw?2}'zp and A, =%frr2?z',o

7\
7 “-.\
: T
;__.f ;__,r h N
P _ %Y
_—“R_—
From similar triangles }izﬁ
5
Soh'=hl
iy
som=M -M,
. 1 2 .33.?"3
B == R —— g
1Le 3;.;@[ 7 J
Alge § =ixlm‘22}gpx Rz—ixlﬂrﬂﬂpxrﬂ
10 3 10 3 iy
1 5
I=—mio| -2 | @
10 iy

Divide equation @ by equation @ to give
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it
e 1 2 0
)
_3(®-r)
_E[Rz—rzjl
_ j_3,»;.3I:R"+f‘23;r~+322r~2+R;r~3+r":;
= 10 (Rz-l—Rr—i—rz;l

4
b As r—> R I=imx£=lmﬂz
10 iR 2

¢ Consider the cone divided up into a large number of thin hoops centred on its axis

of symmetry,

This iz similar to a disc of the same radiug divided up into a large number of thin

hoops.

They have the same mass distribution and so the same moment of inertia

ie. —mrt
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Exercise B, Question 12

Question:

Find, by integration, the moment of inertia of a uniform hollow sphere of mass
and radiug » about an axis through the centre of the sphere.

Divide the sphere into compaosite hoops of surface area 27 sin Gxrd8, where & is
the angle between the axis and the radius which joins a point on the outer circular
boundary of the hoop to the centre of the sphere.

Solution:
wny

v ™\, 156
! _,,-f")&..— rsing
f ,,_-" i

: JI L-48 — X

\ /

. 0

~— g

Divide the sphere into hoops one of which 15 shown
The surface area of the hoop = 27 sin S xrdd

: m
The mass per unit area of the sphere = T
Fivs

a .
.. The mass of the hoop shown = Zﬂr;lﬂ
T

=lmsin5'59
2

MI of hoop about x-axis = massx radius

= lmsin&? xr?sin® 858

Addingthe moments of inertia of all such hoops and letting 58 — 0

T 2
L of sphere about x-axis = I %siné‘ sin® @ 48
0

© Pearson Education Ltd 2C
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Exercise C, Question 1

Question:

A uniform lamina of mass #2 12 in the shape of a rectangle ASC D where A8 = 6a and
BT =7a Find the moment of inettia of the lamina about an axis perpendicular to the
lamina, acting through the centre of the lamina

Solution:

2
IMMoment of inertia about ﬂ'=%m[3§]

Moment of inertia about ¥¥'= %m@a)ﬂ

S Moment of inertia about an axis perpendicular to the lamina acting through the

2
centre of the lamina =%m[%] +13m(3¢:1t)2 (using the perpendicular axes

theorem).
2
te required WMI = lmx9i+lmx g
3 4 3
_ 159ma’
4
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Exercise C, Question 2

Question:

Find the moment of inertia of a square lamina of tmass m and side @ about an axis
through one corner perpendicular to the plane of the lamina,

Solution:

o

—— O —

Yi

iChoose one of the corners, A for example.

2
Moment of inertia of square about axis AX shown = %m[%}
3
Ay
Maoment of inertia of square about axis AF shown, = EM[EJ also

oo Moment of inertia about an axis through one corner, perpendicular to the plane iz f
where

= lmag +%m2(perpandicular axes theorem))

e f = Emaz
3

© Pearson Education Ltd 2C
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Exercise C, Question 3

Question:
Find the moment of inertia of a rectangular lamina of mass a¢ and sides & and & about
a1 axis threugh one corner perpendicular to the plane of the lamina,

Solution:

D C

i

=

o Moment of inertia about an axis through 4 perpendicular to the

lamina = %maz +—

=

= %m a’ +E:2)

© Pearson Education Ltd 2C
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Exercise C, Question 4

Question:

A uniform square lamina ABCT) 15 of mass 4 and side meg . The axis [ 15 a smooth
fized axiz which passes through A and 1z perpendicular to the lamina Show that the
moment of inertia of the lamina about L is 32" .

Solution:
D C
2a\3 4m

A—2a\3

B

E"\-q

x4m(a~.ﬂ§)2 =16ma*

x4m(cz\-'§)2 =16z’

Gaa” +16ma’ (perpendicular axes theorem)
2

i _
B

i

[ I % 1 [ N P N 8

Zry
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Exercise C, Question 5

Question:

A uniform lamina of mass w2 iz in the shape of a square ABCD with sides of length
3 cm. Find the moment of inertia of the lamina about the diagonal AC

Solution:
Nz
Jem |- A ’.".\.%.'\.". ............... G g
.-Ij 3 ::m B

Let centre of square be & and take x, v and z axes such that Ox 15 parallel to A8, Oy iz
parallel to AD and Oz 15 perpendicular to the lamina.

Then
_ 1 37 _3m
w=3m3) T
_1[3) 3
e=3"3) T
fo = BTm % by perpendicular axes theorem.
_ 3m
2

457 0 Oy

Then /+7 = 3%?2 , by perpendicular axes theorem

o N
4

Zo the moment of inertia about the diagonal AT = B;m

© Pearson Education Ltd 2C
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Exercise C, Question 6

Question:

Find the radius of gyration of a uniform circular disc of radius » about a line in the
plane of the disc which 15 tangential to the disc.

Solution:

2
Ry

The M1 of the disc about an axis, through its centre, perpendicular to the dizc = T

where # 15 it5 mass.

. By perpendicular axes theorem, the moment of inertia of the disc about a diameter
2

: Far

iz fwhere J4+7 :T

2
PR

R

— tangent

| diameter

'\x\‘.‘ ; /.

Let the moment of inertia of the disc about atangent be [
Then

I'=I+mr? by the parallel axes theorem

2
= gt
_ St
4
=oif the radivg of gyration is k&
o mr?
4
R l,f: s i
2
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Exercise C, Question 7

Question:

Find the radius of gyration of a circular ring of radiug » about a line in the plane of the
ring which 1z tangential to the ring.

Solution:

The moment of inertia of a ring about an axis through its centre, perpendicular to the
plane of the ring = mr® | where 2 i3 its mass.
The moment of inertia of the ring about a diameter iz [ where

I+7 =mr® (by perpendicular axes theorem)
2

Fr
S
2
——— tangent
y ;
."r r
| | diameter
\
\\

The moment of inertia of the ring about a tangent 1s /' where
I'= I +wmr? by the parallel axes theorem

2

. mar
e d' = T—kmrz

e
2
S0, 1f the radiug of gyration 1s &
k= 332
7

tek = \[Er
2
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Exercise C, Question 8

Question:

Find the moment of inertia of a uniform solid sphere of radius @ and mass 1 about a
&

N5

chord of the sphere which liez at a distance from the centre of the sphere.

Solution:

G : 2
The moment of inertia of the sphere about a diameter = Emaz

This 15 true for any diameter and in particular for a diameter parallel to the chord

Let The the moment of inertia of the sphere about the chord, which iz a distance %

from &

Then
o
2

2 . wa
=—pma +—
5 2
Emz

10

2
= %mag +m[ ] [parallel axes theorem]
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Exercise C, Question 9

Question:

TTze calculus to find the moment of inertia of a thin hollow uniform right circular
cylinder of masz M, radive & and height & about a diameter of an end circle. The
cylinder 12 open at both ends,

Solution:

Let & be the centre of the circular base of the cylinder and let the x-amis be in the
direction of the diameter of the base.

Let the y-amis be the axiz of the cylinder.

Divide the cylinder into rings — one of which is shown. Let this ring have radius &,
thickness Sy and be at a distance y from the x-asiz Itz mass iz Sm

The moment of inertia of the ring about the y-azis is SmR® = 2m RSy R* = 2mo RSy
Let the moment of inertia of the ring about a diameter perpendicular to the y-axis be

a1

Then &1, +81, =2ap R*8y —using perpendicular axes theorem,

ie 8. =mR8y

So the moment of inertia of the ring about the x-asis 15 7., +&my* , using the parallel

axes theorem e, RSy + 2o Ry Sy
Adding all such rings and letting dy — 0

"
s I o R(R+2y" )y
0
5 H
= okl [ng+—y3:|
ER"
2 2 sv3
=makR [R H+§H }
But the cylinder has mass M S0 2rBH p=M
A 2

I o= —[PFH +—H3}
2H 3

=%[3R3+2H2]
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Exercise C, Question 10

Question:

Find the moment of inertia of a solid uniform right circular cylinder of mass A, radius
Fand height 7 about an axis through the centre of gravity perpendicular to the axiz of
the cylinder,

Solution:

PhysicsAndMathsTutor.com
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> X

Take the y-axis as the axis of the cylinder and the x-axis passes through the centre of
gravity as shown
Divide the cylinder into discs. The disc shown has radius &, thickness &y and is at

height ¥ abowe the x-amxis.

The mass per unit volume of the cylinder =

nR*H
" mass of dizc=— -HRES_J::m
AR H
2
For the disc /, =[@}<£
H 2
oo The MI of disc about 1ts diameter O'x', parallel to the x-axis 13
2
i =[%]X % (from the perpendicular axis theorem)
o MLI of disc about Ox 15 7, where
=1 +[%}<yn (frotn the parallel azes theoretn)
May| R
= —‘y _+u};2
H | 4

The moment of inertia for the cvlinder is obtained by adding the moments of inertia
for all such discs and letting Sy — 0

© Pearson Education Ltd 2C
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Exercise C, Question 11

Question:

Find the moment of inertia of a uniferm cuke of mass Mand edge & about an axis
along one edge.

Solution:

-
i
|
Bo
\ 1™
g

Ceonsider a square cross section ASCD of the cube.
Let its mass be Jem.

a
Tts ML about AD =8| 2] =1 s
2 Lok 2

Also its MI about A8 = %.5%12

. By perpendicular axis theorem, its moment of inertia about an axis through 4
perpendicular to AT 15 &7 where

2

& =15maz +15ma2 =2 Sma®

The ML of the cube about the edge through A4 1z obtained by adding all such square
Cross sections

si= Zgﬁmag
3
= Eagz.ﬁ'm
3

Ma®

| e
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Exercise C, Question 12

Question:

Find the moment of inertia of a uniferm rectangular lamina of mass M and sides @ and

b about an axis, perpendicular to the lamina, through the mid-point of a side of length
.

Solution:
vy A
|
‘ |/ .
A — PSSO SRR Wk
p
e Y

Take XX\ FY' and ZZ2°' as three axes meeting at O, the centre of the rectangle. XY

and ¥¥' are parallel to sides of the rectangle and 22" 1z perpendicular to the
rectangle.

Let L be the axis about which vou need to find the moment of inertia. L 1z parallel to
ZZ'

I = I+ 1 (perpendicular axis theorem)

1
= Em[ag +E:2:|

2
Then. b =1, +m[f—;] {parallel axes theorem)

1 b’
= Em[ﬂg +E:'2:|+T

—maz+lmb2
12 3
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Exercise C, Question 13

Question:

A uniform semi circular lamina has mass a2 and radivs ».

a State the position of its centre of mass.

b Find the moment of inertia of the lamina about an axis through itz centre of mass,
perpendicular to the lamina,

Solution:

; . : 4r : : ; :
a Onits axis of symmetry at a distance oy from O, the mid-point of 1ts straight
g

edge.

b Let the moment of inertia of the semi-circular lamina about an azis perpendicular to
the lamina through Cbe I,
Then, as two such laminas male a disc of mass Zms

1
2w

Iatiy — by the additive rule.

2
L

s faz_

2

The required moment of inertia fé; may be ohtained by using the parallel axes
theorem.
2
As i = f9+m[4—r]
Fig
= wrt 16mr?
2 9

= 1’:’; (9 - 32)
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Exercise C, Question 14

Question:

Find the moment of inertia of a uniform solid sphere of mass w1 and radius # about a
tangent at any point on the surface.

Solution:
e &,
p
/ ” k!
!
¥ -}
\ ,

. ; . 2
Moment of inertia about a diameter = = war?

Then using parallel axes theorem:

— i
Wloment of inertia about tangent = Emrz +

5
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Exercise C, Question 15

Question:
Find, by integration, the moment of inertia of a uniform selid cone of mass #, base
radiuz # and height 2 about a diameter of the base.

Solution:
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.

s | T
r}-" I':'.-— I

R I

Y

4

3p ¥ __,-" N P
- -~

Divide the cone inte thin discs — one of which 15 shown,
Its mass 15 &, its thickness 15 dx, its radius 1z v and 1t 13 at a distance x from the
V-aEis,
2
The moment of inertia of the disc about the x-ax1s 13

5:‘?@12

Its WL about its diameter = (perpendicular axes theorem)

Swy”

Tt ML T about a diameter of the base = +&mih—x)* (parallel azes theorem) *

: w1 3
The mass per unit volume of the cone =

T
l;frrj}':a mrth

3
S The mass Sm= T xmyEx
mr'h
2
= 3”? 8x 1
rh
Alao by similartriangles: Y=L y= %x &

Substituting @ and @ inte *,
4
sr=282 am-af Isx
riil 4

: Im | rtxt P2 2
1.E. C,c"f =m[w+k—z(}3_ﬁ') 5?{

Let dx— 0 and find the total moment of inertia of the cone by integration.

_3m rt 4 r 2.3 4
So f _E_I.ﬁx +;2—2[;g — Chx 4+ x jdx
1]

k
4.5 23 1.4 2
_3m|:rx FrxT 2tz rx5:|

Palcort 3 4 kB 5
_ Zm |:r4ﬁz e e rzﬁe3:|

| =T - e
rih| 20 3 2 5

0

_ 3w’ b

+ —
20 10

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Mechanics 5

Solutionbank M5
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Exercise D, Question 1

Question:

Touw may assume thal the moment of inertia of a uriform circular dise, of mass m and

radius a, about an axis through its cenire and perpendicilar to iis plare is 5 ma®.
A cartwheel 13 modelled as a uniferm circular dise, of mass #2 and radius @, to which 1z
attached a thin metal circwlar rim, also of mass #2 and radius @. The cartwheel rotates

about the axis through its centre and perpendicular to its plane.
Find the radius of gyration of the cartwheel about this asxis, E

Solution:

. . . . 1
Moment of inertia of circular disc = Emg

Moment of inertia of circular rim = ma®

S ML of cartwheel = %mag + {additive rule)

2

But mass of cartwheel = 2m
S Ifits radius of gyration =&

ML= 2wk = %maz
b= Ea:"
|
1e k= ﬁ
2
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Exercise D, Question 2

Question:

A= Der ! i

A pendulum & 1z modelled as a uniform rod AR, of length 22 and mass A, rigidly
fized to a uniform circular disc of radius @ and mass 20 The end B of the rod 15
attached to the centre of the disc and the rod lies in the plane of the disc as shown in
the figure. The pendulum 1z free to rotate in a vertical plane about a fized smooth
hoerizontal axis L which passes through end A and is perpendicular to the plane of the
dizc.

Show that the moment of inertia of P about [ is 190Ma*. E (adapted)

Solution:

2
Moment of inertia of rod about I = i M[%]

M){(ch)g

=

= 27M4
2
Meoment of inertia of dizc about L = 2M[%]+ EM(S‘a)g By parallel axes theorem)

= Ma® +162 Ma®
=163Ma*
o Moment of inertia of pendulum about L = 27Ma* +163Ma* (additive law)
= 190Ma*
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Exercise D, Question 3

Question:

A uniform wire of length 3a and tmass 32 i3 bent into the shape of an equilateral
triangle. Find the moment of inertia of the triangle about an axis through a vertex

perpendicular to the plane of the lamina E
Solution:
4
i
I_;
.f; h
i -’Ir }ff A
\
[ i B

By Pythagoras' Theorem:

kaaj_ E 2:%#
2 4

The diagram shows the equilateral triangle A 80 Let L be the axis through A4,
perpendicular to the plane of ABC

2
Moment of inertia of AZ about L= %m[g]

2
Moment of inertia AT about L= %m[%]

2
Moment of inertia CF about 1 = %[%] +mh? — from parallel axes theorem

.. By additive rule:
motent of inettia of the triangle about L

4 ag 4 a:2 m az 4
=—m| — | +=m| = | +—| = | +m¥
3 2 3 2 ERT

1 2 1 2 1 ] 3.??3&!2

ifroms)
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Exercise D, Question 4

Question:

A uniform piece of wire ABC, of total length 3a and mass a2, 18 bent to form a right
angle at B, with straight arms A8 and BC of length @ and 2a respectively. Show that
the moment of inertia of the wire about the axiz L through B perpendicular to the plane

of the wire is ma’. E
Solution:
A
a
B el - C
ol
As the wire 15 uniform, mass of A5 15 i and mass of 5C 15 2;”2 :
3 3
) ) 4w a
Moment of inertia of A8 about L=—| — || —
3V3 02
a
IMoment of inertia 8C about L =i Eﬁ 2—“
303 2
2 2
. Moment of inertia of wire about L =— xﬂ +ix sk
1z 3 1z
ot Bma®
9 9
=’
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Exercise D, Question 5

Question:

A thin uniform rod of mass #2 and length 27 15 attached at one end to the centre of a
face of a uniform solid cube of masz B and side I The rod iz perpendicular to the
face to which it iz attached. Find the moment of inertia of the system about an edge of
the cube which iz parallel to the rod. E

Solution:

PhysicsAndMathsTutor.com
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W i ! X
—
T/_ ‘/ ] ! I
: ‘- | h !
B . olz‘ 3] "/, [ ¥} 3
y /
i L = -‘f f N
Z } 2
ii iii

Diagrami shows the rod A8 attached at A, the centre of the face WXY¥Z Tt also shows
the axis L through point X perpendicular to face WAYZ

Diagram 11 shows the face WX TE and diagram iii shows an enlargement of A4NEY |
where A 15 the mid-point of the edge XF

¢ IFEX" ERN 9F P ,
Let AX =% where ° = = + 5 :T:E (from Pythagoras’ Theorem)

Let mass of square be '
moment of inertia of the rod 48 about axis L
= mh?
2
L
2

moment of inertia of cube about L =moment of inertia of square WA YE of same mass

about £ (stretching rule)

Mement of inertia of square about axis along AN = %m'[i)z

2
. . j 1y
Also ML of square about axis perpendicular to AN in plane of square = gm 3
! By perpendicular axes theorem ML of square about ams through A perpendicular
3 2
to plane =-m'—+lm";—=lm'!2
3 4 3 4 6

Ev parallel axes theorem M1 of WAYZ about L

wm' v

wm' -J-lm'i'2
2

Il

Wy T — O | =

ﬁ_

So ML of cube about L=§x3m.’2 @

Using results @ and @ the M.I of the system about L
ot 16
=" O

2 3

jozs Emgﬁ
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Exercise D, Question 6

Question:
/ A
' P
|'l il I'.
ol |
Y

A uniform disc has mass s and radius a.
a Show that the moment of inertia of the disc about a tangent £ lying in the plane of

the disc 15 gmag.

The line L iz atangent to the dizc at the point 4, and A5 iz a diameter of the disc, as
shown in the figure. A particle of mass # 1s attached to the disc at B
b Find the moment of inertia of the loaded disc about the tangent [ E

Solution:

a ML of dizc about axis through its centre, perpendicular to its

2
plane= o +— This 15 a result you may quote.

2
M of disc about diameter =% +——— From perpendicular axzis theorem —

2 2
FRIE

as I+f=£,then f=—
2 4

2
S ML of disc about tangent =%+m¢;¢2 (Parallel axes theorem)

2
R s

2
b= 5”;“ +m(2a)

2l

e (A dditive rule)
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Exercise D, Question 7

Question:

A uniform rod AD of mass s and length da iz free to rotate in a vertical plane about a
fized emooth horizontal axis ! through the point X on the rod, where AY =a . The rod
1z hanging at rest with B below A when it 1z struck at its mid-point by a particle F of
tmass 3 moving horizontally with speed i in a direction perpendicular to f
Immediately after the impact P adheres to the rod. Show that after the impact, the

moment of inertia about F ofthe rod and the particle together iz %mz : E

Solution:

a
AT

I a
da  793m

Jf?

B

Moment of inertia of rod about axis perpendicular to it, through
i 2ty _ A’

£

mid-point =

2
Appc 1

S MWLI efrod about axzis £, through X = + it (parallel axzes theorem)

Moment of inertia of particle P about | = Zma’
2

S ML ofrod and particle together = +ma’ + Ima’

_ 16ma’

3
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Exercise D, Question 8

Question:

A uniform rod A8 has mass ¢ and length 20, & particle of mass a2 15 attached to the
end £ The loaded rod 15 free to rotate about a fized smooth horizontal asus L,

perpendicular to the rod and passing through a point & of the rod, where AQ = %cx :

2
Show that the moment of inertia of the loaded rod about £ 13 Finia . E
Solution:
Lg
A—— -5
)

310
2a

N : . 1
Moment of inertia of rod about mid-point = — ma”

y
S ML ofred about axis L, threugh &= %mz +m[15cz] (parallel axes theorem)

2
LI ofparticle at B about L= m[éa}

S MLI ofthe loaded rod = lmaj +lma:4 +Emc12

-
= — pt
12

_ 17ma’

T
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Exercise D, Question 9

Question:

i

Anear-ring is maodelled as a uniform zolid sphere of mass 2m and radinz @, with a
patticle of mass e attached to a point & on the surface of the sphere. The ear- ring is
free to rotate about a fized horizontal axiz L which 1s tangential to the sphere and
passes through a point diametrically opposite to F, as shown in the figure.

N . .24
whow that the moment of inertia of the ear- ring about L i3 ?mg . E
Solution:
/.—-’" T,
/ ~
/ T \
| 2m |
% q i
g f o
ekl

m

MMoment of inertia of sphere about diameter = %(2??3}@:2

_ A’
5
o MWL of sphere about L = %mag + 2pa® (parallel axes theorem)
]
MI ofparticle at 2 about I = mi2a)
= dma’
. 4 4 .
o Total M1 of ear-ring about L= ?ma + e {additive rule)
e MI= %mag
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Exercise D, Question 10

Question:
e e —
/ Bt JI_“ .‘-.. ."f I ' 2m
|~ - | ..'
\_ /f T d\“x._ Y.

& model of atiming device in a clock consists of a uniform rod, of mass 3m and
length 2e, the ends of which are attached to two wmform solid spheres, each of radius

lcx as shown in the figure. One sphere has mass a2 and the other has mass 2 The

device rotates freely in a vertical plane about a horizontal azis through the centre of
the rod and perpendicular to it. Show that the moment of inertia of the system about

this axis 15 — ma- . riy
2
Solution:
B, " Vi ”uf“\
|/ A sl ( ’i":l o [ Ten >|
\ ‘2 3 \
= o 2 \\ _--/,

Let O be the centre of the rod and let L be the horizontal axis through O, perpendicular
to the rod.

WI ofrod about L= %ijag =

2
ML of sphere mass 2m about its diameter = %x 2??{%(1]
5
1 2
M I of sphere mass 2m about [, = gma +2m[ cx] iparallel axes theorem)
= Emaj
10

2 2
cimilarly BT of sphere mass S about L = %xgm[%a] +8m[§a]

188
= — it
10

Teing the additive law:

. ML ofwhole titning device = ma +£m.c;c2 +@maz

_ 49ma’
g
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Exercise D, Question 11

Question:

D i c

' L uniferm lamina of mass m 1z formed
from a square lamina ASCLD of side 2a by
cutting out a square of side a. Both squares
have the same centre & and their sides are
parallel as shown in the figure The points
K oand ¥ are the mid-points of 45 and C0

respectively.

v
a Find the moment of inertia of the lamina about an azis passing through X and ¥

b Hence find the radius of gyration of the lamina about an axis perpendicular to its
plane passing through O E

Solution:
a Let mass per unit areabe o,

Moment of inertia of ABC D abour XY = %(p x4a2)x a’

2
Moment of inertia of stnaller square about ¥ = %(,o xag)x[g]

4

.. By additive law moment of inertia of lamina = 13,0 xda* - %p x%
1 1
5° [ 4]
5 4
= —poa
i
But m = p(da® —a)
Le. g= i
o 3a
2
e
12
b Moment of inertia about axis perpendicular to plane
2 2
= 5m+ﬂt+ Sl {by perpendicular axes theorem)
12 12
_ Sma’
&

3
3
But M.I=mk? where & is the radius of gyration — so &% = 5% and k= \/%a
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Exercise D, Question 12

Question:

A lamina & is formed from a unifort disc, centre & and radiug 2a, by remowving the
disc of centre & and radius a, as shown The mass of 515 A
a Show that the moment of inertia of & about an azis through & and

. . .5
perpendicular to its plane 1z EMQE.

The lamina 15 free to rotate about a fized smooth horizontal axis £ The axis £ lies in
the plane of S and iz a tangent to its outer circumference, as shown,

b Shew that the moment of inertia of 5 about L 15 %Maz : E (adapted)

Solution:

PhysicsAndMathsTutor.com
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a Let the mase per unit areabe o and let the axis through O perpendicular to the

lamina be L.
The moment of inertia of the dizsc with radius 22 about L

2
= [,o : H(Ed)z:lx @ = 8moa’
2
a 1
The moment of inertia of the disc with radius @ about L= pma® x = = E,mm“
.. Moment of inertia of lamina § = Snoa’ —%f;ﬂa“

15
=g @O
2”5‘5

But the mass of §=M = mo[(Za) —a”]
= 3noa’ &

; : : : 5
substitute o= i into equation @ to give M.I = EMag

2
[#]

b Let the moment of inertia of 5 about a diameter parallel to £ be £
The moment of inertia of & about a diameter perpendicular to L 15 also £

Then I+7 = gMaj (from perpendicular axes theorerm)
Li= EMag
4
The moment of inettia of 5 about L = ;Mag + M (2a) (from the parallel
axes theorem)
o Bequired moment of inertia = ;Mag + 40’
= EMGE
4
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Exercise D, Question 13

Question:

Tze integration to show that the radius of gyration of a uniform solid hemisphere

: . ; : 2
of mass 2 and radius # about a diameter of the circular base 13 \[;r. E

Solution:
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Vi bx

|

oF i JT
1/

Let the mass per unit wvolume be g

Divide the hemisphere up into discs of radiug y, thickness dx ata distance x from the
citcular base.

2
The M T of the disc shewn about O = (pﬂygﬁx)x%

2
 The M1 of the disc about its diameter parallel to Ch =(pﬂy25xj%
(perpendicular axes theorem)
2
L Its ML about O =pfry25x% + oS xt i(parallel azes theorem)

sumning all such discs and letting dx— 0 gives [, the moment of inertia of the

hemisphere.
¥ 4 ¥

SO f=,mrI ‘y?dx+p}?‘[ yixt dx
0 0

But x* +y* =r = y* =4 -

"1
l=pa| = e TS L e
o[ 40 (s =
=g l[r*x—gr2x3+lxj]+—r2x3—lxj
4 3 5] .
con Ly L 1 1 1
4 ) 20 3 5]

_ 4,.5;???"5
15
. 2 3 3m
But the mass of the hemisphere m=—mor” = p=——
3 2mr

s =St
. _ 2
and the radius of gyration k& = J;r
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Exercise D, Question 14

Question:

Azzuming that the moment of inertia of a uniform circular disc, of mass #2 and

. . . . . o1
radiuz r, about an axis through its centre and perp endicular to itz plane is sz,

) : ) : o1
a deduce that itz moment of inertia about a diameter is —wer .

b Hence, using integration, show that the moment of inertia of a uniform solid
circular cylinder, of mass A, radius » and height %, about a diameter of one of itz

plane faces 15 %M(Brz + 45y E
Solution:
a 'li v
- -r —
i | i *
_ o N\
Ny A /

Let &' be the centre of the circular disc. Take axes Ox and Qv in the plane of the
dizc and &z perpendicular to the disc,

Then [, = %mrz

Alse fo+in =g (perpendicular axes theorerm)
Let I, =1,then {,, =7 also (symmetry)

2

Lal==mr
2
1 4
2o f=—mr
h Z
D
| ——
S— — !
v Fe _—-:j » X
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Consider the cylinder divided up inte a large number of thin discs.
Let a typical disc have radius 7, thickness &z and be at a distance z from the Oxy

plane.
2

The M1 of this disc 1= WT about its diameter in the direction [, parallel to O,
where #2 15 the mass of the disc.

2
Tts L1 about a diameter of the base of the cylinder, Ox 13 WT+m2

iby parallel axes theorem)

b

A3z the cylinder 15 uniform i
M
S =

8z

M 2
mo ML of cyvlinder about base diameter 15 obtained from ZI[% +z{|52 as

Sz —=0
LE
B g
=£ I 4224
2 Jo
Mi#A 1, M#;u;f
Bla” 3 k|4 3
= =[5+ 44
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Exercise D, Question 15

Question:

Fou may assume, without proof, that the moment of inertia of a uniform circular dise,

af mass m and radiue t, about an axis through itz centre and perpendicular to its plane

iz —mr.
2

A unifort solid 5 iz generated by rotating the finite region bounded by the curve with

equation y° = 2ax and the line with equation x= % through 180" about the x-axis.

The wolume of §iz 9m” and its mass is M Show, by integration, that the moment of

inertia of § about its axis of symmetry iz 2Ma*. E
Solution:
¥y Y=2ax
o\ i |3a

Let the mass per unit volume be 2. Divide the solid & into a large number of thin

discs, perpendicular to the x-aziz. A typical disc is shown This has mass pmy Sx and

its moment of inertia about the x-axis is omy*Sx x‘:%

. By summation and letting &x— 0 the moment of inertia of 5 about the axis of
sytmetry

3a
LT

2 Jo

3a
:EI (2ax)? dx
2 Jo

_ dat o |:Jr:3 Tﬂ

I ydx

2 34

_Aapaxn

-

=184 o o
But as the volume of §is 9ma’
LM =p 9a®

o= MaR by substitution into equation (O
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Exercise D, Question 16

Question:

To may assumme, Without proof, that the moment of inertia of @ unifors dise, of mass

. . . . . 1
m and radius r, about an axis through iis centre perpendicular io ifs planes is 3 mr? .

R

.:._;I-I 4] i
A region R is bounded by the curve ¥* =dax(y = 0) , the x-axis and the line
x=a (e >0, as shown & uniform solid 5 of mass M is formed by rotating & about

the x-asis through 3607, Tlaing integration, prove that the moment of inertia of 5 about

the x-asis 15 %Maz ; F

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Page2 of 2

[ 1 la

on |l |

» X

Diwvide & inte discs parallel to the circular base of the solid let the mass per unit
volume be o,

Then M=pI ay* dx

1]

=pI 7o dax dx
0

-3

= [Q;Tpaxz:l
= 2moa’

1]

ES

ki 2ra’
2 _}32

Alzo I=,-:I‘[ ??ygx?dx
0

=EI (dax)?dx
2 Jo

3ﬂ
= 80| 2
amﬂ|:3:|u

3
P ifal

NN el

substitute the value of o fom =

Then 7 = %Maﬂ
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Exercise D, Question 17

Question:

a Show by integration, that the moment of ihertia of a uniform red, of length 27 and
tnass #2, about an axis through the centre of the rod and inclined at an angle 8 to the

rod 15 %mﬂg sin® 8.

‘-'.:'. .. .H

A framework in the shape of an equilateral triangle A 5T 18 formed from three uniform

rods, each of length 25 and mass #, as shown in the figure.

h Find the moment of inertia of the framework about an axis in the plane of the
framework, parallel to B0 and passing through 4.

¢ Hence find the radius of gyration of the framework about this axis. E
Solution:
| B [] |
X ax
— 2L

Diwide the rod into small pieces of length &x at a distance x along the rod from the
middle. The perpendicular distance from the small piece shown to the axis iz
xsind , where £ 1z the constant given angle.

The mass of the small piece is %5x

P S U
Touobtain [ =I Md}:
", 250
fo & g
ied="zn"8|
250 3 Ly
_mlsin® 8
3
] A I
b
-’j, 1\
.r;.rr R
\f{;; N\
A h '
_;f'\',/" ORI |- ERRPURE \\L
."'-r-r./i/ \'\.
s N
B—IL— C
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IMoment of inertia of A8 about axis L'shown
il sin® 600 ml?
3 4

{from result in a)

2
MMoment of inertia of AT about axis L'shown = £ also

Ev parallel axis theorem, MI of A5 about axis L =M1 of AT about axis
mit (kY
=—+m| = | ¥
{3)
Moment of inertia of BC about given axis = mh® where b = (20 - I*
(from Pythagoras ' Theorem)
Lie h=3F

So for BC moment of inertia about axis [ =3m/* and for A8 and AC. each moment
of inertia about L

mi it
=—+
4 4
= ml? (from #)

=o the moment of inertia of the framewortl, by the additive rule,
= ml? +mi + 3D’
= Sml’

¢ Let the radius of gyration of the framework be k. &z its mass =3m
', its moment of inertia = 3mk® = 5mi?

iek? = EE
3

.'.k:\Fﬁ
3
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Question:

A uniform circular disc of mass 2 kg and radius 0.7 m 15 rotating in a horizontal plane
about a smooth fized vertical axs through its centre. Calculate its kinetic energy when

it is rotating at Srad s™.

Solution:
1, 4 . .
EE =—1Iw -« The M I of a circular disc is 1n
i 21 the formula bools
= _x| —x2x0 7 |x5°
2 0z
=61251

The kinetic energy 15 6,125 T,

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com


http://www.kvisoft.com/pdf-merger/

Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 2

Question:

A uniform circular disc of mass 4 kg and radiuz 0.25 m has particles of mazs 0.1 kg,
0.2kgand 08 kg attached to itat points which are 0.2 m, 01 mand 0.15 m
respectively from the centre of the disc. The loaded disc is rotating at 4 rad s™ about a
fized smooth vertical axis through itz centre perpendicular to the disc

a Calculate the kinetic energy of the loaded disc.

The disc 12 now brought to rest

b Write down the work done by the retarding force.

Solution:

a MI of discand particles = %x4x0.252 +0.1x0.22 +0.2%x0. 12 +0.8x0.152

=0.149 kg m*

EE= lfm:"
2

= %x0.149x42

=11%27
The kinetic energy is 119 T (3 s £)

b The work done by the retarding force 13 119 T (3 s.£) +—— Work done by the retarding
force =lozs of K.E.
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Exercise A, Question 3

Question:

A uniformrod A of mass 2.5 kg and length 2 m can rotate in a vertical plane about a
fized smooth horizontal axzis through A perpendicular to A8 Initially it i at rest with
B overtically abowe A It iz then slightly disturbed and begins to rotate,

a Calculate the potential energy lost by the rod when it is horizontal,

b "Write down the kinetic energy of the rod when it is horizontal

¢ Calculate the angular speed of the rod when &8 1z vertically below A

Solution:
- 'i‘.\[:}
B i
2m 2m

A B /

2] r:f/

a DPE lost=wmgh=25x98x1
=244
The potential energy lostiz 24.5 T

b The kinetic energy of the rod when it 1z horizontal 15 24 5T

¢ MI ofthe rod about the axiz through A

4 2 )
= EX 25x 1" & The formula for the required W T
can be obtained from the formula
= E bool,
3
1
ngﬂ =25gx2 < K E gained =P.E. lost
lew:" =25gx2 44— — = 000000
2 3 You can worlk from the start or from
. 5x98xé the horizontal position. The former
- 10 15 easier.
w=20422...

The angular speed is 5.42rads™ (3 s.£)
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Exercise A, Question 4

Question:

A uniform rod of length 1.6 m and mass 1.2 kg has particles of mass 0.25 kg and

0.6 kg attached, one at each end The rod 15 rotating about a fixed smooth vertical axis

-1

perpendicular to the rod with angular speed Brad 37 Calculate the kinetic energy of

the rod when the axis passes through the mid-point of the rod

Solution:

8 rads'

0.8 m (.8 m " L
kg 1.2 kg 0.6 kg

[
0.2

L

MI ofrod and particles about the given axis through the mid-point

1 2x0 8% +025% 08 +06%x0 8

ft = —x08x &

5
t
I Il
] [P Sy
(e}
i
Eb—)

Il
o
h
Pa}
2| o=

The kinetic energy 15 256 T
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Exercise A, Question 5

Question:

A pulley wheel of mass 4 kg and radiuz 1.2 m 15 free to rotate in a vertical plane about
afized smooth horizontal axis through the centre of the pulley and perpendicular to
the pulley. & block of mass 2 kg hangs freely attached to one end of a rope. The other
end of the rope iz attached to a point on the rim of the pulley and the rope is wound
several times around the pulley. Initially the block 1z hanging 5 m above horizontal
ground. The block iz then releazed from rest. The pulley wheel can be modelled az a
uniform disc, the black as a particle and the rope az a light inextensible string.
Calculate the angular speed of the pulley at the instant when the block hits the ground.

Solution:
7
/ Ay
1.2m |\
[4 kg j
\ //'
[ 12kg
PE lost by block = 2gx5 = The bloclk falls 5 m.

=357

; 1 1
E.E. gained by block and pulley = —Joo” + —smlre)’ «— When the angular speed of the
2 2 : S
pulley 13 eo, the block's (linear

.'.%x[lzxdlxl.f]mz+15x2x1.22w2 =93 speed) 13 roo.
144e® +1 44ep® = 92
ot 28
2.88
w=5833_

The angular speed is 5.83rad s (3 5.0)
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Exercise A, Question 6

Question:

A uniform disc of radius # 15 free to rotate in a vertical plane about a fized smooth
horizontal axis perpendicular to the disc through a point A of its edge. The disc 15
released from rest with the diameter through A horizontal Find the angular speed of

the dizc when this diameter iz vertical.

Solution:
-~ — - I
p % e
/ S / \
! \ \'., 4
/| ¥ ¥ Ii -I'n /
b
-\"‘a. ___.-'/ \\ s
) ==
Loz 5 - .
Efm = mgh . EE gained=PE loat
M1 of disc about axis through A
= —mr’ +mr’ * Tze the parallel axes theorem.
1 32 4

— X.—Rr {Dg = MEF

&

TTse w2 for the mass of the disc. It
dg will cancel.

3
w=2,JE
3

The angular speed 13 2 35
r

2
T

Any equivalent answer iz
acceptable,

© Pearson Education Ltd 2C
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Exercise A, Question 7

Question:

A uniform rod AF of mass e and length 6/ is free to rotate in a vertical plane about a
fized smooth horizontal axis perpendicular to A8 through its mid-point. Particles of
masses 3 and 2m are attached to ends A and B respectively. The rod is held at rest
with A5 horizontal and then released. Find, in terms of f and g, the angular speed of
the rod when A8 iz vertical.

Solution:
A 3/ . 3 B 0
3m K 2m L4
J,
£+ 2m
1
{ « 3m
i)
5

W ofrod and particles about given axis
= %m(i’)g + 3l 3 + 23
= 48 mi*

'

E E gained=TFE lost

1. 4
— e = mgh
5 it

%x A8miw® = 3mgx ¥ —2mgn ¥

24mi*e’ = gl
I g

cp =—£
g 1 [g « Any equivalent answer i3
w = g ZE E acceptable.
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Exercise A, Question 8

Question:

A uniform rod AF of mass e and length 3/ is free to rotate in a vertical plane about a
fized smooth horizontal axis perpendicular to A8 through its mid-point. Particles of
maszes ¢ and 2w are attached to ends 4 and B respectively. The rod iz initially vertical
with B helow 4

Itthen receives an impulse and starts to rotate with angular speed 1’4% . Calculate, to

the nearest degree, the angle between A8 and the downward vertical when the rod first
comes to rest.

Solution:

m m\lf\_

.
v

12m | \"\fi. 0
B | 2m ]

Vai

WMI ofloaded rod about given axis

X

= %mx (1.55% + mox (1.50% + 2mx (1.50)°
=7 5ml*

Eod comes to rest when the angle between AF and the downward vertical 1z &

2
Zmg w18 1-cosd—mgx1.5(1-cosd) = %x?.ﬁmﬁ{,\/%} +—| PE ganed=E E lost

1.5 mlg (1= cos8) = 3.75mi” x%

15(1—cos &) = E
4
l1-cosd =E
|:-:>55'=1—E
8 =6797..

The angle 13 68" (nearest degree)
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Exercise A, Question 9

Question:

A uniform circular disc of mass 20 kg and radius 12 cm is free to rotate about a fizxed
smooth horizontal axis through its centre C perpendicular to the disc. A particle of
tass Mg is attached to point A ofthe rim of the disc. Initially the disc 15 at rest with
A vertically abowe O The disc is then slightly disturbed. The greatest angular speed of

the disc in the subsequent motion is 10rad s™ . Find the value of M.

Solution:
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Exercise A, Question 10

Question:

A uniform rod A8 15 free to rotate in a vertical plane about a fixed smooth horizontal

axiz perpendicular to A8 through point & ofthe rod, where AT = if . The rod has

mass #2 and length 27, and a particle of mass 2 15 attached to end & Initially the rod
1z hanging in equilibrium with & vertically below A The rod then receives an impulse
and starts to rotate with angular speed . In the subsequent motion, the rod mowves in
a complete circle. The least possible value of w13 02

alg

a Show that =4, — .
3371

The initial angular speed 18 200
b Find the speed of the particle as it passes vertically above O

Solution:

PhysicsAndMathsTutor.com
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1 BY2 m
1 9
Cx4 Y /
3
il 1
4 O
L
iry
2m &
B .4
7

a ML ofrod and particle about given amis through <
2 y
= lmfg + Ef + 2y E
3 4 4
= Emﬂ
48

—

Tse the parallel axes
theotrem,

For least ¢o, angular speed =0 when & iz vertically abowe 4

Attop: P E gained = mgx 2x§f+2mgx 2:{;.{

EE lost=PE gained

Vimgl 1 (337 5 o 1 7337 4% 4
b 2 _Ex[ﬁm’ JX(EQ) _Ex Emﬁl ® 4—— The ENErgy equation
337 337 now includes the K E at
szmﬂ = Emﬁ'j %403 —1Tmgl the top.
P37 i = 4317 mgl —17mgi =t 557l
48 Froma 17mgl = e
351 l =51
a3 ?
s 48x51g
330
S g +— Any equivalent form is
3= acceptable.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Mechanics 5 Pagel of 2

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 11

Question:

gy -

D

The diagram shows a sign which hangs cutside a shop. The sign 15 a thin rectangular
metal plate which iz free to rotate about a fized smooth horizontal axis which lies
along the side A8 The lengths of A and BC are 2a and 25 respectively. The sign can

be modelled as a uniform rectangular lamina The sign is hanging freely below the

axis when it receives a blow and starts to rotate with angular speed k\/% :

a Find the least value of & for which the sign makes complete revolutions.
h If k=125, find the angle BC makes with the upward wertical when the sign
first comes to rest.

Solution:

PhysicsAndMathsTutor.com
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a MI ofsign about axis along A5 = imbz Fro.m the formula book,
3 letting the mass of the
For the least initial angular speed for complete rectangle be .
rewolutions:
14 oY f2) -
E[gmb ] k 217 mg % 2b +— The angular speed at the top

2 i it & = Dmgh
3 &
k=13
The least value of & 15 «JE

will be zero.

PE ganed=EE lost

h 0
',."'. \:;l\\\
Ilff..b II'
/1
voomg
2
Tnitial K.E. =~ x b’ x[l.ﬁ\[gJ '
2 3 b
=1 Srugh
comgh(l+cosf)=15mgh «
l+cosd =15
cosd =05
g =60

o BC makes an angle of 607 with the upward vertical

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

A flywheel 15 made from a circular hoop of mass & and radius » and four equally
spaced rods, each of mass s and length 27 A& particle F of mass dex 15 attached to the
hoop atthe end of one rod. The loaded flywheel iz free to rotate in a vertical plane
about a fized smooth horizontal axiz perpendicular to the plane of the hoop through its
centre, O Initially the flywheel is at rest with P vertically above O, as shown in the
diagram. The wheel 15 then slightly disturbed and begins to rotate. Find, in terms of #
and g, the angular speed of the flywheel when PC 1z horizontal.

Solution:
i H‘,\.\
RS ‘ 3 P
| . _,—Z: s« dpmr
\ (._; P W | b
- / \\'- r : 0
. -

LI of flywheel and particle about given axis through ©

= Gmr® +4 xlmrg +elpart - The flywheel 15 a hoop and
3 4 rods.
a4
= —mr
3
%Iwz e +—— EE gained=PE lost
lxﬁwzwj = dpmor
2 2
&
. I S
wT e,
wmin 158
17r
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Exercise A, Question 13

Question:

A ring of mass 3 and radius » has a particle of mass s attached to it at the point A
The ring can rotate about a fized smooth horizontal axis in the plane of the ring The
axis 18 tangential to the ring at the point B where A5 is a diameter. The system is
released from rest with A8 horizontal. Find the angular speed of the ring when A8

makes an angle g with the downward wertical

Solution:
B
e
. ™ |
,.-/ -‘"\. ¥
\ ! / r A |
| B I mo |
| AN V4
] iz /
TS 0
1 3 S
o s :
N ™ +— The right-hand
; !_ .m_..----‘ \\M y diagram is the side
. ™ / VIEW.
A
il
Lo
-

MI ofring about perpendicular axis through centre =3mr® +— From the formula book.

: : : 1
WL ofring about axis along a diameter = Ex Zmr? +—| FPerpendicular axes theoretm.

; ; Qs
MI ofring about tangential axis = —mr* + 3’ +— TDarallel axes theoretn.

S MWLT efring and particle about the given

axis = %mrz +m(2r ) =gmr:"

1 .
Efwg = 3mgrcos %+mg(2r) cos% +«— KE ganed=PE lost
17 1 1
?mr:{mz = Zmgr ¥ > + Zmgr XE
4 2
177

w: m_g
'|.|1?r
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Exercise A, Question 14

Question:

Solution:
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ﬁ T
il = \\
5 - \
// y \\\_ _i:_ A '::_-'
Il__-' % i 1 2 ___.-"". “
/ . - ' : =r ()
I C % 5m I : 2 T
\ | P -
\ - Fi ] __,--',.
\\..___ 0 ¢2m ,,/f B:f.qx
.-!-E}-J_'—HT--. gy
K\H'\. {_‘}
1'~-,_h |
"-\___ 4
"..I j
w &

LI of disc about perpendicular axiz through O

1 44— From the formula boole

= Zx Sert

MI of disc about a diameter =%x5w2

4+— Perpendicular azes theorem.

Page2 of 2

W I of disc about a tangential axis

& +— Parallel axes theoremn.

= Zpr? +5mrt = gy
4 4
WI ofloaded disc about the given azis

] 2
= ZST?" +2m[3_2r] + (2 )
_ 50

4
PE. lost = Smgr 2+ EMgX%N[ 24 mgx 2r 2

= lli]mgrwr 2
1 59%mr
= 10mgr{ 2
2 i s—— BE suned=DF lon
" S0g 2
S8r
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Exercise B, Question 1

Question:

A uniform rod of length da and mass m2 i3 free to rotate in a horizontal plane about a
fized smooth wertical axis through its centre. A horizontal force of constant magnitude
1z applied to a free end of the rod in a direction perpendicular to the rod. The rod

: : & :
rotates with angular acceleration 125 . Find the magnitude of the force.

Solution:
r\
2a 2a ) 12¢
b R
2
MIof red = lmx (2a) = Wiz +— Fromthe formula book.
L=18
2
Fria= L xlz—g _
c +—| [ 1z the moment of the force
F = Bmg about the asxis.

The force has magnitude Hepeg,

© Pearson Education Ltd 2C
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Exercise B, Question 2

Question:

A uniform disc of radius 0.5 m and mass 2.4 kg 15 free to rotate in a horizontal plane
about a fizxed smooth vertical axs through its centre. A horizontal force of constant
magnitude 10 I iz applied at point A on the rim of the disc in the direction of the
tangent to the disc at.A.

a Calculate the angular acceleration of the disc.

The disc starts from rest at titne £ =0, Calculate

h the angular speed when ¢ =2,

c the angle the disc turns through in the first 2 5 of the motion.

Solution:
v kK T
b ¥
e 05m |4 .
24 kg l. m 1 4]
I'._..\ /_,n"l
\“'~- 10N
) 1
a MIof dise= EX2.4 x0.5° «+— From the formula bool
=0.3kgm*
10x0.5=0738 +— Using L =16
- 10x05% 50
5 e e~
03 3

The angular acceleration is ]6% rads™ .

The angular speed 13 33% rads™.

c i=2 5=a:|:,.§+%a.ﬁ2
1 a0 _,
=10 G=0+—»x"—x2
e 2x3x
N S

The dizc has turned through 33% rad.
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Exercise B, Question 3

Question:

A uniform rod AF of mass s and length & 15 free to rotate in a vertical plane about a
fized smooth horizontal axis perpendicular to A5 at A A particle of mass 2m i3
attached to the rod at & The loaded rod 12 released from rest with A8 horizontal Find
a the initial angular acceleration of the rod,

h the angular acceleration when A5 makes an angle g with the

downward vertical.

Solution:

A 3a ] :}.'.‘"' B

mg 2mg

a WL ofrod and particle about the given axis through 4 = %m % (%) +2mx (Ba)’

= 84’
When the rod 15 released:
mg % 3a + 2mg n6a = 8dma’d . | i g
é_lﬂg =
dda  28a
o congans L
The initial angular acceleration 15 ——.
@
b
A
fr‘:_!:\ 3a
: s
.\\ 3-!]'
me 4 |
B
| f!
2mg
LA T 95 -
mgx3a31n§+2mgx6asm§=84m g | Using L=18
15g§ = Bdad
g =152 43 _5g43
dda 2 o6
3

The angular acceleration 13

S6a

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

A pulley wheel of mass 2 kg and radiuz 0.5 m has one end of a rope attached to a point
of the rim of the wheel The rope 15 wound several times around the wheel & fixed
smooth horizontal axis passes through the centre of the wheel A brick of mass 0.5 kg
1z attached to the free end of the rope. Initially the system is held at rest with the brick
hanging freely with the rope taut. The system iz then releazed and the wheel begins to
rotate in a vertical plane perpendicular to the axiz. The pulley wheel can be modelled
as a uniform circular disc, the rope az a light inextensible string and the brick as a
particle. Calculate

a the tension in the rope,

h the distance the brick fallz in the first second after the system 15 releaszed.

Solution:

PhysicsAndMathsTutor.com
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h
= j|
b 4 N6
Y
l“' 0.5m |
/ U-;f‘j 4—— The (linear) acceleration of the brick is
\ / I rd .
R TN
L]
Y 05g N
a For the brick:
0.5g-T=0.5x058 i +— Tsing 7 =m with m=05kg and

a =058

For the wheel:
ML.I =%x 2x 0.5 =025kg m*

. Tx0.5=025
T=05 @ | Using L=18

Substitute in O
0.5g—T = 05T

T=1
it 3g

The tension 1z %g M {or 32710

b From@ &= 2T=§g
For the brick:
a=058="1 £ +— Find the angular acceleration so you can
' 3 uze the constant acceleration equations.
u o}
t =1

L=
&= uf +—at
2

5= ICJ+l><E><12
20 03

s=1433
The brick falls 163 m (3 5.£) in the first second
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Exercise B, Question 5

Question:

A uniform rod AF of mass s and length 4 15 free to rotate in a vertical plane about a
fized smooth horizontal axis perpendicular to A5 through the point 2 of the rod where
AD =g The rod 1s released from rest with A5 horizontal. Calculate the magnitude of
the force exerted on the axis

a when A8 iz vertical with 4 abowve D)

b when A8 makes an angle of 45° with the downward vertical.

Solution:
D |
F a4 3a B
MI ofrod about given axis through 2
= lmx (2a)® +ma’ +—| Tlzing the parallel axes theorem.
. Tz’
3
= A
all
X+—D
¥ ) -
1 E Toumust find 8 and 8 when the rod is
o vertical,
B
0«
! 16* = mga
2
1 7??3@2 5'2 o r
o 3 e « E E gained = PE lost
gt =8
o ?ﬂ L
& =0{from L=78) “+— When the rod iz vertical there iz no force

with a non-zero meoment about the axis.

Conzider the motion of a particle of mass m
at the centre of mass of the rod.

¥ —img = mad®
¥ = mg +ma xi_g *+— | The particle iz moving in a circle, radius a.
a
13
Y=—m
= 4
g =0=4x=0

o Magnitude 1z L

PhysicsAndMathsTutor.com
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S

A

N
7

%y

Y
> ;. {fi 'J'

mg ~ T
B / A

3

At 8 to the downward vertical:

2
% e 8% = mzacos 8 .
5-'2=6—g|:055'
Ta
1
When 8 =45 d%=
2
28 = - Esg5111.:5' +—
Ta
Wheh B As g~ B ek
Ta 2

For the particle at the centre of mass of the rod:

Parallel to the rod:
F—mgcos8= mad”

- 1 6g 1
¥ —mgx42+mx le
_ 1Zmg
R
Perpendicular to the rod:
KX —mganf = mald
_ 1 3g
A —mgxﬁ—maxm
_ dmg
S 74z

. Magnitude of the force = (X" +F?) ¢—-]

=ﬁ«!(139 +47)

_mg (185
T" 3

© Pearson Education Ltd 2C
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& and & are in the direction of
increasing 8.

EE gained=PE last

Tou can differentiate 8° with respect to
8 to obtain & . Alternatively, you can
use L=18

Page2 of 2

The magnitude 1z the same for the force
on the axis and the force on the particle.
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Exercise B, Question 6

Question:

A uniform rod AF of mass s and length & 15 free to rotate in a vertical plane about a
fized smooth horizontal axis perpendicular to A5 through the point 2 of the rod where
AD =2a . The rod 13 initially at rest with A vertically belew D but 15 then slightly
disturbed and statts to rotate. Find

a the angular speed when AZ has turned through an angle &,

h the magnitude of the force on the axis when the rod iz vertical with 5 below 22

Solution:

PhysicsAndMathsTutor.com
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i 0 I . \I
f 81
B 5 0
—111’ * é-.“ & 2
i .-%'"-’
| %
D= /_,/
2a 4 |

A
a MI ofrod about given axis through D
=%m %(3a)? +ma’ = dma’ +

%fég = mga(l—cos 5‘)

P g = mgcz(l — o8 5‘)
g =N[|:£(]—|:os.5':|
2a

h A
2a |}'
i
Dl x
|
s m

EHI

a8

fe—'

0 e /

There iz no horizontal force otherthanx = 8=10 _ _ _
+— Alternatively, when & 1z vertically

Conzider the motion of a patrticle of mass
m at the centre of mass of the rod:

Alongthe red: ¥ —mg = mad”
¥ —mg = max =[1-{-1]
e

r—mg = mg
T =2mg
Perpendicular to the rod:
g=10
LAx =10

The magnitude of the force 18 2mg +———

© Pearson Education Ltd 2C
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44— EE gained=FE lozt

] F=180" = cosd=-1

TTse the parallel axes theorem.

Using L. =178

below D the angular speed is

maximum, so & =0

The magnitude is the same for the force
ott the axis and the force on the particle.
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Exercise B, Question 7

Question:

A uniform circular disc of mass # and radius 2a 15 free to rotate in a vertical plane
about a fized smooth horizontal axis perpendicular to the disc through a point, 2,
which 15 at a distance @ from the centre of the disc, ©. The disc iz initially at rest with
' wertically abowe [ The dizc iz then slightly disturbed and beging to rotate. Find the
magnitude of the force on the axis

a when CD iz horizontal

b when C0 iz vertical with O below I

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Page2 of 3

MI of disc about azxis through <= %m(Ea}z = 2ma® 4+ From the formula book.

ML of disc about axis through D = Zma® +ma’® <«— Ev the parallel axes theorem,

= Zma’
/’f/-- N
.-'j \.."-. l‘\'. \"'
[ D¢ da ¥ ¥
@ a %ﬂ i o
\\\\ /./_,
e o -
Energy from rest to OO horizontal
lféjg = g +— KE zgained =PE lost
2
2
i 8% = mga
2
8% = 2g
2
L=1i «

Equation of rotational motion

- £
3a
y
1 NN
X = i vy
)] v i
L " 6 g

Conzider the motion of a particle of mass m at the centre of mass of the disc:

Horizontally:
X =mad’ | Use F=mu
A =max 2_g
3a
o g
2

PhysicsAndMathsTutor.com
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Wertically: ) = Jemras peaass
mg— Y = mad
F= mg—maxi
3a
P
z
2 2
S Magnitude = zﬁ zﬁ
Z 3
2
= ﬁ'\f 2
3
h ¥
//ff-} [¥] H\\ > ¥
.".; a I
I C ] i
I‘.| / 'I -|
"“._ )_.-" |;.5II I.‘.‘F_'
\h.__\____ __F,./ H E.j

Energy from rest to OO0 vertical:

%;gz i +——— K.E gained=DE lost
3’ -
dime g = mgc
gr=32
3
Io horizontal force apart from x = &= .,
For a particle of masz m oat O Rigiion
Wertically:
Y — mg = mad A
4 7
¥ = mg s e _Ime
E 3
Horizontally: X =—mad =10 1 Tze & =
Tenz

o Magnitude 1z

© Pearson Education Ltd 2C
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Exercise B, Question 8

Question:

A uniform rod AF of mass s and length 2 15 attached to a fized smooth hinge at A
The rod 15 released from rest from a horizontal position and rotates in a vertical plane
perpendicular to the hinge.

a Show that, when AZ has rotated through an angle 8

48 ¥ .
2a| — | =3gsand
[dz] ¢

When A8 has rotated through an angle 8, the force exerted by 45 on the axis s 7
b Find the magnitudes of the components, parallel and perpendicular to A5, of &

: . Fig
¢ Show that the horizontal component of 7 is greatest when §=—.

d Find the vertical component of & when g="

Solution:
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MI ofrod about axis through A= %maz
Energy:
lx imaz g = mgasin 8
2 03
2af® = 3gand

2
ar 2(1[@] =3gand
ot

- —
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From the formula boolk.

The rod starts from rest with A8
horizontal.

\
mg

Consider the motion of a particle of
mass 2 at the centre of mass of the rod.

N
¥ .
8 7y “a

For the component parallel to A5

X —mg sin 8 = mad® —

TTee F =

; 3g
A =mganf+mx —sind
4 5 #\_‘\\‘

¥ Sz

TTse the result from a.

sin &

For the component perpendicular to A5

mgcosd—F = mad —— TJee F =ma
2
2.:;[%] =Zgsind
dt
4’8 : . .
i e =Sgcosd 4+— Dufferentiate the result from a with

ad = B—EEOSE
4

respect to &

1

2
i =mgcos§—zmgcosg
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¢ Horizontal component
=X cosf-TFeind

= gmg sinfcos 5—%;?33 sin #ocosd

*+— Youcan differentiate this to obtain
the mazirmum but the trigenometric

= ng sin & cosd

_ gmgsin 54 method 12 much simpler!
- Horizontal component 18 mazimum when sin 28 =1
gt
4

. o
o Mammum when 8 =—

d Vertical component
=Xsn8+Frosd

Lo | h

. 1
= Zimgsin’ +£mg cos &

Y

e

Wertical component
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 9

Question:

A uniform wire of mass s and length fa 13 bent to form a rectangle ASCD with
AEB =2a It 1s hung with corner A over a fixed smooth horizontal nail. Initially it 15
held at rest with A8 horizontal and D below A, The plane of the rectangle 15

perpendicular to the nail.

a Show that the moment of inertia of the framework about the nail is 2w’
b Show that the angular speed & of the wire when AC is

vertical 1z given by PR % («J'g— 1.

¢ Find the magnitude of the resultant force on the nail when AC iz vertical.

Solution:
a . 2a
I () C

WMI ofrectangle about nail

- —

7 15 the centre of mass of the
framework.

.

Fand { are the mid-points of B0
and C'0 respectively.

Pagel of 2

Tou must worl: from the
centres of masz when using
the parallel axes theorem for

SC and T
AP =8 -I—%cz2

APt g?

4 (1 g leb 9 s At 1 B
=—x|—=mpa'+ —x—m| —a | +—m| da” +—a
3 L3 306 L2 & 4
Aot i e (m] ]
+o—x| —m prattomxla x| —m | =
303 £ 3 L6 2
_4m2 maz_'_l?mz ma 2m2+mcxz
9 72 24 9 3 18
= Zma’
h Energy:
1 : @ &
§x2m252=mg[—45—§] . AP
2a8% = g({5-1)

f=Be 51
24( J
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L. Y
4] ;
X
o +— Consider the motion of a particle of
e mass # placed at the centre of mass
‘ of the frameworl:.
L \-.
t."-. ...“'.
%
ey
% \
_ \
mg
\ "
‘-.\“ -l e
\L_~
b
. __,"'
he
Vertically:

Y —mg = mx AGx &

s, E e «—
¥ 2“‘[5’“ a(“‘rﬂ 1 ACF:%N[S(ﬁoma)

Y =mg+ﬁx5—ﬁﬂ!5
4 4

_ 9mg  mg {5
4 4

Horizontally:
—X= ? 5
8 is maximum when AC is vertical 4+ Oruse L=18 with L=0
=d=0
LA =10
A The magnitude of the resultant force on the nail 13 dng mg% or

IE o
T(9 {5y
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Edexcel AS and A Level Modular Mathematics

Exercise B, Question 10

Question:

A uniform square lamina ABCD of mass s and side da 15 free to rotate 1n a vertical
plane about a fized smooth horizontal axis through A perpendicular to ABCD. The
lamina is hanging in equilibrium with O below A when it receives an impulse and

: : ’3
beginz to rotate with angular speed i ;
a

a Show that the lamina will perform complete revolutions.

b Find the magnitude of the horizontal and vertical components of the
force on the azis
1 when O iz vertically abowe A,
i when AT 15 horizontal.

Solution:
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/o \ .-IHH‘""'HJ:'! +— 3 is the centre of mass of ABCTD
/o Sy AGP = (2a)* +(2a)°
;_,-"' .",III (; ] -r .H . Bag
D "-"Im 3 -h:

e

MI oflamina about azis through A= %m@ag +4a2)+m x8a*

_ 32ma’

3

Energy:

Page2 of 4

et = mgx a8 | w isthe angular speed when C i3
vertically above A,

1 Z2ma® 3g 1 32ma’
2 3 a 2 3

]
165—1&§” =d4g2

For complete revolutions e® 20

2
16acw :155_45«.{2 As long as it is clear that e = 0
3 there 15 no need to evaluate
3
Zgid—A2
3 ={4 )

aw® = gg(dl—w' 21=0

5 The lamina will perform complete revolutions.

'h i w0

f;- 4+— Consider the motion of a particle of

i . tnass # at the centre of mass of the
% latnina.
# s
V4 k]
B¢ — I ——D
e
AKX

When C 15 vertically above A
3
o =4—g(4—“w[ 2) *— Froma.
@
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WVettically:

- 2
mg+Y =mx2a 2w < — Tee F =

r= 2ma42x3—g(4—“1[2)—mg
da
Y =bmg2—dmg

Horizontally:
when AT iz vertical angular speed iz a minimun,

L 8=0

-— | v -
. horizontal component of force=10 Cryou can use L =178 with L=0

The horizontal component 15 zero and the

vertical component 15 2mg (34 2-2)

i D

-'.\\
¥ __/'/ \_-'jl-:f _ .

P i ] _.: {-’

Energy (to AC being horizontal):

1 32ma® 3g 1 32wa® &
=i ¥———¥ = mg
B B T e G S B

16
16g—?awf =gV8

2 33
=T gD
A ltSc;tIi )

Horizontally:
X=m“q[8x]3?g(16—w[8) +—| Use F=ma.
o

_ g

o “v2-1) *+— Anyequivalent form iz acceptable,
Vertically:
¥ —mg = ma 88 | Use F=ma

2
mga“w[8=—32ma g ‘—ﬁ'—__“‘k—-——_____
2 Use L=18.

a8 =—me8x
g 3z

3 mg
LY =mg—me{8x —Ag=12
PETRR R 4

The horizontal component has magnitude 3% 4+ 2-1) and the vertical

; 1
component has magnitude Emg .
© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Paged of 4

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Pagel of 2

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 11

Question:

Three equal uniform rods, each of mass e and length 2a, are joined to form an
equilateral trangle ABT. The triangular frame can rotate 1n a vertical plane about a
fized smooth horizontal axis perpendicular to AR through A, The mid-point of B0 is
L The frame is released from rest with AD horizontal and O below AR Find the
magnitude of the force on the axiz when A5 1z vertical

[Tou may assume that the centre of mass of the triangle i3 at F where (7 diwides A7 in
the ratio 2 : 1]

Solution:
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Y
Ax— X _
P 5 4— 713 the centre of mass of the
la/ | \=a frameworl AG: GD=2:1
yG N\
' '\\
/ ; Ne )
B D w™
M oftriangle about axis through 4 4| AD'=da’ -4

= 3aq?

4 1
= 2% — - mas + o e

23 \

i Sma®  ma 1 From the formula book and using
= +——+ 3w
3 3 the parallel axes theorem.
= G’
Energy:
% whmater = Smg x%x czﬁ = AD was horizontal at the start
g = Em?gﬂm

When AL i wertical:

SRl / iZonsider the motion of a particle of
mass 3 placed at (7.

F—Emg=3mx2?aﬂ1[3m2 1.._,______‘___‘_‘—_‘—__
TTee B =imua.

r =3mg+2*i[3x§mg”1[3

¥ ="Tm

d | ag=24p=2243
When AL 15 vertical, angular speed is mazimum. 2 2
L 8=0

" no horizental component Oruse £ =78 with £.=0
o The force on the azis has magnitude Jeeg.

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

A uniform square lamina of side 0.8 m and mass 4 kg 15 free to rotate about a fized
smooth axis which coincides with one of its sides. Calculate the gain of angular
momentum when the angular speed of the lamina is increased from 2 rad 57 to

Srad s

Solution:

, mass = 4 kg
03m -

0.8 m

MI oflamina about given axis = i %4x0.4* *— From the formula book.

Gain in angular momentum

= Ty — Iy,
= %x4x0.42(5—2]
= 2.56 Nms

© Pearson Education Ltd 2C
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Exercise C, Question 2

Question:

A uniform hoop of mass 1.2 kg and radiuz 1.9 m 1z rotating at a constant angular speed

of 6 rads™ about a fixed smooth horizontal axis through a point of the circumference

of the hoop, perpendicular to the plane of the hoop. Calculate the angular momentum

of the hoop.
Solution:
-
7 ™,
|
.'{f...

MI of hoop about perpendicular axis through its centre = pr?

=12x15

Pagel of 1

4+—| From the formula book.

kg m’

MI of hoop about given axis =12x1.52 +1.2x1.5° «—o
=54 kgm?

Angular momentumn

Tse the parallel axes
theorem,

=54x6
= 32 4 Mms

*— Angular momentum = Ien

© Pearson Education Ltd 2C
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Exercise C, Question 3

Question:

A uniform rod A8 of length 2.4 m and mass 0.

5 kg is rotating in a horizontal plane at

6 rads™ about a fized smooth vertical axis through its centre. & retarding force of

constant magnitude P newtons is applied at B in a direction perpendicular to A5 in the
plane of the motion The rod 1z brought to rest in 5 seconds. Calculate the value of P

Solution:

1.2 m LH

mass 0.5 kg

W ofrod about vertical axis through centre

Angular momentum lost

== %x 0.5% 1.2% % 617ms

s P Sx12 =1§x 05x1 2% 6

2
P=lx 0.5%1.2°x6

3 Sx 1.2
F=024

© Pearson Education Ltd 2C
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= Zmi

4+— From the formula bool.

%0.5%x1.2%kgm?

g | = Wk |

Morment of
impulse = change in

atgular momentum

Pagel of 1
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 4

Question:

A uniform rod A of mass Zm and length 6 15 free to rotate in a vertical plane about a
fized smooth horizontal axis through the point & of the rod where AT =2& . The rod
15 released from rest with A8 horizontal When the rod 1z vertical with £ below O, the
end B strikes a stationary particle of mass . The particle adheres to the rod.

1
a =Show that the angular speed of the rod immediately after the impact 13 3 EE .

b Calculate the angle between the red and the downward vertical when
the rod first comes to instantanecus rest.

Solution:

28 ) da B

|
"

2mg

MI ofrod about horizontal axizs through O

(2} % (3a)* + 2ma’® 4+— From the formula book and using
i the parallel axes theorem.

a Energy from release to impact:

% 8% = 2mga <

EE gained=FE lost

Ama’d? = g

_ Zmga

a¥]
& 2

s B
A 2a

For the impact:

_ 2
e I:f +mida) :Im 4+— o 13 the angular speed after the

impact.
Doprer” £ - (Smcxg +16ma2)w
2t
Do 2 e
2a

w.:lfi
3N 2a
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h 1 g
Y/
ke f; ,
. al
Y
3{4’.-"{ |
/2mg
s Y (R
.
-
---;,-{\‘\ mg
1. /g
3 ""l_'-"u

Energy to the highest point:

L
Ef @ =2mgla—acosd)+mg(da—dacesd) ¢« 7' ioihe MLI of the rod
and the particle.

3
]Ex 24’ [% %J = fegaill—cos &) ‘L\

L.g
12ax —x— =t6g{l—cosd
s g( )

P'=24ma’ froma

a
&
— =6(1-cos&
5 ( )
cosd =1—l=E
9 9
8 =2726 ..

The angle between the rod and the doewnward vertical 1z 27.3" (351

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5
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Exercise C, Question 5

Question:

A rectangular sign 15 hanging outside a shop. The sign has mass 4 kg and measures
1.9mby 2.5 m. Itis free to rotate about a fized smooth horizontal axis which
coincides with a long side of the sign. The sign 1z hanging vertically at rest when it
receives an impulse, perpendicular to its plane, at its centre of mass. The sign first
comes to rest when it iz horizontal. Calculate
a the initial angular speed of the sign,
h the magnitude of the impulse.

{You may assume that the sign can be modelled as a uniform rectangular lamina.)

Solution:

[.5m mass = 4 kg

2.5m

2
W1 ofsign about axis along A8 =%x4x[§] =3 ka i a—— Toabitie Bibatila
book.

a Energy from just after the impact until the sign iz horizontal

1
Efmz =dgx075 4— ¢p 1z the initial angular speed

%xEmz =4g %075

o = Bgx 075
3
o =4427 ..

The initial angular speed is 4.4 rad 57" (2 5.£)

b Forthe impact:
Lloment of impulse = changein angular motmentum

Jx 075 =3x4.427 *— 7 is the magnitude of the impulse.
7= axd 427
075
ofr =R

The magnitude of the impulse iz TR N (22 £)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 6

Question:

A umformrod A8 of mass s and length 2a 15 freely hinged at 4. The rod 15 released
from rest with A5 at 60° with the upward vertical through A When A8 15 horizontal it
hits a small fixed peg at point O where AC =15a. The angular speed ofthe rod
immediately after the impact 15 half its speed inmediately before the impact. Find the
impulse exerted by the peg on the rod.

Solution:

60/ a

MLL ofrod about axis through A= %mag 4— Fromthe formula book

Energy from release to horizontal:

1
Efé’z =mgacos 60  «—— gain of KE =loss of PE.

%mzég =mgar—
g =32
dex
A I'..i'r.'f (- I B

For the impact

4 J 15 the magnitude of the impulse.

15al =171 3_g +7 xl 3_g
Ay 2Vda The direction of rotation i3
4 1

reversed.
1.9al = —m2+—xima2 3_g
2 2 3 da
1567 = 2ma’ |22
A

o |32 1 Zm

J:— kit T Ay

2 a 15 3

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics
Exercise C, Question 7

Question:

A uniform rod AF of mass e and length 2 15 free to rotate in a vertical plane about a
fized smooth horizontal axis through A, When the rod 15 hanging at rest with &
vertically below A, the end B receives an impulse of magnitude Jin a direction
perpendicular to the axis of rotation.

a Show that, for the rod to rotate in a complete circle,

Isomist
V3

Given that J :2;;»2 &
3 3

b find the angle the rod turns through before first coming to instantanecus rest.

Solution:

PhysicsAndMathsTutor.com
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J

LI ofrod about azis through A= %maz *+— From the formula boolk.

For the impact:
2ad = iw

3 3J

dma®  Zrw

w=2adx

Energy from impact to & vertically abowe A:

1 |
Efmz —5592 = mg % 2a +— Loss of E.E =gain of PE.

2 2 2
2wt 3T 3 2t & = S
3 3

For complete circles 82 0
CZma® 9g*

¥
3 Ao

2ma

—Z2mga 2l
7.2

LNy

J* = Zmgax :

e

PhysicsAndMathsTutor.com
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aJ i ’
. speed just after the mpact = 2— =—x— g_ = 1 Use wour result from a.

A
ok
i

m 1_5' W
=N\

i
Energy from lowest to highest point:

2
1( dma’ fod
= — | =mgall-cosd) 4+—— KE lost =PE gained

2l 3 2
2
2”;‘1 x% = mgall—cosd)

E =1-cos#
8

cosd =E

9

g =3894. ..

The rod turns through 38 9% (32 £)

© Pearson Education Ltd 2C
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Exercise C, Question 8

Question:

A uniform square lamina of mass 2 and side 27 15 free to rotate in a horizontal plane
about a fized stnooth vertical azis through the centre of the lamina Initially the lamina
1z at rest. A particle of mass 2ee 15 moving in the plane of the lamina towards the
lamina with speed 24! and in a direction at 45° to a side. The particle strikes and

adheres to the lamina at a corner. Find the angular speed with which the lamina begins
to turn

Solution:
o
. 9 ., R
mass of 21 1 \
square =m S/ < \
\ " 2m
e , //
2"}, . 2 -\'Ilgfr . \.'\ \._I o
WI ofsquare lamina about perpendicular azxis through centre
1
= gm(fz +1%) +— From formula boolo
2
= Sl
3

Ceonzervation of angular momentum:

2
[%Jr 2m(£”1[2]2}w -

Zmw 2y fgl w2 =

denl f2ei =

2]

© Pearson Education Ltd 2C
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Diagonal ofthe square 13 23«.-6.

S

Eemember to include the MI of
the patticle.

Equivalent forms of thiz answer are
acceptable.
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Exercise C, Question 9

Question:

A uniform square lamina of mass s and side 270 15 rotating with angular speed .;’_g

about a fized smooth horizontal axis through the centre of the lamina parallel to one
side of the lamina A particle of mass 22 15 held at a height 12/ abowe the level of the
axiz of rotation of the lamina The particle 15 released from rest and hits the lamina at
an instant when the lamina 15 horizontal The particle adheres to the lamina at the mid-
point of a side which 15 moving downwards at the instant of impact. Find the angular
speed of the lamina immediately after the impact.

Solution:
{
axis- ! -
[
L 2
LI of lamina = lm;’z +— Fromm the formula boolk

Particle falling freely under gravity:

g=12 w=10
a=g v =u'+2as
v = 2dgl

For the impact:

Conzervation of angular momentum:

trom the amis.

2 24gfxf+%mf2[1’i—gJ=[2??@.32+%m£2 ]w 4— The particle 15 a distance J

2% 2 6g§+%..||'6g.-:’ =?§£m
12, f6gf _T"E
3 3

© Pearson Education Ltd 2C
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Exercise C, Question 10

Question:

A uniform rod A8 of mass s and length e 1z free to rotate 10 a vertical plane about a
fized smooth horizental axzis through peint C of the rod, where AT = %cx W hen the

rod 15 hanging at rest with B vertically below A, the end B receives an impulse of
magnitude J in a direction perpendicular to the aziz of rotation. The impulse 15
sufficient to cause the rod to move in a complete circle. Show that the magnitude of
the impulse 15 given by

JE?JBﬁgﬂ

Solution:

PhysicsAndMathsTutor.com
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;‘.".1- I.ﬁ)

2
MI ofrod about azis through O = %mx(Ea}z +m[§aJ ki

Page2 of 2

From the formula book and using
the parallel axes theorem.

At Gma®
3 4
_ 43ma’
12
For the impact:
y
x??a = 43;?;(3 +— ¢p iz the angular speed of the rod
427
w —
4 3y
Energy to top:
143 (427 Y 1 43ma®)
5 12 % Ama ) 21 12 14— iy is the angular speed of the rod
when & 135 wvertically abowe A,
= mag ¥ 2

For complete circles oy 20

a 2
l o ® i —Smga =]
20 12 4 Sera

1 43 43¢ J*
433,

—Zmga =0

X—¥
2 12

g }nggax

43 %24
432

26
T4 oa
4% &

Foa
7

© Pearson Education Ltd 2C
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Exercise C, Question 11

Question:

A light inextensible string has one end attached to the rimm of a pulley wheel of mass
Zpp and radius » The string 12 wound several times around the wheel A pan of mass »
1z attached to the other end of the string and hangs freely below the wheel The system
1z held atrest A particle of mass S i dropped from rest at a height 4» vertically
abowe the pan. The particle adheres to the pan. The wheel 1s released from rest at the
instant the particle hits the pan and begins to rotate about a fized smooth horizontal
axis through the centre of the wheel and perpendicular to the plane of the wheel
Azsuming that the pulley wheel can be modelled az a uniform circular disc and the pan

as a particle, find an expression for the angular speed of the wheel immediately after
the impact.

Solution:

LLim

For the particle falling freely under gravity:
s=4r v=u+2as
a=g v =2xdrg=%g

w=10

M I ofthe wheel = %merz #4+—| From the formula bool.

For the impact:

Sy JErg wr = Emr2w+(5m+m]rmxr +— Mloment of the initial motmentum of
2 the particle =final angular
10:f2rg = Erw+ Eree motmentum of the wheel + the
2 metent of the final momentum of
the pan and particle

10, ferg = %rw

© Pearson Education Ltd 2C
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Exercise C, Question 12

Question:

A uniform square lamina of maszs m and side 2 15 free to rotate about a fixed smooth
horizontal axis which coincides with a side of the lamina The lamina 15 hanging in
equilibrium when it 1z hit at its centre of mass by a particle of mass 4 moving with
speed v in a direction perpendicular to the plane of the lamina The particle adheres to
the lamina

a Find the angular speed of the lamina immediately after the impact.

b Show that, for the lamina to movwe in a complete circle,

p 22 5ﬁ]
y}i 3

Solution:

PhysicsAndMathsTutor.com
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a
m 2“
2a
M I of lamina about axis along a side
= %mc:c2 +— From the formula book
For the impact:
Apmow g = [img + g™ ]m + Angular momentum is conserved.
3
e 16aen
3
EAE
m —
da
Y
The angular speed iz —.
e
h Energy:
] 2 2
1y Jomd x[ﬁ] o1, 1omd Cﬂf *—| ¢y 1s the angular speed when the
2 3 da 2 3 lamina is vertical and abowve the
=Smg v 2a axis,
W' B2t
———w =1la
5 3 t g
For complete circles, ef =0
2
% ~10ag =0

2

a

v E w10
3 =

20az
3

v

vEZ 5a+g

3

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 1

Question:

A simple pendulum is performing small ozcillations. Calculate the period of the
pendulum when the length iz

a 2.5m,

b 0.3 m,

¢ 30 cm.

Solution:

a T=2n j—=2?r E
g V9.8
T=3173_..
TF=32:(2s1f)

h T= 2;'r1||E =1.7%5...
9.8

T=18:(2:f)

c T=2H1||£=1.099... 4— Change cm to m.
T=11s(2sf)

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

A simple pendulum is performing small oscillations. Calculate the length of the

pendulum when the period is

1

a —ms,

h E;=?s,

16
c 0.8s

Solution:

—
i G2 .| S50
o7 16

The length 15 0.61 m {2 5.7

2

Eﬂ' 9 2
b J=0g 18 =9.8x[—]
T =2
= 0.775...

The length 1z 078 m (2 2.£)

2
c £=9.8[%] =0.158s...

2

The length 13 0.16 m {2 2.£)

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

A simple pendulum has length @ and period 77 If the length 15 increased to 2a,

calculate the new period in terms of T

Solution:

7= EH\{IZ EH\[E
g g

When length is Za:

T'=2m Ll

b4

(-}

.. New period is T2

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

A zeconds pendulum takes one second to perform half an oscillation. Calculate the
length of string required for this pendulum.

Solution:

bl g 4+— 1 zecond for half an cscillation
T = ER\/E oo 2 zeconds for a complete
14

oscillation

3 -2

1
! =[—] x93 BE=0952%

Fid
The string mustbe 0.99 m long (2 5.1

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

A simple pendulum has length @ and period T Calculate, in terms of @, the length of a

pendulum with period IET :

Solution:
r= 2??\/5
E
lT = 2q 4 *+— [iz the length of the pendulum with
g period %T.
l * 2 =2 i
2 g

The length 13 %.

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

Cine end of a rope is tied to a branch of atree. A girl i3 swinging on the other end of
the rope. The period of oscillation 15 25, Assuming the girl and the rope can be
modelled az a simple pendulum, calculate the length of the rope.

Calculate

a the period of small oacillations about the position of stable equilibrium,

h the length of the equivalent simple pendulum.

Solution:
T=2m i
g

2= ZHJE +— The period i1z 23,

£
R I
2 z
1=2% 09020

by

The length of the rope 12 0,99 m (2 2.£)

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:

A uniform rod, of mass 2 and length Sa, 1z oscillating about a fixed smooth horizontal

axis through ene end of the rod.

Calculate

a the period of small oacillations about the position of stable equilibrium,
h the length of the equivalent simple pendulum.

Solution:

MI ofrod about axis through one end = %m(Ba]g =12ma *—

From the
formula bool

mg x3asind = —12ma’d < T Ears

Forsmall 8, sin& =&

L 124°8 & —3agh
5 g
& = _Ea + The motion is approxitmately

sitmple hartnonic,

w \'g

FPeriod of small oscillations 15 4??\/E
g

Pagel of 1

h The equivalent simple pendulum has length 4o <+
Compate T

T=2}T\[E.
g

=2 4_a: with
y g

© Pearson Education Ltd 2C
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Exercise D, Question 8

Question:
& uniform rod AF of tass s and length 2a with a particle of mass 2m attached at &, 13
oscillating about a fized smooth perpendicular horizontal axis through A
Calculate

a the period of small oscillations about the position of stable equilibrium,
b the length of the equivalent simple pendulum.

Solution:

a A
by

N
7R
W |

2me

ML ofrod and particle about axis at A = %mag + Zea(2a)*

mgasind + 2mgx 2asnf = —2—59?2425_ — 1. F =18

Sgand = —2—?)8@57_

Forzmall &, sin8 =&
—1ag

L8 g 4| The motion 1z approzimately
28a sitnple harmonic,
0 15g

The period of small oscillations 13 4 ff?a
g

b The equivalent simple pendulum has length §a — e
15 Compare T = 2w (—— with
E

TZEH\[E.
g

© Pearson Education Ltd 2C
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Exercise D, Question 9

Question:

A triangular frameworl formed by joining three uniform rods, each of mass a2 and
length 3a, is ezcillating about a fized smooth horizental axis through a vertex of the
triangle perpendicular to the plane of the triangle.

Calculate

a the period of small oscillations about the position of stable equilibrinm,

h the length of the equivalent simple pendulum.

Solution:
A
a A
N 3a
I T
-’.r .\'l.
A I .
&b Y 3a
S mEs5
L
i/ p
B ol 4
mg

MI of frameweotl about axis at .4

2 2 2
:gxim 3a + lm 3a - (34)2_ e +—— TUse the parallel axes
3 2 3 o 2 theorem to obtain

S 2T the BT of BT
= G’ + 0 21
4
_ 2 Tma’
2
A
{1 N
(111 Y
Y
b
\\
F] N\ 26
L5
Y3 mg

Eesultant force 15 Zmg at centre of mass of framework

PhysicsAndMathsTutor.com
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AG:EAD:EXEaJB:aJB
3 32

s g x (@ Dsind = _Tﬂmazé'-
éz—gﬁﬁjﬁna
Ba

For small escillations sin8 =8
R e 2g AE g
A

“ Tse =18

The motion 15 approzimately
simple harmonic.

L
o 2g 3

The period of small oscillations is 6x =2 o
2g3
b The equivalent simple pendulum has
length a ar 3N[3cz
243

Cotnpare T = 27 24 writh
2g 3
T=2r4t
b4

© Pearson Education Ltd 2C
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Exercise D, Question 10

Question:

A uniform circular disc, of mass 2, radins @ and centre &, with a
: 1. S,
particle of mass # attached at 4, where 04 = Ea .15 oscillating about a fized smooth

herizontal axis through O perpendicular to the disc,

Calculate

a the period of small oscillations about the position of stable equilibrium,
h the length of the equivalent simple pendulum.

Solution:

Pagel of 1

N $
A
mg ¥
: : : 1 . 1y
W of diec and particle about azxiz at & = §x2ma +i ¥ Ea
4
1 Sz -
mgxgasmé?: —Zma i e o
For small oscillations sind = &
5
gl ——ad
% 2
" 2g
8 = _59 #4— The motion is approximately
5 i simple harmonic.
L ||_a
o 2g
: e : S
The peried of stnall oscillations 18 27 o
2 Compate T =2x 5_a: with
g
h The equivalent simple pendulum has length 5_@: . !
o T=2m |—
g

© Pearson Education Ltd 2C
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Exercise D, Question 11

Question:

A uniform circular hoop of mass w2 and diameter & 15 oscillating about a fized smooth
horizontal axis coinciding with a tangent to the hoop.

Calculate

a the period of small oscillations about the position of stable equilibrium,

b the length ofthe equivalent simple pendulum.

Solution:

d

- /f

wid® 4——| Fromthe formula book and

2
MI of hoop about a diameter = %m[%] =

g perpendicular axzes theorem.

2 2 2
MI of hoop about tangential axis = ms +m[£] = i 4+— By the parallel azes

2 B

theorem.
side wiew -H
:’; d
.\.2
2 - Far
mg[%}smg:—sﬂf g * Tse L=17
; B
8 =-—4
g in 4
For small & siné » & +— The motion 15 approximately
= _4_39 simple harmonic,
3d
T=2Zr i
4g
The period of small oscillations 15 7 / N F N ﬁ with
Vg
b The equivalent simple pendulum has length — ]
T=2r
4

© Pearson Education Ltd 2C
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Exercise D, Question 12

Question:

A uniform rod A8 of mass 3m and length 27 1z free to rotate in a vertical plane about a
fized smooth horizontal axis through A, perpendicular to the plane in which the rod
rotates.

a Find the period of small oscillations of the rod about its position of equilibrium.

A particle of mase #e iz now attached to point & of the rod. The period of the
oscillations 12 increased by 2%,

b Find the value of x.

Solution:

PhysicsAndMathsTutor.com
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MI ofred about axis through A= %x %l 4| From the formula book

= i

", i 2 - “
Zmglan 8 = —dmi’d — Tep [ =18
For small oscillations sin8 =8

. 3g8 x —418
- 3
§x-Eg + The motion 15 approzimately simple
i harmonic.

The period 15 dar i
V3

b "With a patticle of thass #2 at 5
WL =dmd® +m(2D* = Smd®
Zegl sin 8 + gy 2 sin 8 = S8
g8 = —8l0 ¢———— h:inasindad

g x—j—gﬂ

8l
MNew period =27 E =4 E
g g

2 { «—
dr (— —dm |— £
Sg 3z 4o and J— will cancel
7 » 100% g

S Yoincrease =
dg |—
3g
&6
=¥5 V3 q00%
1
3
=9.544 %
x =954 (5s10)

© Pearson Education Ltd 2C
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Exercise D, Question 13

Question:

A uniform rod AF of mass ém and length 4J has a uniform solid sphere attached to

each end. Each sphere haz mass # and radius 12.3 and the centres of both spheres lie

on the same line as the rod & fized smooth horizontal axis passes through point & of
the rod, where AC =!. The rod can rotate in a vertical plane which 1s perpendicular to

thiz axis.

o : 287wl
a Show that the moment of inertia of the system about the given axis iz :

10

b Find the period of small ozcillations of the system about its position of
stable equilibrium.

Solution:

l
= 2 d
/X
LN )
A"
] R
Y
/‘; \'\
A"
W ""-. "r
mg “-\
A
Y
N,
,
N )
L
i
b
",
b}

Y 21

(u??g \‘\
L L;

."/J{“\ :\'}:./ 2
LT ) s
Selod g
r
mg

a MI ofrod about axis thre” € = %(6»@)(23)2 + Gl

= 1 pmi? +— TIze the parallel axes theorem.

PhysicsAndMathsTutor.com
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2 1 2 2
MI of spheres about axis thro” (& = %m[%] +m[§f] +Em[i] +M[E]

5 2 2
w58l
- xﬁ-’_ 4 TTze the
o Total ML of system parallel azes
theorem
WS L R again.
] 2
(140+2+142y 4
= “‘mf
10
= ﬁ e
10
2
h Gmgl sin5+mg[?—;]sin 8- mg[%] sin & = — 283‘;@.&' J4— e L=18
Bgsin = —EEE
10
For small oscillations sinf =8
287
R Ry |
5 10
e — il g The motion 15 approzimately
28 simple harmonic.
2 287
oo S V) ﬂ' (—
‘o g

The period of small oscillations is 2g ]——
] 24 Sg acceptable.

287 [ i 2873} 1 Any equivalent form is
Og

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 14

Question:

The diagram shows a rectangular s1gn outside a shop.
The zign iz composed of two pottions, both of which
are rectangular. Eectangle ABCF has mass w,

length 2a and width 26 Bectangle FCODE has mass m,

length 2a and width %b - The zign iz free to rotate

£
about a fizxed smooth herizontal axis which coincides
with side A5 The wind causes the sign to make small

oacillations about its position of stable equilibrium.
Show that the period of these oscillations iz given by 27 ’;}E ;
g

[Tou may assume that both sections ofthe sign can be modelled as uniform
rectangular laminae.

Solution:

PhysicsAndMathsTutor.com
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i
; 2a ;
A "G - Axis

mass 2h

F = c |

mass m Lp
E D

M I ofzsign about axis along A8

2 2
=imb2+lm lb + EE:'
3 3 14 b}

= mbg[i-fiq-g]
3 48 16

_ Tl mb*
12

Side wiew ?_\h
0N,

e 4

mg

SENEN

mg

Page2 of 2

TTze the parallel axes
theorem for COEF
Eemember to move
from the centre of mass.

mgbsin5+mgx%sin5'=—%mgg | Usze L =78
For small oscillations, sin& =8
RN
Egé‘ -
4 12
i0g . _
w -y +—— The motion i5 approximately
Tk stmple harmonic,
TR
p 389g

© Pearson Education Ltd 2C
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Exercise D, Question 15

Question:

A thin uniform rod AF of mass s and length 8/ 15 free to rotate in a vertical plane
about a fized smooth horizontal axis through end 4. A uniform circular disc of radius

%f and mass 10 iz clamp ed to the rod with its centre C on the rod and AC =jd . The

plane ofthe dizc coincides with the plane in which the rod can rotate and the axiz is
perpendicular to this plane.
Find the length of the equivalent simple pendulum.

Solution:

PhysicsAndMathsTutor.com
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A
AN
B
4f\ *f
\\
|.FH” C "I
X | A 0
I'[:Im” \-.__ | AB =18/
B 7

MI ofrod and disc about axis at .4

theorem for the dizc.

2
. %P‘H@f)z —I{%x lﬂm[%i’} +]Um(k£)2:|‘__ Tse the parallel axes

E+5+10,¢:2 Jmf*

¢
Gl

271 S RN T e
g x 4l sin & +10mg x ki sin & ——[ -+ 10k J & >
For small oscillations sin& =8
4g8 +10kg8 ~ —[% +1o;cf*];§
L ;‘-11—103:)55
+10k* |7
12
_ 24{2+5k)g 4 *+— The motion iz approximately
(271+120k%) sitnple harmonic,

s 2 (271+1204% )
B 24(2 +5k) g

The equivalent sitnple pendulum has

+— Compare the expression for T with

2
lengt, (7112062 ;
DA(2 +5k) T=2r |—
g

© Pearson Education Ltd 2C
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Exercise D, Question 16

Question:

An ear-ring of mass B 15 formed by cutting

out a circle of radiug @ from a thin uniform X
circwar disc of metal, radius 3a, as shown ;
in the diagram. The centre 5 of the larger circle, fNoa)
the centre A of the smaller circle and the point X | = h "|
on the circumference of both circles are collinear, /
The ear-ring iz free to rotate about a fixed 4
smooth horizontal azis through X perpendicular to =
the plane of the ear-ring. Show that the period

of small oscillations of the ear-ring about itz

posttion of stable equilibrium 1z 4 :3& ;
g

Solution:

PhysicsAndMathsTutor.com
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Eatio of areas and Cut-out circle ear- ring complete circle
masses e’ 8na’ Yra’
1 8 9
. . 1
M.I of complete disc about axis at & = Ex Yom n(Za ) +9mx(h}2 +— Tse the paralle] axes
% L 43 | theorem.
2 2
= i 1 a a 3.’?3(32
ML of cut-out circle about axis at X = Ema +ma” = >
2 2
Yo MI efear-ring about axis at X = Eﬂ%’i‘i—— ln;_ =120ma*
x4 2a__
T 1 i +—| Youneed to find the centre of mass
mg 9mg  Smg of the ear-ring.
Fatio masses 1 ] 9
Distance from & e X e
L8 =2Ta—-a
_ _ 26a
x e —
8
2ba . 25 3
Bmgx?smﬂ——lmmﬂ —— TJen [ =78
For small oscillations sin8 =8
- 26g8 = —120a8
& ~2bg a *— The motion i3 approzimately
120a simple harmonic.
7= 2 _ 120a
@ 26g
13g
13g

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

A uniform circular disc of mass 20 kg and radius 0.5 m 1z free to rotate about a fixed
smooth horizontal axis through its centre and perpendicular to its plane. & particle of
mass 4 kg is attached to a point of the ritm of the disc. Initially the disc is at rest in its
position of unstable equilibrium. The disc iz slightly disturbed. Find the angular speed
of the dizc at the moment when the patrticle is vertically below the axis

Solution:

o G
MI of disc + particle about axis through ¢ = %xzox(o.ﬁjﬂ +4% (0.5

=35kgm?
Energy:
lx3.5w2 =4z xl 4—— The particle starts vertically abowve
2 ' and ends vertically below O
Bg 1
2
m e - 2
35 EE. 5 lew
=473

The angular speed is 4.7 rad 57 (2 5.£).

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

A uniform rod A of mass s and length 2 15 attached to a fixed smooth hinge at A
The rod 15 released from rest with A5 horizontal At time £ the angle between the rod
and the horizontal 12 8.

2
a Show that Ecz[l—g] =3gzind

b Find the magnitude of the component of the force exerted by the rod on the hinge

parallel to the rod when &=45".
¢ Find the magnitude of the component of the force exerted by the rod on the hinge

perpendicular to the rod when &=45"

Solution:

PhysicsAndMathsTutor.com
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MI afrod about axis through A= %mag

Energy:

1 I8 = mgasin 8 +—| The rod starts from rest with A5
horizontal,

Emazé'g = magacin &

2a8" = 3gzin

aay’
ot 2@(—] =Z3gsinf
e

Equation of motion along the radius:
X —mgsin 8= puad

A = mzan 84+m x%gsin g tmass of the rod.

4+— Forthe force on the axis of rotation
vou need to consider the motion of
a particle of mass a2 at the centre of

When &=45
1 Zpg 1
= ® + # 4+— TIze the result from a
AT 3 AR
Semg

T2z

.. The magnitude of the compeonent of the force exerted by the rod on the hinge

. Dmg
arallel to the rod 15 —=
H 242

PhysicsAndMathsTutor.com
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¢ Equation of motion perpendicular to the rod:

mgoos&—Y =mad
Froma

2
2a (ﬁ] =Zgand
dt

2
2x24§=35c055‘

LY =mgoos 8- 3mgn:c:-sé'

, mg 1 g
g=agyr=" - =T
4 Az 44z

d . N
—rE=2rg
-;:19( )

o The magnitude of the component perpendicular to the rod 1s

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

A uniform circular disc of mass s and radius 2a hangs in equilibrium from a point A
on it circumference. The disc is free to rotate about a fixed smooth horizontal amis
which is tangential to the dizc at 4 and lies in the plane of the dizc. & particle P of
mass #2 18 moving horizontally towards the disc with speed Min a direction
perpendicular to the plane of the disc. The particle strikes the disc at the point 5 where
AB=3a and A8 iz perpendicular to the axis. The particle adheres to the disc.

a Find the angular speed of the disc imme diately after it has been struck by 2

The disc first comes to instantaneous rest when the angle between A5 and the
dewrnward vertical at 4 1z 607

b Zhow that V=%..|4319ga :

Solution:

PhysicsAndMathsTutor.com
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A ’i axis
/ 2a ?
.lll
I'. {lr l.'l
'\_&\.. B f/_."'

WLT of disc about axis threugh 4
= %4?}3(2@)2 +4m(2a) = 20ma’

3a

il

]

For the impact:
ml x3a = (20ma’ +m x(3a) )@

3 =2%a
3
@ =—
29
b Y :(J
i \\
.ﬁ{"l :\\\”
dmg (8]
_— me® A
'_"..i. a4
. 29a

Energy to the highest point

Tse the parallel azes theorem.

Angular momentum 15 conserved,

2
4 (2[:1»;»;@;2 +9m2)(£] = ding % 2al1— cos 60) +mg %3 (1-cos 50)
2 29

2
l><29mc;t2 E =11mga xl
2 29 2

I
G
ﬁ =1lgﬂ

r? 29;11gﬂ

o= 1§1,||'31.'§" =7,

© Pearson Education Ltd 2C
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Exercise E, Question 4

Question:

A uniform rod AF of mass 4w and length 2 has a particle of mass m attached at B
The rod 15 free to rotate in a vertical plane about a fized smooth horizontal axis

perpendicular to the rod and passing through point O of the rod where AC = 150: - Find

the period of small oscillations of the system about its position of stable equilibrium.

Solution:

MI ofrod and particle about axis through &

2 2
= l><4m2+4m(la] +M[E]
3 2 2

i a 2 9??3(12

3
_ S5ma’
12
dmg x%a sin 8+ mg xg?asiné' = —%majé | Use £=18
g sind =-— Emazé
12
For amall oscillations sin 8w &
Tg 8w —Eaé % _
& / The meotion iz approxitately
2 sitnple hartmonic,
I L R L P
254 a 42z

© Pearson Education Ltd 2C
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Exercise E, Question 5

Question:

A rough uniform rod, of mass #2 and length 6 15 held on a rough horizontal table,
perpendicular to the edge. & length 2a rests on the table and the remainder projects
kevond the table.

a Find the moment of inertia of the rod about the edge of the table,

The rod 15 released from rest and rotates about the edge of the table A ssuming that the
rod has not started to slip when 1t has turned through an angle &,

b find the angular acceleration of the rod,

¢ find the normal reaction of the table on the rod.

The coefficient of friction between the rod and the edge of the table 1z & - The rod
starts to slip when it makes an angle & with the horizontal

d Findtan & in terms of 4.

Solution:
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2a a Ja

v
g

a M

I ofrod about edge of table
1
3

m(3a) +ma’ = dma’

From the formula book and uzing
the parallel axes theorem.

h '\‘\ 2”
N
%\. e
U\{'J
\'\-.\
o ~.\h
%
3N
W e i
mg Tl
&)
mgacos 8= dma 8 T
& | Use L=17d
g = E|:-:>s g
&
¢ s 4 ’."\"
e 7
ke /_/ ____________________
._rHrl]\
= 5 +— Consider the motion of a particle of
k-5 mass #2 at the mid-point of the red.
"
W \\-. ]
me jf’

Equation of motion perpendicular to the rod
mgcos8— N = mad

mgoos8-N= %cos &

3
N=lwmrocos &
p i

-
The normal reaction 15 —mg cos &

PhysicsAndMathsTutor.com
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d Equation of motion along the rod:
= & +— The component of the force parallel to the

F~mg sin 6=mad’ rod 12 needed so that you can find i

Energy:

1 ; : :
> xdma' F = mgasin 8 . Tze conservation of energy to find &°

adt =_—gsan &
L F = —pgsin B4mgain 8

mgein 8

[N IR SO PSS N R

When 8=, F = ulV

.'.gmgsini;ﬁ'= ﬁxgmgcog.;ﬁ 4— Therod slips when &= ¢

1
t =
an ¢ S H

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:

A wheel has a rope of length & m wound round its axle. The rope is pulled with a
constant force of B0 M. When the rope leaves the axle the wheel iz rotating at 24
revolutions per minute Calculate the moment of inertia of the wheel and its axle

Solution:

e =50 N

.\\\\

Work done by the force = B0 =6

=4307

E E gained by the wheel

g

fad

| S

at = 24 revs. per minute

= E>< Zr=08mrrads?
60

%f % (0.8)° = 480

T= 0 151.5...

0647
The moment of inertiais 152kg m* (3 5.£)
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Exercise E, Question 7

Question:

A uniform square lamina ABCD of mass M and side 2a 13 free to rotate about a fixed’

smooth horizontal axis through A The axis 1z perpendicular to the plane of the lamina.

The latnina 15 hanging at rest with C vertically below A It 1s then disturbed from rest
and performs small oscillations about its position of stable equilibrium. Find the
period of these oscillations.

Solution:

PhysicsAndMathsTutor.com
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A
j|I.---,..I'- k h -
L\ e
III.' -'\"&_H.\
/ \ e B
; \G
/ I'-
:lll." | '...l.
i I"*_ /
D ~_ ; /
R . . ll‘-,_l IIIII_-".
‘HH""& ."'. ."Il
MHH;"'“‘ \ 20
b i B I‘. g .f"l
Mg 4
C
LI of square about axis through A
1 1.2 o | .
=_Mia +a )+M (c;t \"2) - From the formula book and using
E
, the parallel azes theorem
:EMag_FzMa?:BM‘I AG=a2
E 2
2
Mgazange DM Use [ =78
For small cscillations
gin & = 8
28 ~2 8
g ﬁ —Ea / The motion 15 approximately
- sitmple harmonic,
&= — ’2 ¥2 &
S
P2 s B8 o a2
a 3g 2 3g

The period of amall ogcillations 15 477 43_«‘1'2 ;
g
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Exercise E, Question 8

Question:

A uniform circular hoop of mass 4w and radius @ 12 free to rotate in a vertical plane
about a fixed smooth horizontal axis through point A of its circumference. The azis 13
perpendicular to the plane of the hoop and the hoop 15 initially hanging in equilibrium,
A particle F of mass # 13 mowing horizontally with speed I towards the hoop in the
same plane as the hoop. The particle strikes the hoop at one end of its horizontal
diameter and adheres to the hoop.

a Find the angular speed of the hoop immediately after F strikes it

The line A5 15 a diameter of the hoop. The hoop first comes to instantanecus rest
when A8 is horizontal

b Show that F* = 80ga

Solution:
a 4 4
P F [ \ Py :
.': a il ". I.'J
m O I ””-,
= V .".\ ’ \'x‘\ i
\\ é 2 u f/
“‘-_4&!_ SN
B
. 53 2 2
MI of hoop about axis through A= 4ma2 +dam” o oS the Eoraila ok th sy
= Bma the parallel axes theorem.
For the impact:
3
mba = (EWI2 + (ﬂ “fz) )5?3 +— Anpgular momentum 1z conserved.
Vo= (Ba+2a)a
¥
10
.
The angular speed 15 — .
10z
b Energy to highest point:
2

l <10 | — | = dpmga ]

10 Ve

1 /

—¥— =dga |

s o A% 1

2 _
F* =80 ga \ a
- - 4
The vertical distance from 4 to P i3
the same at the start and the end.
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Exercise E, Question 9

Question:

A uniform rod A of mass s and length 67 15 free to rotate in a vertical plane
perpendicular to a fized smooth horizontal azis through point & of the rod, where
A=} Attime ¢ =10, the rod is at rest in its position of unstable equilibrivm and is
then slightly disturbed. At time £ the rod has turned through an angle 8.

a8y
a Show that 7 i =4g(l-cosd)
i

b Find the magnitude of the angular acceleration of the rod at time 2.
¢ Calculate the magnitude of the force exerted on the axis when the rod 15 horizontal

Solution:
i B
v S |
' ;"'{'j o
/ 3/ “b
/_/
0 } 2a |
/ | me
|

A

MI of rod about axis through O = %m(?,;)ﬂ a2l

— 4+— From the formula book and using
B the parallel axes theorem.
Energy:
%(?stz)éz =mgx2({l—coz &) +— Increase in KE.E =loss of P.E

T8 = dg(1-cosd)

2
48

or H| — | =4gil—cosd
[d.t] gl )

b mgx2isind = Tmi'd = ligif =98
D {or you can differentiate the result
8= e sin & from a with respect to £).
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c t ¥
X i 2 | 4 *— Consider the motion of a
S | # = 1 s _‘-{-' particle of mass w2 at the centre
me 0°d of mass of the rod
When the rod 15 honzontal 8 =907
2
?E[ﬁ] =4g +— TIse the result from a.
di
48 2g
md? = E #— Tlze the result from h.

Equation of motion for the particle parallel to A5

X =mx28*
dg  EBmg
=2mx—=—"
7 7

Equation of motion perpendicular to A&:
mg—Y = mx 218
2 3
r= mg—EmEx—‘g:ﬁ
i 7

o Magnitude of the force on the axis = E*\[(Sz +32) +— Asthe magnitude 15
7 required, the answer 13

_ " V73 the same for the force on
7] the rod or the force on
the azis.
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Exercise E, Question 10

Question:
s ‘-! ——
//J —‘7 h\\\

/ poll \
| b |
\ (’} |

.\\ of

o __..-"'/

& uniform disc of mass 3w has centre & and radius 3a. A disc with centre & and radius
a1z removwed The line 08 =a and, when produced, meets the circumference of the
larger disc at.d as shown in the diagram. The remaining lamina 13 free to rotate about a
fized smooth horizental axis which coincides with the tangent to the disc at 4.

a Show that the moment of inertia of the remaining lamina about the given
2
ais is

The lamina 1z disturbed from rest and makes small oscillations about its position of
stable equilibrium.
b Find the period of these oscillations.

Solution:

PhysicsAndMathsTutor.com
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MI of complete disc about azis at A

B %(3?}3)(3@)2 + Bmi3a)’ -

i 135ma’

4
MI of cut-out dizsc about axis at A

= %mlag +im () —

_1? aﬂ
R

Area of complete disc = Yma’

Area of cut-out part = wa

Somy = %of mass of complete disc

1 e
=_x o iy
g 3

S ML ofremaining lamina
135 a 1? FEoa
=——ma - —x—a
4 4 3

PhysicsAndMathsTutor.com

From the formula bool, and using
the parallel axes theorem.

w18 the mass of the smaller disc.
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b Side wiew ]
15\‘2“
i MNa
LY
rﬁr:_' O
3mgy,
N
\ da
\
\
)
/s 3]
y
4

Moment of the weight of the lamina about A

= Zmg x3asin 5‘——gx2a sind | As youare using motments

£HEa gin &

97

Emgﬂ sind = ——ma’d
3 3

For small oscillations sin& = &

258 ~ —97ad

5‘-%—25—55‘ -+

of forces you do not need to
find the centre of mass of
the lamina.

Tee L=78

97

© Pearson Education Ltd 2C
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Exercise E, Question 11

Question:

A uniform square lamina ASCTD of mass 4 and side 2a 15 free to rotate in a vertical
plane about a fized smooth axis through its centre perpendicular to the plane of the
lamina. Particles of mass w2 are attached to vertices 4 and B of the lamina The system
1z released from rest with A5 vertical Find the angular speed of the system when AL 15
herizontal.

Solution:

PhysicsAndMathsTutor.com
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A4 m 2a

/ 2a mass ABCD = 4m

m

B C

MI oflamina and particle about perpendicular azis through O

= %x4m|:a:2 +az>|+2mx Zat +—

2
_ B

2 _ 20ma’

+ < pracy

From formula book (lamina),

AD* = 24*

D {7

Am mB

¥ ]

Energy:

1 20ma® .

+— Only the particle at 4 has

—x o8 = g 2o
2 3 experienced a change in P E.
2
3
3 _ g
w = —_—
S

w: 3_g

\ Sa
Th 1 dis |28
g arngular sgoeed 18 —_—
gular sp =

© Pearson Education Ltd 2C
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Exercise E, Question 12

Question:

A uniform rod A8 of mass 3m and length da lies at rest on a smooth horizontal plane.

The rod 15 free to rotate about a fixed smooth vertical azis through its centre. A
particle F of mass m2 15 mowing on the table with speed & in a direction perpendicular
to the red The particle strikes the rod at a distance @ from & and rebounds from the
rod with itz speed half of it speed before the collision,

a Find the angular speed of the rod after the collision,

b Show that there will not be a second collision between the rod and the particle.

Solution:

PhysicsAndMathsTutor.com
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-

A i g B mass AB=3m
P m
*
A 28 ¢ 4 R 1 4@
P s
&
%H
a For the impact:
miti = 13:-. 3ol 2a1) ev— %mua +— Angular momentum 15 conserved.

4w = Em
2

T

8

The angular speed of the rod is %

b Time for the rod to turn through an angle & a2
w 3
B
0
A pathof P
Distance travelled by P in this ime = luxﬁ =ﬂ
2 Zu 3

For a second collision, there mustbe a 9,% =8 < g such that
408 Y
Vo (2 )] sa
3
l+—— =4

=3

27
g £=
16

L8 £1299

but 1.299 = % so there will not be another collision
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Review Exercise 1
Exercise A, Question 1

Question:

Attime ¢ seconds a particle P has position vector v metres, relative to a fized origin O
The particle moves zo that

dr

— —r=271

When (=0, r=-i+j.

Find rin terms of £ E
Solution:
dr
e VA |
ot
Integrating factor = e-r =g
g E —ret =0 - Llultiply through by the integrating
dt factor.
d
—(re") =274
dt

ret = —p ¥ 1o 4——— | Integrate with respectto £ Don't

forget the constant!

£=0 r =—i+j

=—-i+j =—i+c 4—— TJ:se the initial conditions given in

£ =] the question to find c.

L r =—eTi+ e

Multiply through by & to obtain r.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 2

Question:

With respect to a fixed origin &, the position vector, ¥ metres, of a particle P at titne ¢
seconds satisfies

dr : u ey
—+r=11-71jc ™.
(i-3)

Criwen that 2 i1z at & when ¢ =10, find
a rin terms off,
b acartesian equation of the path of F. E

Solution:

dr PRSI, ¥
—4r={(-
a —+r={-j)e

_ 1d
Integrating factor = e‘r =¢'

e ar +e'r = (i-j) e v e! e—| Multiply through by the integrating
factor.

—[re’) = [i—j) g™
dé / Integrate with respectto £ Don't
Lrel =—(i-j)e7 +e forget the constant!
t=0r =0=0=—(i-j)+c
c =i—j 4 FPizat Owhen =10,
ro==(i-jeF+{i-j)e”

Divide by &' to obtain r

b r= (—e':” +e")i +(e'2’ —e")j
=¥t o | Using the i component.

x
¥ =" —¢

-— ]
L

TTzing the j component

Eliminate £ (by ohzervation).
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Review Exercise 1
Exercise A, Question 3

Question:

Attime ¢ seconds the position wector of a particle P relative to a fized origin & i
r metres. The position vector satisfies the wector differential equation

& or=0
dt

Attime f=%1n3,r=i—2j+k.

a Find rinterms of £
b Find the greatest walue of the magnitude of the acceleration of P for 20 &

Solution:

a g+2r=l:I
i

[z w4

Integrating factor = ¢

e £+ 2e%r =0
de

44— Multiply through by the inte grating
d
_(Eg,r) =i factor
dt
1 _
i Integrate with respect to £

TTse the initial conditions given in

eh? [i— 23 +k) =A the question to find A
A =3(1-2j+k)
r =3¢ (i-2j+k)

b F=—6(i-2j+k)
¥ =12 (i-2j+k)

[E = 12(i_2j+k) + ¥ | will be maximum when e & =1
|t |

=124 (1+4+1)

=1248

The greatest value of the magnitude of the acceleration is 1246 ms?

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 4

Question:

The position vector, r m, of a particle P 1z measured relative to a fizxed origin O, and
its velocity vms™ at time £ seconds satisfies the differential equation

dv
e
When £=0,F iz at the point with position vector {(—2i+73) m, and has velocity
{12i+%)m s Find

a an expression for v in terms of £,

-2V,

b the position vector of F when £=1n2. E
Solution:
a Ll —2v
ds
Lid +2v=10
ot
Integrating factor = e'[m =¥
d
e EV +2e¥v =0  +——— Multiply through by the integrating
¥ factor
2R
a[:e V:I =0

2
efv=A +——] Integrate.

=0 v =121+5j H_’_;_

=1di+8) = A Usze the initial conditiens given in the
v = []2i +8j) = question to find A

dl‘ . . —ar
b —=(l2i+5)e
"= ()
r =—%[12i+8j)e‘2‘+]3
f=0r =-2i+j] = TTse the initial conditions given in the

question to find B.

= -2i+j =—%(12i+8j)+B

B =4i+5
r = (61 +4j)e 441 +5j

t=1In2 r=—1(6i+4j)+4i+5j e I
4 E—zmzek{-?]

In | —

pors s
2
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Review Exercise 1
Exercise A, Question 5

Question:

Attime £ seconds the position vector of a particle P, relative to a fixed origin &) 15
r metres, where r satisfies the differential equation

dr

—+2r =37

ot

Criven that r =2i—j when =10, find r in terms of £, K
Solution:

£+ 2r =37

ot

Integrating factor = E!’rm =g

Ll % +ore =% e— | Liultiply through by the inte grating

factor.

% (ram) = 3ej

Integrate with respect £ Don't
re =3 +c / forget the constant!

=0 r=2i—j

£
[2i— j) =t 4— TJse the mitial conditions given in the question.

¢ =2i—4j

r =37 +(2i-4j)e™ . .
1 I: ]) Divide by ¥ to obtain r.
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Review Exercise 1
Exercise A, Question 6

Question:

The position vector v metres of a particle P, relative to a fized origin O, at time

¢ seconds, satisfies the wector differential equation

a
l—§+4r=ﬂ.

When i=0,r =231 and %=2i+4j.
Find r in terms of £
Solution:
2
jr_‘;+4r =0

Auziliary equation : m* +4 =0
m o= X2
r =AcosZ+Bsin 2

f=0r =3=3=A *]
r =-2AanZi+2Bcoosi

t=0,F = 2i+4]
=2i+4j = 2B
B =i+2j

Lr =3icos 2£+[i+ 2j)sin 2f

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 7

Question:

A particle P mowes in a horizontal plane containing a fized origin O Attime ¢,

OF =r , where r satisfies the vector differential equation
3

d°r

E + (ﬂgr = U

Attime £=0 the particle 1z at the point with position vector aj, and has velocity @i |
where @, b and @ are constants.

wolve the differential equation to find r and hence find the cartesian equation of the

path of the patrticle. E
Solution:

2
j.ﬁ_l; +@r=0

Auxiliary equation w4t =10
o=@
Lr =Acozaf+Bein gy

Pagel of 1

(=0r =aj=aj=A +— TIze the initial conditions given in the
gquestion to find A and B.

r = -Amsin @t +Bacos o
t=0,r = abi
=ahi = Ba

B =4

Jr =heinad +acos @

hence x =&sinax | r =zt
¥ =acos i

a 2
[EJ +(E] =sin? @ +cos? G
b c

]
yo_
Ll

+

=
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Review Exercise 1
Exercise A, Question 8

Question:

Attime ¢ seconds, the position vector of a particle P is r metres, relative to a fized
arigin. The particle mowes in such a way that

dr dr

—-4—=0.
ot de
At £=0, P iz moving with velocity (8i—6jim s,
Find the speed of F when £=%1n2. E
Solution:
2
d_§_4g -
ot ds
dv i 5 4— Touneedto find the speed of £ when
—— V =
dt I=%1n 2 and speed = velocity | You

do not need to find r.

e v=0 « Multiply through by the integrating
3 factor.
—(e"“v) =0
ds
ey =A< Integrate with respect to £,
t=0,v =8 -6j
A=Hi-9)
Lv o= (Bi-6j)e”

ﬁ=%1n2,v=4(8i—6j) -« m2_ w4

speed = v| = 4(64+36)
=40
The speed is 40m s~
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Review Exercise 1
Exercise A, Question 9

Question:

A particle P mowves in the x-y plane and has position vector v metres at titne £ seconds,
It iz given that r satizfies the differential equation
dr _ L dr

2

a  d
When 2=0,F iz at the point with position vector 3i metres and is moving with

velocity jm s

a Find rin terms of £

b Describe the path of P, giving its cartesian equation, E
Solution:

d%_zm

et de

Aumliary equation:
Wt —2m =1

# (m - 2) =0
m=Dorm=2
©r=Ae" +Be”
r = A+Be
PO T 4+ TI:ze the initial conditions given in the
, A+B= 3 question to find A and B
=A+b=2a
r = Be*
t=0,r=j=2B =j
1
SB=—3
2]
1
A =51-3
2]

- 1. 1 2t
L =3i-—j+—je
5 B

orr =3 +%j (eh N 1)

h The particle mowes in a straight line.

: e The i component is constant.
The equation of the line 15 x =3 F

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 10

Question:

Attime ¢ seconds, the position vector r metres of a particle P, relative to a fized origin
) satisfies the differential equation

dr | dr

—t+4—+3r=0

ot i

Attime =0 F iz at the point with position vector 21 m and 15 mowing

with velocity 2jm s

Find the position vector of P when ¢ =1n2 E
Solution:
dr

A =0

Auxliary equation:

m+dm+3 =0

(m+3)(n+1)=0

Lm=—"Zorm=-1

r=Ae? +Be™® / Use the ipitial conditions given in
f=0r=21=2=A+B ) the question to find A and B.

I =-Ae" —3Be™
t=0f=2j=2j=-A-3B @ |
2i+2j =-2B
B =-(i+j)
LA =2-B=3i+j
L o=(3i+j)eT —(i+j)e

Solve @ and @ simultaneously.

ﬁ=1n2=>e"=%andﬁ'3r=

[l I
|
=3
b

LS Wheni=In2

: =%[3i+j)—%[i+j)

: s
r = —1+-—]
BB
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Review Exercise 1
Exercise A, Question 11

Question:

A particle P of mass 2 kg moves inthe x-y plane. Attime # seconds its position vector
iz r metres. When £ =0, the position vector of P isi tetres and the velocity of P is
(-i+jims™.

The wector r satisfies the differential equation

dr

2 =0

ot ds

a Find rinterms of £

b Show that the speed of P at time £ 15 &™ V2mst

¢ Find, in terms of e, the loss of kinetic energy of F in the interval

E=010 £=1. E

Solution:

PhysicsAndMathsTutor.com
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2
d—§+2£+2r =0

ot di

Auxiliary equation:

w4 2m+2 =10

_ —2+4@-8)
i

e

m o =—1%1

. : Initial conditions are given in the
Ern=e r[ﬁcosr+Bsm£) ! g
question.
=0, r =1=i=A

r =—e"[Acos.ﬁ+Bsinf.)+e"[—Asinﬁ+Bcosi)
t=0, r=[-i+j)
“i+j =-A+B=B=j

Sipiatgt [cos.ﬁi+sinf,j)

b F=-¢" (n:osf.i+sin £j)+ e (—sinr.i+|:oszj)
= (—E_: cost—e sinf.)i+(—n3_:r sing+e” cos.ﬁ)j
speed = ||
=e ‘1"([— cosi—sin f.}g +{—sin¢ +|:osf,}2)

=g 11"(03524‘.+213-::usﬁsinf.+sin2f.+sin:{.ﬁ—25in.ﬁsin.ﬁ+|:-::us2 .ﬁ)

=etyoms!

c f,=|:|SpEEd="‘1[2

i =1speed =E_1N"2=E
£
1 ;1 y2
L Loszs of EE. =—><2><(‘j2) —— x| —
2 2 e
2
=2-_1T
22

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 12

Question:

A particle of mass 0.5 kg iz at rest at the point with position vector (2i+5j—
The particle 15 then acted vpon by two constant forces F) and F,

two forces acting on the particle.

dkhm
. These are the only

Subsequently, the particle passes through the point with position vector

(i+5j]— k) m with speed 12m 57

Solution:

d = (4i+5 — Tk ) (2i+3 —4k)
d=2i+2j-k

F. (2i+2j —k)=%x% x12% =36
F = A(2i+2j-k)

! Given that Fi=(+2j

-k)M.find F,. K

Work done (Fed) = gainin E E

The particle starts at rest and
resultant force acts along its path

the

L A{ZE+2 k) (204 25— k) =36 :
Al4+4+1) =36
A=4
F =4{2i+2j-k)
But F=F, +F,
and Fy=i+2j—k
B, =8i+8j-4k-i-2j+k
F, =7i+6j-%
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Review Exercise 1
Exercise A, Question 13

Question:

Two constant forces ¥) and F, are the only forces acting on a particle. F) has
magnitude ? M and acts in the direction of 2i+j+ 2k . F, has magnitude 15 17 and
acts in the direction of i +8j -4k .

Find the total work done by the two forces in moving the particle from the point with
position vector (i+J+k)m to the point with position vector (Gi+2j—-kim. &

Solution:
F = A(2i+j+2k) *— F, is a scalar multiple of
. |F1|=ir (21 +j +2Kk). Use this fact and the
|2l+]+21;| B : (Rl =2 magnitudes of the vectors to find F,.

L F =85+ 6k

F, = s(i+5j - 4k)
|E,| =18 4| Nowfind F, in the same way.

i+8f —4k| = V(1+64+16) =9
=2
Ly =2i+16j-8k
F+F,=8i+1%-2k
workdone=[8i+19j—21{)-[3i+2j—k—|:i+j+k)] +—— work done=F d
= (8i+1%- ) (2i +j - 2k)
=16+19+4
=39
The work done 15 3% T
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Exercise A, Question 14

Question:

[f7 this question 1 ard j are horizontal unit vectors. |

& emall emooth ring of mass 0.5 kg moves along a stnooth horizontal wire. The only
forcesz acting on the ring are its weight, the normal reaction from the wire, and a
constant force (547 —3k) M. The ring iz initially at rest at the point with position

vecter (1+j+k)m , relative to a fixzed origin,

Find the speed of the ring as it passes through the point with position vector
Gitk)im. E

Solution:

d=(3Gi+k)-i+j+k)

=2i—j

work done = (5i+j-3k} (2i-j) «— The ring mowes horizontally so its
=10-1 weight and the normal reaction
ity from the wire do no worlc,

Gain of K.E. = % x0. 59" -

The ring starts from rest.

.'.%XU.SVQ =9 \
Gain of E.E. =work done.

V=36

v==0

The speed iz 6m s,
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Question:

A smooth wire connects A0, 3, 00 to B2, 1, 4. The unite of length onthe x, ¥, andz
axes are metres. & ring is threaded on the wire and a constant force iz applied to the
ring. The resultant of this force and the weight of the ring is (i—j+k) I,

Find the increase in kinetic energy of the ring as it 15 moved from A to 5 E

Solution:

d = (2i+j+4k)- (0i+3j+0k)
d =2i-2j+4k
Wotk done = Fad
=(i—-j+k) (21— 2j+4k)
=24+2+4
=37
Wotk done =increasein K E
. increase in kinetic energy 15 87
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Question:

In thic guestion 1 and j are perpendicular horizontal unit vectors and k iz a vertical
1Rt vacior.
A bead of mass 0125 kg movwes along a smooth straight wire 1n the direction 1427,

from rest at the point A with position vector (143k) m | relative to a fixed origin &
The kead 15 acted on by three forces These are a constant force (=214 230 N, the force
exerted by the wire and ite own weight Given that the speed of the bead when it
reaches the point B on the wire is 2m 57, find the position vector of B relative to O.

E

Solution:

d=4 (1 +2j) * The direction of travel iz 1+ 2]
wotle done =F-d

= [_Ei“‘ Zj)' A lii"‘ 2]':' +— The bead moves horizontally so the
=_21443 torce exerted by the wire and the
weight of the bead do no waork

=24
; 1
EKE gained = 5 x0.125x P g The bead starts from rest.
1
dll wotk done = gain of E.E.
24 ==
4
=1
2
szl
]
OF =0d+d

OB =i+3k+é(i+2j)

TB = 2id Sk
g 4
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Question:

A bead of mase 0.5 kg is threaded on a smooth straight wire. The forces acting on the
kead are a constant force (2 +3j4+2k) W, its weight (—4 9k) I, and the reaction on

the bead from the wire.

a Ezplain why the reaction on the bead from the wire does no work as the bead
moves along the wire,

The tead moves from the point 4 with position wvecter (i4+j—3k) m relative to a fized

origin O to the point B with position vector (2i—j+ 2k} m . The speed of the bead at 4

iz 2m s and the speed of the bead at Bis 4m s
b Find the value of x. E

Solution:

a The wire 15 smooth so the reaction 15 perpendicular to the wire and
so does ne worle

b d=0B-04
= Gi-j+2k)-(i+j-%)
= 2i-2j+5k
F = 2i+3j+ 2k + (~4.%)
= 2i+3j+ (r—4.9)k

F.d= (2i+3j+(x—4.9)k)-(2i—2j+5k)"‘—_ F -d = work done

=4-6+5(x—4.39)
=5x-265
Gain of K E. = %xo.ﬁ ><4f*—%><0.5><22
=3
Lox—-265=73
Sx =205 = work done = gain of E.E.
x =55
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Question:

In thic gquestion 1 and j are perpendicular unit vectors in @ horizontal plane and K iz a

unit vecior vertically upwards.
A small smooth ring of mass 0.1 kg 15 threaded onto a smooth horizontal wire which is

parallel to (14270 . The only forces acting on the ring are 1ts weight, the normal
reaction from the wire and a constant force (i4+2j— 2k) IT. The ring starts from rest at
the point A on the wire, whose position vector relative to a fized origin 1z

(21— 2j—3k) m , and passes through the point B with speed 5m s, Find the position

vector of B, K
Solution:
work done = (i+2j - 2k) - A5 4+— The ring moves horizontally so the

K E. gained = lxo 1x5%=1.25 ;f:f;‘;ndf‘;:;}frfim and the
AB = fi 1+2]
(i+2j - 2k).g( +2] =125 The ring starts from rest.
A(l+4) =125
A _E_U a5 The wire iz parallel to (:i+2j).
i + 2] wotk done = gain of EE.

z
OF =0A+AE

OF =(2i —2]—3k)+%(i+2j)

JR—

DB =
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Question:

A particle P of mass 4 kg iz acted upon by the constant force F=({2i4+3j-k) IV, The

force F 15 the resultant ofall the forces acting on P, including its weight. Initially F iz
at rest at the point A with position vector (i—J+23k) m | relative to a fized origin &,

Tnder the action of F, F moves to the point B with position vector (Fi4+8j1m
a Find the speed of F when itreaches 5.
b Find the vector moment of F about the origin. E

Solution:

a d=7i+8j-(i-j+%)

=6i+9 -2k
work dene = (2i+3j-k) (6i+9-3k) <+—— work done=F d
=124+2743
=42
: 1
EE gained = E><4v:" = The particle starts from rest.
L2Vt =42
v =21

v =21

The speed of P at B iz Jﬁm st {or 46m ™)

b Vector moment =r xF

i-i+3k)=(2i+3 -k)

ijk
=11-13| * The determinant method makes
53 _1 calculation of the wector product
EASIETr.
=i(l-9-j(-1-6)+k (3+2)
=-Bi+7j+3k

The wector tmoment is (—Si +7j +5k)Nm .
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Question:

Two constant forces F) and F, are the only forces acting on a particle P of mass 2 kg
The particle 15 initially at rest at the point A with position vector (—2i—j—4kim .
Four seconds later, F iz at the point B with position vector (Bi—5j+8k)m .

Given that F, = (12i—4j+6k) 17, find

a F,,

b the wotlk done on P as it moves from A te B E

Solution:

a d=(6i—5+8k)-(-2i-j-4k)
= 8i-4j+12k

s =ut+sad < 1.3
2 Tse s=ur.+Ea£ to find the

g 1 _
d-4+12k = U+Ea s acceleration,
a =i—lj+ék
20 2

S{l2i-4j+Ek)+HE, =2 i—lj +Ek 4— Tlzsing F =ma where
2
2" 2 F=F +F,

JF, =(-10i+3j-3k)N

b Work done = (F,+F,)-d
= 2[i—%j+§k] (Bi-4j+12k)
=2(8+2+18)

= 46
The wotle done 13 56 T
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Question:

A particle P of mass 4 kg iz constrained to move along a smaooth straight
herizontal wire, Eelative to a fixzed origin, the vector equation of the wire iz
r==2zi+j+k+ G- 430 where r is measured in metres. The particle moves under the

action of a constant force (12i+4j+3k) W, from the point 4 where A=1, to the point

Ewhere A=3. Giventhat the speed of P at Bis 6 ms™, find the speed of F at 4.
E

Solution:

r, =2i+j+k+{3-4j)
r, =2i+j+k+3(3i-4j)
td =2(31i-4j)=6i-8j
work done = (12i+4j+3k) (61— 8]) +—— work done=F -d

=72-32
=40
Gain of K.E. = 12><4><52—%><4><V2 +— work done = gain of K.E.
L T72-2" =40
2v? =32
=1
v =4

The speed of Patdis 4m s
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Question:

im
- *- e | B

P - im —l-_e;_i

The diagram shows a box in the shape of a cuboid PORSTU VI where

P_Q =3 metres, PS =45 metres and PT=7k metres. A force - 290 W oactz at O,
aforce (414210 M acts at B, a force (—2+k) I acts at 7, and a force (2 +k) I acts
at . (iven that these are the only forces acting on the box, find

a the resultant force acting on the box,

b the resultant vector moment about & of the four forces acting on the box

When an additional force F actz on the box at a point X on the edge BS the box iz in
equilibrium.

¢ FindF

d Find the length of BX E

Solution:
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Moment = r=F

a R = (- 2))+ (@ +2§)+ (2] +k)+ (2§ +Kk) PR =PQ+QR
= 8i+2k FIW =PT+TW

The resultant is= (B 4+2k) I

b VWector moment about &

=3 % (- 2)+ G+ < @3+ 2)+ 3k <(-2j tk )+ @ + 3k <25 +k)

= 6k + (5k — 16k ) +6i + (4 — 61) '\

=4i-16k

Moment = r=F
The vector moment 1z (4 —16k) MNm E = igk"'%qp
P =FPT+TW

¢ Forequilibrium, F+R=10
F=-H-2k
E=(-a-2k)I

d Forequilibrium, rxF=—di+16ke— | r=FX and moment of F+vector
rx[—Bi—Ek) - _4i+16k motnent from part b must =0 for

e equilibrivm.
PX =
L Ajx(-8i-2k) = —(412M

A%k -2i) =-(4i-16k) Hison PN
A=2
JlengthPY =2m
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Question:

Two forces F) and F, |, and a couple G act on arigid body. The force Fl=CGi+450 N
acts through the point with position vector 2i m and the force F, = (Zi—j+k) I acts

through the point with position wector (1+73) m , relative to a fized origin & The
torces and couple are equivalent to a single force F acting through &

a Find the force F.
b Find G and show that it has magnitude 33 m E

Solution:

a F=F+F,
= (G +4i )+ (2 -j+K)
= 5i+3j+k

b Vecter moment of ¥, and F, abowt & *— Vector moment = TxF
= Ax(3A+4j)+(i+])=(2-j+k)

1kl ik
=200(+1 10
340 |12-11
=8k +(1-3(1+k(-1-2))
=fk+i-j-3k
=i-j+3k
The forces and the couple are equivalent to a single force F acting through &
Li-j+0k+G =0
G =-i+j-k
|G| = (1+1+23)
=g
=33

G o1z (—i+j-5k) and it has magnitude 343 Nm .
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Question:

Two forces (1+2)-k) ¥ and (3i-k) M act through a point & of a rigid body, which
1z also acted upon by a couple of moment {(1+j+3k) Hm

a Show that the couple and forces are equivalent to a single resultant force F.
b Find a vector equation for the line of action of F in the form r =a+.h,
where a and b are constant vectors and A i3 a parameter. K

Solution:

a F=(0+2-k)N
E = (3i —k) il
G = (i+j+3k)Nm
F+F,)G=(#H+2-2k) i+i+k)
=44+2-6
=10
.. The forces and the couple are equivalent to a single resultant force.

b F=F+F,={4i+2j-2k) N

So Fis parallel to the vector (2i +j —k)

Let F pass through the point with position vector r = [;ﬂ +1 +zk) relative to &
Then (.n'—l—yj +zk)><(4i+2j —2k)= (i+j +3k)

Sl r #F iz the vector moment of F
about & and so must equal the
xy z|=i+j+3k given couple.

42 -2

[—Ey— 22)i—[—2x—4z:lj+[2x—4y:lk =i+j+3k
—Z2y-—2z=1 @

Sxtdz =1 & | Bouate coetlicients of i, jand k.

2x—dy=3 @
Q- —dy-4z=2
—2y—2z=1 This is the same as @,

50 v can be any value
Let »=10

then z=_—1

x=

LUMI"-"JM

-1
F passes through | =, 0,—
3 e (2.0.5)

o An equation of the line of action 15 v = [gl - %k] +ACi+j-k)
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Question:

Two forces ) and F, actonarigidbedy, F, = 2L-12j+12k)H and

F, =(pi+gj+7k)M, where p, ¢ and » are constants. F) acts through the point 4 with
posttion vector (3i— 2j+kjm | relative to a fized origin & F, acts through the point B
with position vector {i4+j+k)m relative to O

The twe forces F) and F, are equivalent to a single force (25 -14j+12k)17, acting

through &, together with a couple G
a Find the values of p, ¢ and r.
b Find the magnitude of G. K

Solution:

a F+F = (25 -14j+12k)1T
(112§ +12K)+ (pi+gj +rk) = (25 - 14§ +12k)
C1+p)i+(g-12)i +(12+r)k = (25 - 14j+12k)

Lp =4g=-2r=0%— Equating coefficients of i, j and k

b 6= rxF=(3i-25+k)x( 21— 12 +12k) + (i +j+Lk)x (4i- 25)
i ok
3 -2 1|=-12i-15+6k
D115
ijk
11 1]=2i+4j-6k
4 -2 0

LG = (-10i ~11j) Him
|G| = (10" +11%) =221

TherRagm tideot O N9 N ——— | Eemember to complete the work by
finding the magnitude of G.
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Exercise A, Question 26

Question:

& ayatern of forces consists of a force (420 acting at the point with position
vecter (—14+3jim and a force {—j+ k) acting at the point with position vector
{2i+j+k)m  This system 1s equivalent to a single force F N acting at the point with
position vector (j+2km together with a couple G M

a Find F
b Find G
¢ 3ive a reason why the system cannot be reduced to a single force without a couple.
E
Solution:
a F = (i+2k)N
F, =(—j+k)N
F =F+F,=(0-j+3%k)N
b o I xF = (143 <1+ 2k )+ (21 4] +k )= (- +k)
ijk
13 0|=6i+2j-3k
102
ijk
21 1=21i-2j-2k
0-11
Zr=F =Eki-3k
WVector moment of resultant
= (] +2k) ><(i -j +3k) +— F acts at the point with position
ik vector (j+2k).
=01 2[=5%5+4-k
1-13
L hi42j-k+G =8i-5k % | Moment of resultant
=0 =3i-2j-4k force +couple = Ir, = F,
% (:i_j+3k)'(8i_5j) =845 +— The resultant force and the couple
=13=z0 tust be perpendicular if the system
. The system cannot be reduced to a iS_tO be reduced to a single force
single force without a couple. without a couple.
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Question:

The three forces By = (gj +710M, F, =(pi +7k)I7 and E, = (pi+gj) M, where p, g

and » are non-zere constatts, act on arigid body. F) acts at the point with position

wector pi m relative to a fixed origin &0 F, acts at the point with pesition vector ¢ m

relative to &0 F; acts at the point with position vector 7k m relative to O

a Show that the three forces are equivalent to a single non-zero force acting at O

b Find the magnitude of thizs single force.

Solution:

a IF, = (gi+rk)+(pi+rk )+ {pi+gj)

E

=2(pi+gj+rk) «
Wector moment of system about 0

This 15 the resultant of the three
forces.

= I, % F,
= pix(gj+rk)+gj x(pi+rk)+rkx(pi+gj)
= (pgk — pri) +(—pak +gri) +( prj —gri)

=0 S

Mo moment about &

Eesultant must act through &,

So system is equivalent to force 2 (pi +gj +rk)N through O

b MMagnitude of resultant=2 ‘I(pz +4° +r2)N.
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Question:

Two forces ) and F, act on a rigid body, where B, =(2j+ 3k and F, =(i+4k)I7.
The force B acts through the point with position vector (i+k)m relative to a fixzed
origin . The force F, acts through the point with position wector (2j1m. The twe

forces are equivalent to a single force F.

a Find the magnitude of F.
b Find, in the form r = a+.4bh | a wvector equation of the line of action of F

E
Solution:

a F=1IF

- (2] +_3k)+ Cl +4k) Eemember to finish this part of the

= +2j+7k ) question by finding the magnitude

|F|=d(1+4+49)=4541 of F.

=36 N «—

b Let F act through the point with position vector r=xi+3j+2k .
(2 +yj+2k) =i+ 2§+ 7k)

= (i+k)x(2j+3k)+2jx (i +4k)

ijk
xyz|= (7y—2z)i—(?x—z)j+(2x—y)k
127
ijk
101)=-21i-3j+2k
nzs
ijk
nz2n=a-2k
104
Lly—2z=-248=6 @

—Tx+z=-3 @
2x—y=2-2=1 @

D+2 =@ Ty—1dx=10

y=2x

Same as 3

LA suitable point 15 (0,0,-3)

Fis parallel to (i+2j+7k)
.An equation for the line of action of Fiz r=-3k + 4 (1 +2j +7k)

Equating coefficients of i, j and k
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Question:

Three forces, FLE, and F, act en arigidbody, B =C2i—-j+3k, F, =({i+j-4k)I¥
and F, = (pi+gj+rk), where p, ¢ and r are constants. All three forces act through
the point with position vector (31— 2j+k)m |, relative to a fizxed origin. The three
forces B E, and ¥, are equivalent to a single ferce (51—4j +2k)IT, acting at the

origin, together with a couple G

a Find the values of p, ¢ and r.
b Find G E

Solution:

a F+F +F, =5i-4j+2k
(2i-j+3K) +(i+j—4k)
+pitgi+rk)=51-4j+2k
(3+p)i+gi+(r—1)k =5i—4j+2k
=p=Zg=—4,r=3 =

Equate coefficients of i, jand k.

b ZIr xF, =r xF

o (3i—2j +k)><(5i— 4j+2k) +— All three forces act through the
1]k same point. F =1IF,.
I-21|=0i—-j-2k
542
2 G ={-j-2k)Hm
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Question:

A force system consists ofthree forces ¥, F, and F, acting on a rigid body.
F,=(+2j)1 and acts at the point with position vector (—i+4jm .

F, ={—1+k)} and acts at the point with position wector (21 +j +k)m .
F,=(Gi—j+k)M and acts at the point with position vector (i—j+2kjm .

Tt 1z given that this system can be reduced to a single force B

a Find R

h Find a vector equation of the line of action of R, giving your answer in the
torm r =a+ b, where a and b are constant vectors and A 1z a parameter.

Solution:

PhysicsAndMathsTutor.com
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a R=1F,
=(1+2)+(E+)+ G- +k)
= (@i +2K)N

b Let B act through a point with pesition vector r= (};1 +3 +zk).

r xR =T, »F,

(xi+3j+zk)x(4i+2k)

=(—i+4i)x(i+2)+(2+j+ k)= (-] +k)+(i-j+2k)=(3i-j +k)

ijk

xyz =2yi—(2x—4z)j—4yk

402

ijk

-14 0| =-6k

120

ijk

21 1|=2i-2j-2k

n-11

ijk

1-12|=1+5+2k

2-11

L2yi- Rx—dz)j-dyk = 3+3 -6k
L2y =73 D

—2x+4z =3 2

—dy=-6 3

o3

..y—E

Make z =0 in @, x=—§ [—ggﬂ] lies on the line of action of R

R=({4i+2%)M
~ Rizparallel to 2i+k.
o An equation ofthe line of action of B 13

r= [—§i+§jJ+A(2i+k).
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Exercise A, Question 31

Question:

Three forces Fy, F, and F, act on a rigid body. F; = (121 —4j +6k)IT and acts at the
point with position vector (21— 3i)m , F, = (-3j+ 2N and acts at the point with
posttion vector (i+j+kjm . The force E; acts at the point with pesition vector
(2i-kim.

Given that this set of forces 15 equivalent to a couple, find

a K.

b the magnitude of the couple. K

Solution:

a F+F,+F, =0
F, = - (12i — 4 + 6k )— (=3 + 2k )
F,=(-12i +7j -8k) N

b G =Tr xF,
i jk
nxF =|2-30
124 6
= —18i-12j+28k
ijk
r,xF, =[1 11
032
=5i-2j-3k
i jk
rxF, =2 0-1
~127-8
= 7i+28j+ 14k

-G = (—6i+14j +3%) Nm
|G| = (6" +14° +39°)
=41.9Nm (3s.£)
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Review Exercise 1
Exercise A, Question 32

Question:

A epaceship is moving in a straight line in deep space and needs to reduce its speed
from Dito 7 This is done by ejecting fuel from the front of the spaceship at a constant
speed krelative to the spaceship. When the speed of the spaceship iz v, itz mass is

a Show that, while the spaceship 15 gjecting fuel, $=E.

k
The initial mass of the spaceship 1z A

b Find, in terms of &7, F, & and M, the amount of fuel which needs to be
used to reduce the speed of the spaceship from Tte I E

Solution:

Pagel of 1

a Conservation of momentum:

My ow [m+ ﬁm) [v+ ﬁv) +|:—§m) (ﬁ:+v+5v)

mv = opnHvam tmdv + dmdv — kdm —vdm — dmdv

The fuel is ejected at a constant

Its actual speed 15 therefore

speed k relative to the space-ship.

0 = mdv—kdm (c+v+dv).
k& e v

In the limit, as & —0

dez

&k

o # 15 the final mass of the space-

ship

In sy —1n A =£[V—U:I
In [ﬁ] = l(V—U]

A i
b =ME%W_U]

1
Amount of fuel = M — = M[l— EEW_U]J*—_ The difference between the initial

and final masses iz the mass of the
fuel ejected.
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Exercise A, Question 33

Question:

A rocket is launched wertically upwards under gravity from rest at time £ =0 The
rocket propels ttself upward by ejecting burnt fuel vertically downwards at a constant
speed i relative to the rocket. The initial mass of the rocket, including fuel, 15 M At
time £, before all the fuel has been used up, the mass of the rocket, mcluding fuel, 15
M{1=ig) and the speed of the rocket 15 v

a Zhow that E =£— g.
At 1-i
b Hence find the speed of the rocket when £ =%. E
Solution:
V 1"-61'
a X .
i m + &m| T
I m | .
T o
time 1 T
time 1 +6¢

(m + 5m)(v+ 5v)+ (— 5m)(v —u)—mv = —mig

v+ mdv +vdm+ Smdv —vdm +udm—mv = —mg 5 +—| Change in momentum =impulse
Let & —0

v ez
By e %’gcﬁveowhenﬁeo
m=M(-K)=2 =KMo
ds Given in the question

M (l—ph‘)%ﬂx (M) = -3 (—kt)g

(k) -t =-(1-&)e

3k o
b v= ———g |4 +— Rocket starts from rest.
]

1
= [~uln(l-k)- g fF
=—:.t1n(l—l] =1

3 3k

The speed iz »ln E _£
2) 3k

© Pearson Education Ltd 2C
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Exercise A, Question 34

Question:

A raindrop falls wertically under gravity through a cloud which iz at rest. Az it falls,
water from the cloud condenses onto the drop in such a way that the mass of the drop

increases at a constant rate of 0,02 g 57 . At time £ seconds, the speed of the drop is

1

v s, and when £ =0 the mass of the drop 15 0.06 g It iz assumed that the only

external force acting on the drop is gravity.

a =how that v satisfies the differential equation
3+ %+v =5.8(3+£)

Giwen that when £ =0, the raindrop 13 at rest,
b find the speed of the raindrop when its mass is twice its initial mass. &

Solution:
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a (m+5m)(v+ 5v)—mv = mg 0

v vdm i+ S dv — pov = mg Ot

Change in
mementum =impulse

Let ok —=0

v
V— +— = g

— v =0
i

e

— =00 e

= =002+
=0 m =006
o= 0.02:+006

L 0.02v+(0.02+ 0.06)% = (0.02¢+0.06) g

v+[£+3)% =(t+3)g

The mass of the raindrop increases
at a constant rate of 0.02g 7" (see
gquestion). Maoze It is OF to work in
grams here as the mass units on
each zide of the differential
equation cancel out. Had kg been
used an extra factor of 107 would
hawe been introduced on each side
of the equation and this would have
cancelled out.

or (3+ﬁ)%+v =983+

e e

. [t
Integrating factor = e”3*

=M = 34y

[3+5)%+v = 9.8(3+¢)

%[v(3+f.}] = 9.8(3+¢)

V(348 =2946449 40  +—o

Initial mass =006 g

Tntegrating both sides ofthe
equation.

de
aek B e
P g

o Maszs doubled when £ =3
i=0,v=0 . =0
=36 =28dux3+4 9x5
v =2205
o The speedis 22.1m s™ (3 5.D)
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Exercise A, Question 35

Question:

A rocket has total initial maszz M It propels iteelf by burning fuel and ejecting the
kurnt matter at a uniform rate with constant speed & relative to the roclket. The total

mass of fuel in the rocket 1z initially %M and the fuel 15 all burnt up after a time T

The rocket 15 launched from rest vertically upwards from the surface of the Earth Tt
may be assumed that the acceleration due to gravity remains constant throughout the
flight ofthe rocket, and that air resistance is negligible. At time £, the speed of the
rocket iz v,

a Show that, while the fuel iz being burnt,

(2T —£) ll —u-g(2T-1).

b Hence find the speed of the rocket at the instant when all the fuel
haz been burnt, B

Solution:

PhysicsAndMathsTutor.com
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F s

1 i =mass of rocket at tume £,
t=T,m= EM The burnt matter 1z ejected at a
uniform rate.

—M =M-iT 1-—1__,_‘_‘___55
2 Attime T all the fuel has been
_ E burnt.
2T
M )
= M—Ei ‘/ Change of momentum =impulse

(m+ Jm)(v+ S )+ (Cdm )y —u)—mv = —mg b
v vdm Fadv+ dmdv —vdm Fudm— wv = —mg O

mdv +udm+ dmdv = —mg 5
Let & —0 2% G —0
dv  dm d
— it — = — g
o dr i dem AL
al 1 Ehdv M a1 ¢ ‘/ m=M[l—§] from abowve :>E=E
oT) &t 2T BT

b
3 (ET_z)E —¥—g (2?’—3) +— Cancel M and multiply through by
2T to obtain the required result,

dv i

SN

T
i
- J.,:, (2?’—; —g]di #4— The fuel iz all burnt when =7
{zee question) and the rocket starts

b
Viw [_” ln[ET—.ﬁ)—g.ﬁ]D from rest.
v=—u1nT—gT—[—uln2T)
&
=uln——-gT
uln = g
=uln2—gT

The speed at the instant when all the fuel has been burnt iz uln2— g7 .
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Exercise A, Question 36

Question:

A roclket initially has total mass M It propels itzelf by its motor ejecting burnt fuel
When all of its fuel has been burned its mass 15 &AM k<1 Tt 1z movwing with speed If

when its motor 15 started. The burnt fuel is ejected with constant speed ¢, relative to
the rocket, in a direction opposite to that of the rocket's motion Assuming that the
only force acting on the rocket is that due to the motor, find the speed of the rocket
when all of itz fuel has been burned. E

Solution:

Actual speed of fuel gjected=v -2
e+ Sm)(+ S+ (-dm)v—c) =mv «——— Momentum is conserved.
mv+vdm +mdv+ Smdv—vIm +o dm = my
v +odm+ Jmdv = 1)

Let & —0
mte— =0 %

dv 5”25‘9:5%%0 when
drz &

Cj— =sgldv & —0
m

clnm=—v+.4 M_\\‘
f=0m=Mv=U A iz the constant of integration.
A=0U+clndd

vtelnm=U4cln M

When all the fuel iz burned, #e =&
cv=—clnkM +07 +oln A

i
=—ln—+F
A

The speed 1z OF—cln k.
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Exercise A, Question 37

Question:

A rocket iz launched wertically upwards from rest Initially, the total mass of the rocket
and its fuel is 1000 kg The rocket burns fuel at arate of 10kg s™. The burnt fuel is
ejected vertically dewnwards with a speed of 2000 m s relative to the rocket, and
burning stops after one minute. At time # seconds, £ =60, after the launch, the speed

of the rocket is vm 7', Air resistance is assumed to be negligible.
a Show that

~9.8(100—¢) = (100—:)%— 2000,

b Find the speed of the rocket when burning stops. K

Solution:

PhysicsAndMathsTutor.com
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A 4 (v+dv)

_m_| T 4——| The fuel iz ejected vertically

i downwards with a speed of
= (v - 2000) 2000 m s relative to the rocket.

time ! _—EMT

time (¢t +at)

(m + 5m)(v+ 5v)+ (— 5m)(v— 2000) —mv = —mgdi 4+— Change of

v vdm Famdv + dmdv — v dm + 2000 89m — v = —img At momentum =impulse
Let &t —0

v cen
m— 2000 —= —mg =

de de %’” B =0

But e =1000-10¢

=—10 4— The initial total mass of the rocket
and itz fuel 15 1000 kg and the fuel

(1000—105)%+ 2000 x(~10) = - (1000~ 10¢)g | burnsat 10kg 5 %

dem
de

(100 —:)%— 2000 = — (100-£)x9.8

or—98(100-¢)= (100—:)%—2000

e
dt (100—-¢)
v =—98-20001n(100-£) +c
=0 w=10
¢ = 200010100
v = 20001n 100-9.8¢— 20001n (100 - ¢}

t=60 v=20001n100-98x60-20001n 40 *+— Burning stops after 1 minute (see
100 question).
wo= 20001nﬁ—588

v = 2000ln 25— 583
v =1244
When burning stops, the speed of the rocket is 1200m 57" (2 &)
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Exercise A, Question 38

Question:

& epherical raindrop falls under gravity through a stationary cloud. Initially the drop is
at rest and its radius 15 & As it falls, water from the cloud condenses on the drop in
such a way that the radius of the drop increases at a constant rate &

Attime £, the speed of the drop 15 v,

a =how that

(a+h)%+3kv= gla+id).

15ga

b Hence show that, when the drop has doubled its radius, it speed iz

Solution:
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a r=at+id « The initial radius 15 @ and the radius
(m+ Sm)(v+Sv)—mw =mgdt increases at a constant rate k.
4 , \
m =—mrp
3 Change of momentum =impulse.
dn 4 i
= B g
— dmerk The raindrop 1s spherical.

/&

L vdm b mdv+ Smde —prv = mg &

dr )
— =k (szee question).
¥ (see q )

Let & —0
vdm+mdv -
de e %Tav"au
t
v x4ﬁ;r3k+im3p£ = i;’i’r3pg

37 T 3 e | 4
dv Substitute for 7 and —.
k+r— =rg di
dt
o
(@ +h)§- +3vk =gla+it) + Substitute for r.
dw vk
At (a+i)
dr
ELI(M.hﬁ

Integrating factor = e
— E3h|:ﬂ.+ﬂ‘:l = (a+h:|3

(a +h)’%+3vﬁc{a +i) = gla+ k)
i[v(a +k)*] = gla+he)?

via+ i =8 a+id) +c
( ) 4;:( )

4
t=0vy=0=0 =5% 4,
4ic

4
(a4 ikt)? =5 o+ L
( ) 4#:( ) 4k

radins doubled =% =a

S v2a)® = i(za)‘—ﬂ‘

4k 4k

3 4

8a’y = L

i 4k

Riia 15ga
4k

The speed is 15ga
32k
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Review Exercise 1
Exercise A, Question 39

Question:

A hailstone falle under gravity in still air and az it falls ite mass increases. Its initial
tnass 18 #y . The rate of increase of its mass 1z proportional to its speed v,

a Show that, when the hailstone has fallen a distance x, it mass 2 18 given by
m = w1+ Ax), where A i3 a constant.

Azzuming that there 15 no air resistance,

b Show that
d 24
— v+ vi=2g
dx( ) 1+ ﬂx( )=2¢
Given that v=0 when x=10,
¢ find an expression for v* in terms of x, 1 and g. E
Solution:
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a i v = E:E 4+— The rate of increase of the
de de hailstone’s mass 15 propottional to
J.dm L ;:J.dx its speed.
m=kx+c
=0, m=m =c=wny
m o= kx ey
mo=wmy| l+—=x
oy
writing A = igivts
m = ny (14 Ax)
b (m 5 5m)(v+5v)—mv =mgdt +— Change in momentun =impulse
v Hvdm iy + dmdv — pv = mg i
Let &f =0 =« o
vg mg =myg
e ch : :
P —teittVies i The required result containg
de de
But m= (]+ﬂx) i(vz) ﬂOtd—v
! "t dr > U de
e dx
= —=myd— =wmydv
G g =
LV Av+wdv = mg
AL -
1 B +1 divy g
o P S
(1+4x) 2 dx Fromamu:%
+
d(vz) (1+4x)
~(7)=2

1+}£
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T

6 TeR = 4—| Tlze the substitution if vou need to.
ar + 2AY g You can solve the equation keeping
dr  1+4x the v*if you wish.

[

Integrating factor = e” " dx

. Eﬂ]n[lux:l

_ Eh[luxf* | I:l+ﬂx:l2
S P e drye =2 (1 25
dx g

d 2 2

a[l:l+/1x) r] =21+,

(1+ 227 = %[1+}£x:l3 x%+c

v2=2—(1+ﬂx]+ ':
34 (1+2x)" 4— o
x=0v=0:‘>0=i—i+c
V= B (1 ) - B
34 3A[1+ Ax)
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Exercise A, Question 40

Question:

A rocket-driven car propels itself forwards in a straight line on a horizontal track by
ejecting burnt fuel backwards at a constant rate Akg s~ and at a constant speed

I7m 57 relative to the car. At time ¢ seconds, the speed of the car is vm s and the

total resistance to the motion of the car has magnitude kv M, where & 15 a positive
constant. When £ =0 the total mass of the car, including fuel, 1z Mkg Assuming that
at time ¢ seconds some fuel remains in the car,

a show that

dv AT -k
e M-
b find the speed of the car at time ¢ seconds, given that it starts from rest when
t=0 and that A=4k=10. E
Solution:

PhysicsAndMathsTutor.com
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time !
m
> w-Up —& v+ time t+8
-&nl irﬂr--&rlj
(#+0m (v +0v)+(—0m )(v—U )—mv =-lwdi 4—— Change of momentum =impulse
BV + v + w0 a0y — v+ O i — e = =l from resistance
Let di — 10
) ez
dr de At
=0 m=Mm=M-if

The fuel 15 ejected at a constant rate
: 1
(M= At ]%—AU:—;W AlgE

1M—ﬁ.z‘]£ = A0 —kw
di

dv _ AL — K
die (M —Az)
g B 10 -v) «— j=k=10inh
ot M —10¢
,[ M —10¢
n(l } —ln{M-10¢)+c
=0, v=0c¢=lnM-Inll
An (U —v)=Iln{M-10¢ ) —In M +In IF
. UM —10¢
ln{li—v) =1n[¥}
M
o ZU{M—IDN
M
i — My = DI —10eT7
100E
v e L
A
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Review Exercise 1
Exercise A, Question 41

Question:

A rocket-driven car mowes along a straight horizontal road. The car has total initial
masz M It propels iteelf forwards by ejecting mass backwards at a constant rate 4 per
unit time at a constant speed I relative to the car. The car starts from rest at time
£=0. Attime £ the speed of the car is v, The total resistance to motion 15 modelled as
hawing magnitude Jov, where k iz a constant.

(iwen that £ = % show that

L Wk
dt M-
5
AP Y]
b v=22 1—[1——}'1 | E
i A
Solution:
= — b U —pv-U — v+ Oy
kv m _ -ﬂnrl m -+ SJ?F:
time ¢ time 1 +&f

Pagel of 2

(m+ )+ &)+ (- dm) (v~ T )—mv = -kt *— Change of momentum =impulse
v +vdm tmdv+ Smdv —vdm+ U dm — v = —kowdis

Let df =0 4— .
d dere i
Mt UZE =y g e
de ot
dea
E=_Aim =—Af+c «——— MMass is ejected at a constant rate A
e S per unit timne,
mo=M-A
(M- )2 7 =~
e
dv AU -k
de M-
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v de
. J.AU—}':'P = M= A +— Separate the variables, and
1 1 integrate.
—Eln (A -k} = —Eln (M- At)+In A

£=D,v=0=>—£1n,%U=—%lnM+lnﬂ

1

1 1
M7 ~1n (AU

lnA=In 1
A
X
A
A= e :
(AL )
1 1
4 M— A3
In At = =g [ ){11
(AU)E [AU—E:V)E
1 1
M7 (M- )7

MY (M-
AU AL — kv
gy % Eaise each side to the power &, so
A=y = AU —:| the power is the same as in the
L M required rezult,
B k
o = A7 1- MJ"
M
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Review Exercise 2
Exercise A, Question 1

Question:

a Prove, using integration, that the moment of inertia of a uniform rod, of mass m

_ _ .4
and length 2, about an axis perpendicular to the rod through one end 15 gmaz.

h Hence, or otherwise, find the moment of inertia of a uniferm square lamina, of
tass M and zide 2a, about an axis through one corner and perpendicular to the
plane of the lamina. E

Solution:

PhysicsAndMathsTutor.com
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Review Exercise 2
Exercise A, Question 2

Question:

a Show, using integration, that the moment of inertia of a uniform rod, of length
2F and mass m, about an axis through its centre and perpendicular to the

rod iz lm.fg.
3

A uniformm square plate, of masz M, has edges of length 2a.
h Find the moment of inertia of the plate about an axis through its centre
perpendicular to the plane of the plate. E

Solution:
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Review Exercise 2
Exercise A, Question 3

Question:

Tiven that the moment of inertia of a uniform disc, of mass & and radius 7, about an

. . o1 . .
azis through the centre perpendicular to the disc is Emrg, show by integration that the
moment of inertia of a uniform solid circular cone, of base radius a, height & and mass

: : = B
M, about its axis of symmetry 15 EMQE. E

Solution:
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a2

- i -

The mazs per unit volume of the cone 13

M M

1

The moment of inertia of an elementary disc
about the axis of symmetry 1z given by

FRE g
3

Page2 of 2

You consider the cone to be made
up of thin discs, each of thickness
& % with the centre of the disc ata
distance x from the vertex of the
cone, Ifthe rading of the disc iz )y,
then, using the formula, = i,
for the wolume of a cylinder, the
volume of a thin disc is my*Sx.

Teouare expected to know that the
volume of a cone of height & and
base radius 15 given by

V=l;rrr2}3.
3

5i= é (Sw1)ye

By similar triangles

y _ax
xr A k
Hence »

1 4 MY 4 3M
&f = E(ﬂy Ex)[ ?mg;g]y = 24252}? Sx

4 a
= Bﬂf B sx= BMf xtEx
2ath\ k 2k

For the complete cone

M’

This iz the point at which you uze
the given result, that the moment of

) ) N |
wmnertia of a disc 13 Emrg. The mass

of the disc iz & and the radius .

The mass, Jem, of the disc 15 its
volume, 7y &x, multiplied by the
M

mass per unit length, ——.
wa'h

Az the thin, or elementary, discs range
from the vertex to the base, x ranges
from 0 to 2 S0 0 and & are the limits of
integration,

- Se=3 e

24

A Ax—=D P .

I_IJEBMagx.;dx_BMag x
o oK 2 |5,
o e 3

= c: RSy =—Ma2,asrequired

2k 5 10
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Review Exercise 2
Exercise A, Question 4

Question:

a Prove, using integration, that the moment of inertia of a uniform solid sphere,

of mass M and radius r, about a diameter is %Mrz .
[Tou may assume that the moment of inertia of a uniform dize, of mass #2 and radiue
a, about an axis through the centre perpendicular to the disc 1s lmc:;g.]

b Hence obtain the moment of inertia of a solid hemisphere, of mass s and radius 7,
about a diameter of its plane face. E

Solution:
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You consider the cone to be made
up of thin discs, each of thickness
& x, with the centre of the disc at a
distance x from the centre &' of the
sphere. If the radius of the disc 15 ¥,
then, using the formula ¥ = ik
tor the wolume of a cylinder, the
volume of a thin disc is 73 *5x.

The maszs per unit volume of the sphere 15
M 3M

—_—3 -1
iﬂrE‘jEr,////
3

The moment of inertia of an elementary disc 15 given by

5i= %(M}f

y:{ =l i
Hence
1 3 EYY
51 =(ny*sx S
2( Z )[4?T.?'3]y 8r° &

= % r":‘—xz)2 5x=% A +x4)5x
23 2

For the complete sphere

A
Joad E &= E il (R P e ¥
8?"3( )

Ag Sx—=0

Touare expected to know that
the wvolume of a sphere of radius

Fis —mr
3

Youlnow, from module CZ2, that

the equation of the circle 13

F+yt=rt

TaAM

3M|: " 2rtxt X T
=—|r x= +—

g 3 5

; - #
A comtnon error 18 to inte grate

3
r . ;
as = With respectto x, #is a

4 4
constant so Jr dr=r"x.

M| s 2 P 5 20 0
= ||t | Tt ———=
ar 3 5 3 5

2
=%x 2:"5[1—%+1 ]=3Mr XE

ar

ngj . as required
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g ¥ : If you consider a complete sphere as being

N\ tnade up to two hemispheres, then, by the

@ ‘-.__ addition rule, the sum of the moments of
inertia of the two hemispheres about the axis
[ omemmmmimes i e | 6 inthis diagram, must equal the moment of
o o———— ] inertia of the whole sphere about I Soa

! hemisphere has half the moment of tnertia of
: & the whole sphere. Howewver, the mass a2 i3

bt i not now the mass of the whole sphere and
vou must be careful to aveid the incorrect

2

afls Wer l FRE .
/ :

Ifthe mass of the whole sphere 15 2e and the radius of the sphere is #, then
uzing the result of part a, the moment of inertia of the whole sphere iz

2 4

2 (@m)rt = Zmr

By symmetry, the moment of inertia of the hemisphere, labelled @ inthe diagram
about {, must equal the moment of inertia of the hemisphere, labelled @ in the
diagratm, about the same asxis.

Hence, the moment of ihertia of one hemisphere is

1 4 4 2 4

— M —r — M

2 5 5

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 5

Question:

A umform square lamina ASCD, of mass s and side 2a, 15 free to rotate 1n a vertical
plane about an axis through its centre & Particles, each of mass s, are attached at the
points A and 5 The system 15 released from rest with AR vertical.

Zhow that the angular speed of the square when AF is horizontal 13 S_g] E

T
Solution:
& |
. m_A
D @ Axis of rotation
&
) X
il
| ®
C m B

The moment of inertia of the lamina alone about the axis of rotation 12 given, using the

perpendicular axes theorem, by The moment of inertia of the
I =g+l / lamina about Ox 1n the diagram 1s,

1 4 . 2 by the stretching rule, the same as
= —pa" +—ma =—ma ; - -
2 2 3 the moment of inertia of a uniform
OA? = OB? = 42 442 = 242 rod about its centre.

The moment of inertia of the lamina together with the particles about the axis of
rotation is given by

D=1, +m(08 ) +m(0B) 4

In many questions, involving
3 % 3 a1 g moments of inertia, you need to
= Ema +m(2a )+m(2a )= Ema begin by finding the moment of

Az the loaded plate rotates from the position mertia of the whole system, in this

with A5 vertical to the position with A8 horizontal case the lamina with both particles,

Conservation of energy about the ams of rotation.

Einetic energy gained = Potential energy lost

1gi ﬁ_,___———-— Az A8 mowes from the vertical to
5 18° =mexla

the horizontal, the position of the
centre of the lamina 15 unchanged

g = — R and the level of the particle at 5 15
! g Ta the same in the vertical and
3 herizontal positions. Zo the only
s bz ; potential energy lost is by the
¢ = \![ﬂ] ABeengioes: particle at 4 falling a distance 2e.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 6

Question:

& uniform rod AB, of mass » and length 2a, 13 free to rotate in a vertical plane about a
smooth horizontal axis through 4 and perpendicular to the plane. The rod hangs in
equilibrium with & below A, The rod 15 rotated through a small angle and released
from rest at time £ =0

a Show that the motion 15 approzumately simple harmonic.

b Using this approzimation, find the time £ when the rod iz first vertical after being

released. E
Solution:
a A
. -'\'x\__ a Eates of change of the angle are
RN always measured in the direction of

X & increasing. 5o here the moment
of the mass of the rod about A will
be negative,

The equation of rotational motion about 4 is
L=1ig

«— | Standard results for moments of

—mgasind = imagg inertia are given in the Formulae
Booklet.

g = —3—gsin5'

ot

Forsmall 2, 5in8 =& Comparing this equation with
B | oo s
§'= _3_39 e 4(3

da will need this to answer part b,

Comparing with the standard equation for
simple harmonic motion, 8 = —*8 _ the
motion 18 approximately simply harmonic,

h i= lT= l xzj = — The peried of the motion 15 the time it takes
4 4 w Zw for the rod, after it is released, to return to its
a starting position for the first time. The time
= 28 = H'\/ [EJ from the first release to when the rod first
2‘\! [—] teaches the vertical 15 one quarter of this
% period.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 7

Question:

A uniform lamina of mass #2 13 in the shape of a rectangle PORS, where PO =8z and
OF =t
a Find the moment of inertia of the lamina about the edge PO

}

=

7

The flap on a letterbox iz modelled as such a latnina The flap iz free to rotate about an
axiz along its horizontal edge PO, as shown in the figure. The flap iz releazed from
rest in a horizontal position. Ttthen swings down into a vertical position.
b Show that the angular speed of the flap as it reaches the vertical position 1s

£

2a )

¢ Find the magnitude of the vertical component of the resultant force of the axis 20
ot the flap, as it reaches the vertical position E

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5

P (o |

Stretch
6a | g

8 Ra R
The moment of mertia of the lamina
about O 1= given by

= imft = im{Ba}’ =12’
3 3

A the lamina PORY can be formed
by stretehung a rod P8 without
altering the distribution of the mass
relative to PO, then, by the
stretching rule, the moment of
wertia of the lamma about PQ 15

the same as the rod, %Mj ,where

21 15 the length of FS Here
FR=3=8a,

+—— This diagram 1s drawn viewing the
flap from the side. The weight acts
at the centre of mass of the lamina

mg | ™

Let P8 make an angle 8 with the downward vertical at tume £,

When PSreaches the vertical
Conservation of energy

Einetic energy gained = Potential energy lost
1

Gma 8 = Jmga
gt e, ¥
bz 2a
The angular speed of the flap as it reaches the

vertical position is \/ [._g._ J as required.
2a

}-4

515‘“ = mg 3 +— In falling from the horizontal to the

vertical position, the centre of mass
of the lamina falls a distance 3a

X
3a |

mg I

+— When writing down an equation of
motion, vou consider the whole
masg of the lamina to be at the
centre of mass of the lamina, which
15 3a from the axis of rotation.

Let the magnitude of the vertical component of the
resultant force of the azis P onthe flap, as it
reaches the vertical positionbe ¥

BT F =ma

F—mg = mrd?

- — From part b, we know that
; 14
g grl=5_
= il ) —=—
(3a) a 2

3 5
F=mg+-mg=—mg

2

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 8

Question:

A uniform circular disc has mass s and radius . The disc can rotate freely about an
axis that 15 in the same plane as the disc and tangential to the disc at a point 4 on its
citcumference. The disc hangs at rest in equilibrium with its centre & vertically below
A

A particle P oof mass e 2 mowving hoerizontally and perpendicular to the disc with speed
WfikEa) |, where k15 a constant. The particle then strikes the disc at & and adheres to it

at O,
Given that the disc rotates through an angle of 90° before first coming to
instantaneous rest, find the walue of & E

Solution:

PhysicsAndMathsTutor.com
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Axis of
rotation

i,

M

By symmetry, the moments of inertia about the
perpendicular axes s and s, shown in the diagram, are equal

By the perpendicular axes theorem,

h= f’“l +f’“2 The standard result for a disc, of mass » and
1 57 radius «, 15 that the moment of mnertia of the disc
Em TS about an axis, shown in this diagram as {, 13
1 ;
_ 14 ~ma® . From this, vou find the moment of
L, = —ma ¥
"
: inertia about the ams of rotation using both the
TTzing the parallel axes theoretn, the ; £
moment of ine#tia of the dise, I, , about perpendicular and parallel axes theorems.

the axiz of rotation 15 given by

5
L= fml +mat = —ma’ +ma’ = mat
A
J(kga) |
@ + () 4 This sketch iz drawn looking at the
i dizc edge on

PhysicsAndMathsTutor.com
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Let the angular velocity of the disc and P immediately after impact be o,
Conzervation of angular momentum about A

mva = 18

9
i Gga)d = 2 b eo

_

Conzervation of energy
1
5 lew* = 2mgxa

1 9 , l6kg

— ¥ = % = Zmmgn
2 4 dla
2
§Mga = 2mga
B 18z _
2mga

© Pearson Education Ltd 2C
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lela}

mnertia of the disc and F about the
axis of rotation is the moment of

H‘_'___f——-'- By the addition rule, the moment of

m (hgala = [gmg +ma’

inertia of the disc Gmﬂ] added

to the moment of inertia of P about
the axis of rotation (ma’).

+-—

In movwing from the vertical through
90° both the centre of mass of the
dizsc and F, that iz a total mass of
Zm, rize the distance a.
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Review Exercise 2
Exercise A, Question 9

Question:

Arod AR, of length 2a and mass 2r2, lies at rest on a smooth horizontal table and 13
pivoted about a smooth vertical azis through A, A small body of mass s, moving on
the table with speed I at right angles to the rod, strikes the rod at a distance & from A
iven that the body sticks to the rod after impact, find the angular speed with which

the rod starts to mowe. E
Solution:
A
A A
Il |

Let the angular speed of the rod and body
about A immediately after the impact be o
Cong.eﬂfaticun of angular momentum about 4

mle =l EBefore the unpact, the angular
4 momentum of the body of mass m
mid = [—(2?}3}@2 + s ]w 1z the linear momentum of the body
3 (22 I multiplied by the distance &
0= me el
§ma2 +mad A5 the mass of the particle 15 2m, the moment
of inertia of the red about its end is i P
A 3
Ba’ +3d" To thizs you must add the moment of nertia of
the body of mass m about 4.

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

The figure shows a pulley in the form of a uniform disc of mass 2, centre &, and
radiuz ¢ The pulley is free to rotate in a vertical plane about a fized smooth horizontal
axiz through O A light inextensible string has one end attached to a point on the rim
of the pulley and 15 wrapped several times round the rim. The portion of the string
which 15 not wrapped round the pulley 1z of length da and has a particle F of mass w2
attached to its free end. P 15 held close to the rim of the disc and level with &, with the
dizc at rest. The particle P iz released from rest in thiz position

Determine the angular speed of the disc immediately after the string becomes taut. &

Solution:

Let v be the speed P immediately before the string becomes taut.
v =u? +2as

=P +2xgxda Ffalls a distance 4 freely under

v = (8za) gravity before the string becomes taut

The combined moment of inertia of the pulley and F about & 15 given by
7 =%(2m}az +ma’ = Zma’

Let the angular speed of the pulley

about O imme diately after the impact be . +—— wwill also be the angular speed of
Conservation of angular momentum about & Fakout O

e = 19

_ 2
mx (Bag)x = CHagp Eefore the impulse, use the moment

of the linear momentum of F about
_4(843}_,\/[23] o
w e, e ———
2ot a

After the impulse, use Jfeo for the
disc and P,

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 11

Question:

A uniform circular disc, of mass s and radius 7, haz a diameter A5 The point &' on A8
. 1 . . . .
1z such that AC = Er. The disc can rotate freely in a vertical plane about a horizontal

axis through O, perpendicular to the plane of the disc. The disc makes small
oscillations in a wertical plane about the posttion of equilibrium 1n which & 15 below A
a Show that the motion 15 approximately simple harmonic,

b Show that the period of this approximate simple harmonic motion is 7 i
g

The speed of B when it 15 vertically below A 15 f% . The disc comes to rest when OF

takes an angle & with the downward vertical

¢ Find an approximate value of o E
Solution:
a i
L
4 (' :
Ly
() - f
! _/'l.
8

Let the centre of the disc be O
E¥ the parallel axes theorem, the moment of inertia,
I, of the disc about C iz given by

1 2
Io=dstm| —
o g m[z”"J

1 1
= —nr? + S ppr® = Zonr?
2 4
LY Thiz diagram iz drawn locking at
¢ \h‘; L, / the disc edge on
o\ o
TN Eates of change of the angle are
| N\ always measured in the direction of
v \ & increasing, 3o here the moment
mg N B of the mass of the rod about A will
b 4 ke negative.

PhysicsAndMathsTutor.com
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The equation of rotational motion about & 1z
L =18

1 3 =
—mg [—r sin 5‘] = "t
2 4

g = —E sin &
ETy
Forsmall &, 5108 =8
Hence
Gl ity
3r

Comparing with the standard equation
tor simple harmonic motion, & = —8

the motion 15 approximately simply harmonic,

: 2
with e =—g.

Page2 of 3

ymg

The perpendicular distance from O to the line of
action of the weight 15 given by

1i= nd= p= %r sin &, g0 the magnitude of
—F

2

moment of the weight about O is

mgx[%rsiné‘]. This morment 15 tending to make

& decreaze, 2o it has a negative sign in this
equation.

b The period of approximate simple harmonic motion i3 given by

Tzz_ﬂzizgﬁ\j[q
Zg 2g
= ﬁr'\/ [E J as required
g

PhysicsAndMathsTutor.com
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The speed of F at B iz the mazimum speed
during the simple harmonic motion,

Using v=r& with the speed of B
V(&G
54 2
g :\/ 4 ,ﬁ:%\/ b
24 ) 3 3 S4r

Atthe maximum angular speed

g = «

NENE!

3
108

J

In module B3, vou learnt that the
mazximum speed during simple
hartnonic motion is at the centre of
the motion and 1z given by v=coa
where @ is the amplitude. & = wa
iz the corresponding formula for
angular motion o 15 the greatest
angle during the motion, which iz
where the body iz instantaneously
at rest

2 1 1 4] Thus is an approzimate answer. There are other
S W methods of solving this question, for example
using energy, which would give slightly
different answers, but answers should all
approximate to 0.11 radians.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 12

Question:

A uniform circular disc, of tmass #2, radius @ and centre &, 15 free to rotate tn a vertical

plane about a fized smooth horizontal axis. The axis passes through the mid-point A of

a radiug of the disc.

a Find an equation of motion for the disc when the line AD malces an angle & with
the downward wertical through 4.

b Hence find the period of small oscillations of the disc about itz pozition of stable
equilibrium.

When the line A7 makes an angle & with the downward vertical through A, the force

acting on the disc at 4 15 F.

¢ Find the magnitude of the component of F perpendicular to AD. E
Solution:
a . T
'
/ s
;
[ '8

By the parallel azes theorem, the mement of inertia, 7,
of the disc about A 18 given by

1 a
I,=i,+m| =
A a m[za]

1 1
= _ma’ +—ma = Z o’
3 4 4
Aw
\ 10
LAY
M 4

Thiz diagram is drawn looking at the disc edge on

The equation of motion about A 15

4_L_=__f:5‘________— The moment of the weight about 4
_ l o _E 25 1z tending to take & decrease so
g 245”1 gl this term has a negative sign.
22 2
8 = et sin &
bl

PhysicsAndMathsTutor.com
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b Forsmall 8, sind =8

Hence

- 2
g=-ZBg
3

Comparing with the standard equation for simple

harmonic motion, 8 = —w°8 | the motion is approzimately
2g

3

simply harmonic, with e = The period of small

oscillations 15 given by

Let the component of F perpendicular to AQ be X
il AN

X —wmgsind = mrd

——mgsin &
3 84

In part ¢, unlike part h, you are not
told that the oscillations are small,
so you must use the result of part a
to substitute for & .

{3

2
X = gmg sin &

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 13

Question:

% I
A ] ‘
i
y (O
./‘,. =
[ E "
vt

R
A thin uniform rod PO has mass 2 and length 32, A thin uniform circular dise, of
masz #2 and radiuz @, 12 attached to the rod at & in such a way that the rod and the
diameter (R of the disc are in a straight line with ZR = 54 . The rod together with the
disc form a composite body, as shown in the figure. The body is free to rotate about a
fized smooth horizental axis D through P, perpendicular to 20 and in the plane of the
dize,

2
a Show that the moment of inertia of the body about L 15 il ;

When PR s vertical, the body has angular speed oo and the centre of the disc strikez a

: ; 1 : ;
stationary particle of mass Em Giiven that the particle adherés to the centre of the

disc,
b find, in terms of ¢o, the angular speed of the body imme diately after the impact.
E
Solution:

PhysicsAndMathsTutor.com
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19 . a—
- W -
el 1 ™
-. 0 I x
\
A .
TR

Let O be the centre of the dizc.

The standard result for the moment of
wmertia of a disc [I =%ma2 ] 15 for an

axis through itz centre perpendicular to
the plane of the disc. From this you
need to find the moement of nertia
about a diameter. You then use the
moment of inertia about a diameter to
find the moment of inertia of the dizc
about L.

EBEv the perpendicular axes theorem,

the moment of inertia, 7, , about the diameter

through O perpendicular to P& 12 given by

Iptiy =1y
1.

2, = —ma

I = —mu

E¥w the parallel azes theorem the moment of inertia

of the disc, [, about £ 15 given by

Page2 of 2

£, =1, +mda)® ¢

65

= —pa’ +16ma’ =
4

The parallel azes are Ox and L. The
distance between these axes 1s
OF =44 |

The moment of inertia of the body about L 12 given by

2
f=fd.+im[3—a] -
gL 2

. TTma’

6 5ot
SR g

b The moment of inertia, [, of the body and

the particle combined 1z given by

. a8 required

TTzing the standard result for the
moment of wertia of a rod about itz

end [ = %mﬁ ] The length of the
rod PO 15 3a giving
A=3a=1! =§a :

=i +%m(4a]l2 4

_ Tma® 2 10%ma

+ B

The patticle of mass lzm 15 at O
that 1z da from L.

Let the angular speed of the body immediately after the impact be @ .
Conservation of angular momentum about £

T = Iw
10%ma® 77w’
o= o
4 4
i
o= ——em
103

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 14

Question:

A thin uniform rod A8, of mass M and length 25, 15 freely pivoted at A The rod hangs

vertically with B below A & particle of tnass IEM travelling horizontally with speed

&, strikes the rod at B After thiz impact the patrticle is at rest and the rod starts to mowve
with angular speed oo,

a Show that m=E.

. L 1
The rod comes to instantaneous rest when A8 13 inclined at an angle aru:cos[g ] to the

downward vertical.

b Findwin terms of L and g E

Solution:

PhysicsAndMathsTutor.com
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Conservation of angular momentum about 4.

After the impact the particle is at
rest, so the only angular momentum
1z that of the rod A8 about 1tz end

A

Lotuxar =2upw <
2 3
G u .
0= ——>=— as required
sML 4
b A
| Feosa H\-‘\ L

1

@ = EII’EEOS[

In this diagram, & 15 the centre of
mass of the rod and

)

Conzervation of energy
Einetic energy lost = Potential energy gained

B

%Iwz = Mg(ﬁ.—ﬁ.cosaj

2
LA 22 = Mg L
23 47 3
ERYY :EMg..z
g 2
. 186
=i
i 9 £
7 =%N[(g£.)

© Pearson Education Ltd 2C
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Az the rod swings through an angle
a , the centre of mass of the rod &
rises a distance L—Lcosa .

TTzing the result of part a.
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Review Exercise 2
Exercise A, Question 15

Question:
A
P
/ \l‘\
D< >B
, 7~
) o
\\ Fd
rd
LS
P

The figure shows four uniform rods, each of mass m and length 2a, rigidly fixed
together to form a square frameworle A8C0 The frameworl iz free to rotate about a
fized smooth horizontal axis which passes through 4 and is perpendicular to the plane
ABCD

a Find the moment of inertia of the framework about this axis

b Show, that for small ascillations of the framework about its position of equilibrium

1
(5@).::}3

3g

with O below A, the period of oscillation of the motion 13 2??[

Solution:

PhysicsAndMathsTutor.com
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”’-'.'_. T ST i B

Let & be the mid-point of 5T

AR =& + (24" =54 PR e TTsing Pythagoras' Theorem

By the parallel axes theorem, the moment of inertia
of the rod BC about the axis through A i given by

JnE %mﬂ +md B

= —p” +5mat = — ma
3 3

The meoment of inertia of the framework about

the aziz through 4 1z given by
I=lptip+tim+ting

= imaz +— g’ +E i’ +ima2
3 2 3
3

b Let O be the centre of the frameworl
AO* + BO? = AB* = 44°
A0 = da* = 407 =247

By aymmetry, the moment of
mertia of the rod O about the axis
through A 15 the same as the
moment of inertia of the rod BC

The total weight of the framework, damg,
acts at the centre of the framework &
and, to form the equation of motion, you
need to find the distance of the centre of
mags from the azxiz of rotation.

A =2z

PhysicsAndMathsTutor.com

Page2 of 3



Heinemann Solutionbank: Mechanics 5

: !,;'x". 2a This diagram is drawn locking at the
\*\\ ) oscillation of the frameworl from the side.
b
LS
\\
¥y 4mg

The equation of angular motion about A 15

L=1i8

' FE——

— g (*u[ 2@:) sin &= 4—;:*?@&25

=—3N[2‘gsin5'=— ie sin &
10a 5 2
Forsmall &, 51n8 =8
Hence
S 3g
gd=- g
54 2a

Cotnparing with the standard equation for simple
harmonic motion, & = —en’8 _ the motion is

; : _ , 3
approxzimately simply harmonic, with o’ = g

54 2a

The period of small cecillations is given by

1
54 2a

2 2 T .
, as required
g

Fmii= 1=2ﬁ[
" (&S
5+ 2a

© Pearson Education Ltd 2C
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The moment of the weight about
the axis through A 1z making &
decrease and so has a negative sign
i the equation of motion.
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Review Exercise 2
Exercise A, Question 16

Question:

A uniform square lamina ASCD, of mass m and side 2a, 15 free to rotate in a vertical
plane about a fized smooth horizontal axis £ which passes through 4 and is
perpendicular to the plane of the lamina The moment of inertia of the lamina about £

2
. Bmaz
18

Given that the lamina is released from rest when the line AC makes an angle of =

with the downward wertical,

a find the magnitude of the vertical component of the force acting on the lamina at 4
when the line AC 12 vertical

Given instead that the lamina now makes small cecillations about itz position of stable

equilibrium,

b find the period of theze cscillations. E

Solution:

PhysicsAndMathsTutor.com
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A A
.
N2a
-// / \\.
D¢ > B
N 0 y
r /f
\\v i
c

Let & be the centre of mass of the lamina
AR + 08 = AF?
A0 =44% = A0* = 247

The weight of the lamina, me, acts
at the centre of the lamina & and
you need to find the distance of the

A0 =+ 24 centre of mass from the axis of
rotation.

A

A & M
| 2acos ;—-\'\"'-" Za +— Asthe lamina swings through an
Vgl v Il () angle & with the wertical, the centre
v | 1\\ of mass falls a distance of
o N 2a—2ace:d.
o
I e

Conservation of energy

%féz =mg(N[2cz—N[2acosﬂ)

2 -
lxgma g% =mg42a[]—cos£]=m€ﬁ[2a
2 3 2

_3d2g

s
When AC 15 wertical let the wvertical component
of the force acting on the lamina at 4 be ¥

5'2

(&5

PhysicsAndMathsTutor.com

The equation of motion needed to
find the vertical component will
contain a term for the radial
acceleration #8° and 8%, when AQ
1z vertical, can be found by
conservation of energy.

1—cos£=1—

| [y
| T [
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R(T F=ma
Y —mg = mN 2a18°
3 2g

s

Y =mg+mv2ax
=m +3m —?m
g 5 =4 ) =4

b The equation of angular motion about 4 15
L=

—mg (¥ 2a)sin 8 = gmzﬂ

g =- 342g gin &
B
Forsmall 8,5in8 =8 < This approxzimation, in radians, is
Hence accurate to within 1% up to 0.24
9-2_3‘1[ Egg radians or up to 1375°. This 15
S accurate enough for many practical
Comparing with the standard equation for | purpeses.

sitmple harmonic motion, &= —w’8  the
motion is approximately simply harmonic,

3 2g

= The period of small oscillations is given by
i

with e’ =

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 17

Question:

A uniformrod AS, of length 22 and mass m, can rotate freely about a fixed horizontal
axis through A. & particle of mass #2 15 attached at 8. When A5 15 vertical, with 5

below A, the system has angular speed g E]

[

a Show that, when A5 iz horizontal, its angular speed iz ; E_g ]
a

b Find the horizontal component of the force exerted by the rod on the axis when A8
1z horizontal. E

Solution:

PhysicsAndMathsTutor.com
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=

G +

The centre of mass, 7, of the
combined rod of mass m and
patticle of mass 2 will be half way
between the middle of the rod and

the particle at 5, so AG=§¢1 :

The moment of inertia of the combined rod and particle about A 15 given by

! =%ma2 +mi2a)’ =§ma2

Let the angular speed of the system when A5
1z horizontal be e,
Conzervation of energy

Page2 of 2

*+— &3 the rod mowves from the vertical

to the horizontal the centre of mass

: ; 3
of the systetn rises a distance —a

1, 2 1 4 3
—Jop —— T =2 —a
2 R 2 g 2
lx Emagx[Q_g]_lemagwg = Zmga
2 da 2 3
= mat et = B — Sraga
2_Jg _9 28
Bz 16 a

], as required

b "When AZ iz horizontal, let the horizontal component of the force exerted by the rod

on the axis be X
TWhen A8 15 horizontal

Rie) X =(2mrd"
2 Nea) ¢

© Pearson Education Ltd 2C
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The weight has no component in
the horizontal direction.
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Review Exercise 2
Exercise A, Question 18

Question:

Particles P and (' have maszs 3 and m respectively. Particle P 15 attached to one end
of a light inextensible string and (! is attached to the other end. The string passes over
a circular pulley which can freely rotate in a vertical plane about a fized horizontal
azxis through itz centre & The pulley is maodelled as a uniform circular disc of mass 2
and radius &, The pulley iz sufficiently rough to prevent the string slipping The

syatetn 15 at rest with the string taut. & third particle & of mass s falls freely under
gravity from rest for a distance a before striking and adhering to @ Immediately
before & strikes (J, particles M and O are at rest with the string taut

a Show that, immediately after & strikes (2, the angular speed of the pulley 1z

11 g
3 22 )
When K strikes (0, there 13 an impulze in the string attached to O

b Find the magnitude of this impulse.
Given that & does not hit the pulley,

¢ findthe distance that P moves upwards before first coming to instantanecus rest.

E

Solution:

PhysicsAndMathsTutor.com
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¢ Let the distance that 2 moves upwards before
first cotning to instantanecus rest be &
Conzervation of energy
Einetic energy lost = Potential energy gained

1 : .
5 Ieo* = Smgs— 2mgs +——— Phasrisen a distance of s and
gained potential energy 3mgs. O

l(ﬁimg)i = mgs and & have fallen a distance s and
2 18a have lost potential energy 2amege.
] The net gain in potential energy is
e Ea mgs.

All of the kinetic energy of the
system has been lost.

Tzing the expression for the
angular speed found in part a

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 19

Question:

A uniform circular disc of mass # and radius # 13 free to rotate about a fized smoocth
. : : : . 1
horizontal axis perpendicular to the plane of the disc and at a distance —» from the

centre of the disc. The disc is held at rest with the centre of the disc vertically abowve
the axis.

Given that the dizc is slightly disturbed from ite position of rest, find the magnitude of
the force on the axis when the centre of the disc iz in the horizontal plane of the axis.

E

Solution:

PhysicsAndMathsTutor.com
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Let O be the centre of the disc and the point where
the axiz of rotation tmeets the dizc ke 4

By the parallel axes theorem, the motment of inertia,

£y, of the disc about A 15 given by

1 2
l,=1+m =
A & m[zr]

1 1
= 4o = o
2 4
k\}
\‘\_ .11 o
\\ L ’
k 0 -
N R e
L s
E f
A v Mg

When A has rotated through an angle &,
let the components of the force parallel

and perpendicular to AD be X and Frespectively.
Ceonservation of energy

1 = : 1
Examrzﬂz = Emgr(l—cosé?)

The centre of mass & of the disc

has fallen a distance lr—lrcosﬁ )

rd*= %g(l—cosé‘] L

R(|40) F =ma

mgrosf—X = m[%r]&jg

A =mg cosﬂ—%mx%g(l—cosé‘)

L] Lh

mgcosg—gmg

PhysicsAndMathsTutor.com
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When A is horizontal, 8 = %

A= —Emg “ The component of the force parallel

3 te AT i3 in the opposite direction to
R(LAQ) F=ma that indicated in the diagram. When
drawing diagrams of the forces
acting on the axis of rotation, you
1. need not worry about the directions
F=mgsind——wmrd @ of the components. If you hawve

2 them the wrong way round, this

comes out in the working,

mgsn8-F =m[%r]5‘

Differentiating (@ with respect to £

2rd 8 = %gsinﬂé \
2

rd="gsingd @ Tsing the chain rule,
ioing O 2 6%y =2 @ 2 = 266 ana
Substituting 3 intoe @ I 5 7P

. 1 : 2 :
I"—mgsmg—gmgsmg—gmgsmﬂ i(c055)=i(c055)xﬁ=—sin5§
ds 45 de

When A iz horizontal, & =g
2

Y=—m
3 g

Let the magnitude of the force on the axis be &

zt :Xz+}f2:ingz+ingn:§mngz
2 2

R ="y
z

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 20

Question:

A uniform rod A5, of mass s and length 2a, 1= free to rotate in a vertical plane about a
fized smooth horizontal azis through A. The rod is hanging in equilibrium with &
below A when it 15 hit by a particle of mass # moving horizontally with speed v ina
vertical plane perpendicular to the axis. The particle strikes the rod at 5 and
immediately adheres to it

a Show that the angular speed of the rod immediately after the impact iz s—v
a

Given that the rod rotates through 120° before first coming to instantaneous rest,
b find vin terms of @ and g,
¢ find, in terms of s and g, the magnitude of the vertical component of the force

acting on the rod at 4 immediately after the impact. E
Solution:
a {
-
2a
k]
" ®
@ £y =
B

Let the angular speed of the rod

immediately after the impactbe oo

The moment of inertia, [, of the rod

combined with the particle about 4 is given by
f=dg+lni

= imag +m(Za)t = Emag
3 3

Conzervation of angular momentum about 4

+ Eefore the impact, the angular
v Da = Emgw momentum of the particle about A
1z its linear momentum ()

multiplied by the distance A8 (Za).

Epag 3w ;
= =—, as required

Cﬂ e r
16mz  Ba

b Let the centre of mass of the particle combined

with the rod be G, then The centre of mass, F, of the
AG=Ea ./ cotmbined rod of mass w2 and

2 patticle of mass # will be half way
between the middle of the rod and

the particle at &5, so ﬂCF:%a:.

PhysicsAndMathsTutor.com
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Conzervation of energy

Page2 of 2

1 ] 3 3
—fm2=2mgx[—cz+—asin30"J - O
2 2 2 T S T
o ;mm Ll
§ 2[3_";] =Emga A r_. ......
3 Ha 2 a
9 B
2
v = —x—pga=lZga
2 33 o O
v =+ {12ga) =2+ (3ga)

[
B +2mg

Let the magnitude of the wertical component of

Az AB rotates through 1207, Grizes

a distance of Ecx—i—ia sin 30" = Ea.

the force acting on the rod at A immediately after the impactbe ¥

Immediately after the impact
E(T) F=ma
Y—2mg = 2wrd”

The radial component of the
acceleration is r&°.

Tsing the answer to part a.

I BE
i T

31 112

Y =Dt — g = —
T AT

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com
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Solutionbank M5
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Review Exercise 2
Exercise A, Question 21

Question:

A uniform lamina, of mass s, has the form of a quadrant of a circle radius a.
a =Show, by integration, that the moment of inertia of the lamina about an axis
perpendicular to the plane of the lamina and through the centre of the circle of

2

i g 4
which it iz partt, iz Ema

The lamina 15 free to rotate about £, which 15 horizontal, and when the centre of mass
of the lamina 1z imme diately below the axis of rotation the angular speed 13 £2

b Determine whether the lamina makes complete revolutions in the cases

i Q=2] 5],
v

Solution:

—_—
.
i

£ Tou consider the quadrant to be
P 4 made up of thin “quarter rings’,
— j each of thickness Jx.

; .M
The mass per unit area of the quadrant is =—

The moment of inertia of an element

of radiug x and thickness dx iz given by

< 3
81 = (Sm)r® =[?xim;5x]x2 SR

Each ‘quarter ring” has length one
ruarter of the circumference of the

2

ma & cotresponding complete circle, that

For the whole quadrant 1 X
15 —x 2mx=—.
s 4
I=ZSI=Z M S
i

As dx—=10

a 3 4R
i =I L PR

0o da” |,

5 2mat 1

2 -
= —pm”, as required

A°

]

PhysicsAndMathsTutor.com
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Let & be the centre of mass of the quadrant,

2 the centre of the circle of which the quadrant

1z part, and OG=7x . Thiz formula for the centre of mass
= er sl ok / of a sector of a circle, radius »,

e
With =2
4
— Tog 1
. asmz_ ax42_4*{[2a
20 3 3

For complete revelutions, by energy,

%IQQEMgXEE “‘"‘__—_——__—_—#_

1o s 2y Za
4 3
.-~ 224 2g
3ra

SEINEEE

atgle at centre 2o, 13 one of the
formulae for module 12 given in
the Formulae Booklet. For module
WIS you are expected to know the

W3 and 34 together with their
associated formulae.

specifications for modules M1, T2,

For complete revolutions, the
kinetic energy at the lowest point
must be sufficient to allow the
centre of mass of the lamina, &, to
rise from the point where & 13
vertically below O to the point
where (7 is vertically abowe O, that

is a distance of 2x .

i IfQ=2'\j[§], as 2 < 2.19, the lamina does not

@
make complete revolutions.

g
e}

n Ifo= BaJ [— ] as 3= 2.1%, the lamina does make complete revolutions.

© Pearson Education Ltd 2C
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 22

Question:

A uniformrod AB, of length 22 and mass 6, has a particle of mass 2 attached at 5.
The rod 15 free to rotate in a vertical plane about a smooth fized wvertical axis
perpendicular to the rod and passing through a point & of the rod so that AY = x,
where x < a .

a Show that the moment of inertia of the system about this axis is

-4»*?2(-4@;2 — Sax+ Exg).

b Find the period of small czcillations of the system about its equilibrium position

with & below A, E

Solution:

@

Let the mid-point of the rod be A
The momernt of inertia of the rod, 7, about X is given by

1
s g(ﬁm)czz +6mx XM? «——— Using the parallel azes theorem.

= 2’ + Emla — 2)°
The moment of inertia, J, of the rod

and particle combined 1z given by

I=i,+i,
= Zma’ +bmla—x) +2m(2a—x)*
= P +6ma” —12max + 6pw” +Bma’ — Soax + 2w
= 16ma” — 20max + Smx”

= 4m(4a2 — Dax +2x2),as recquired

PhysicsAndMathsTutor.com
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b Let the centre of mass of the rod and
particle combined be G and GA =% .

WA Bemgx = b la — x)+ 2mg(2a— x)
8% =fa—-6x+da—2x=10a—-8x

o
X=—ua
4
A
Y
X
-‘\
5 \ ¥
9\ G
: ‘-\\
\\
L] o ""
amg B x;'
6,/

The equation of rotational motion about X 1z

=18
-4

—x | Thetotal weight of the rod and

particle acts at &F and vou can find
the positien of Fhy taking
moments about X You can then use
this distance to write down the
equation of rotational motion.

—Bmgxsnd = 8

Bmgx .
MEX zin &

5
q i
mg[4 ] xj
{ 4m|:4c12 —Sax+ 22:2}

g(ﬂa = 42:)
2[4@2 —Sax+ 2% :l

g
Forsmall &,51n8 =8

Hence

_Bmgxg:_

g=

The moment of the weight about
the axis through X is tending to
take & decrease and so has a
negative sign in the equation of
rotational motion,

Comparing with the standard equation for simple

harmonic motion, & = —ew*d . the motion is
approzimately simply harmonic, with

. g(oa—4x) |
2 (4:;:2 - 5::x+2x2)

The peried of small oscillations 15 given by

1
2(4a* - Sax +2x° )|
ngﬁzzﬂ (a ax + x)
3 g(ﬁa—4x)

© Pearson Education Ltd 2C
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gl:ﬁa - 4x>

- m=[2[4az—5ax+23’2}]b a8

you use this expression in the
formula for the period of simple

; ; 2
harmonic motion T =—.

Ll ]
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Review Exercise 2
Exercise A, Question 23

Question:
.f’f 8 rd g _‘\\.
|III i | ‘i’i ||l B "I
| = . " |
-.\} a ;I.- 2 da '.\ \”\‘ ]
=3 4 Y, -

A body consists of two uniform circular discs, each of mass # and radius a, with a
uniform rod. The centres of the dizcs are fized to the ends A and B of the rod, which
has mass 3w and length 2. The disce and the rod are coplanar, as shown in the figure.
The body iz free to rotate in a vertical plane about a smeoth fized horizontal azis. The
axiz iz perpendicular to the plane of the dizcs and passes through the point & of the
rod, where AQ =31,

a Show that the moment of inertia of the body about the axis is Sdma®.
The body iz held at rest with A8 horizontal and is then released. When the body has

turned through an angle of 207, the rod A5 strikes a small fized smooth peg F where
OF =2a . Given that the body rebounds from the peg with itz angular speed halved by
the impact,

b chow that the magnitude of the impulse exerted on the body by the peg at the

impact 15 % [%] E

Solution:

PhysicsAndMathsTutor.com
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a N 0 M

, . : t—p |
“a/ 2a a 3a "”
The mement of inertia of the red 48, 15,
about & is given by

Fag= % (3miida)® + (Gmda’ = 19ma”
The moment of inertia of the disc cen;m

about & is given by

iy= %mag +m(3a)? = 1—299?342

The moment of inertia of the disc
centre 5,7, about & iz given by

Iy= %mag +m(5a)t = %mag

In this diagram, M iz the mid-point
of AS. By symmetry, M is the
centre of mass of the body.

Tou use the parallel azes theorem
for all three of the component parts
which make up the body.

The moment of inertia of the whole body, [, about @13 given by

I=1a+i,+i;
= 1%ma* +Ema2 +Emac2

= 5dma’®, as required

PhysicsAndMathsTutor.com
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b = a sin 30°

mg o :

—

Az the body rotates through 307,
the centre of mass of the body, A,
falls wertically a distance

Let the angular speed of the body immediately
before the impact be oo
Conservation of energy

Einetic energy gained = Potential energy lost

asin 307 =la:.

1
—iw® =Smox —a
2 E 2

2 _ omga_ Dg
i Sda

RVERNE)

Let the angular speed of the body immediately
after the impactbe @ .

= %.\/ [Z_g]#. The guestion gives yvou that the
ct

angular speed 15 halved by the
Let S be the magnitude of the impulse exerted imnpact.

on the body by the peg at the impact

il 2]

Moment of impulse = change in angul ar mom entum
< . The impulse iz in a direction which
—3ad =I{-w -1
& I: i :l = decreases the angle the rod makes
with the horizontal

= S %,\] [5_ The angular velocities

before and after impact
are in opposite senses. 4s

- 2 1 tg drawn, e 13 clockwise
=S’ » E —

and eo 15 anti-clockowise.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 24

Question:

a =Show that the moment of inertia of a uniform solid right circular cone, of
mass #2, height b and base radius @, about a line through its vertex and
perpendicular to its axis of symimetry is

3
— mla® +4kY)
20
[Tou may assume that the moment of inertia of a uniform circular disc, of mass A

and radius &, about a diameter iz %MRQ ]

. 2 . . . .
A ocone, with b= —a, iz free to rotate about a smooth horizontal axis through its

WErtes

b Find the period of small czcillations under gravity about the stable position of
equilibrium. E

Solution:

PhysicsAndMathsTutor.com
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a Amxis of rotation

The mass per unit volume of the cone 1s
o 3Bm

1 2;3_3‘?'(22.32

—ma
3

The moment of inertia of an elementary disc
about the aziz of rotation iz given by

Tou consider the cone to be made
up of thin discs, rach of thickness
Ax with the centre of the disc at a
distance x from the vertex of the
cone, Ifthe radinz of the disc 15y,
then, using the formula,

V=nrih for the volume of a
cylinder, the volume of a thin disc
is mydx.

af = %(5??2)}32 +{Sm)x* <——— The question specifies that vou can use the
By similar triangles formula 7= %MRQ for the thin disc. You
E=i:::y=ﬂ uze this, with M =J5wm and £ =y, and the
x A& #
parallel axes theorem to form an
expression for the moment of inertia, &7,
of the thin disc about the axis of rotation.
Hence v ¥ \
2 e 2 2 kL 2 s
ai= —[?T_}? 5x:| — ¥ +|:;rr_y Ele — |% The mass, Sm, of the disc is its
mah mah volume, wy &x, multiplied by the
L Zm( a'xt a2t 2
=——| —+yp'x* Pr=—0e| —+—— |dx it 1 h :
agk[ 4 2 2l ant 2 mass per umt lengt =

= 43%[42 +4k2>x45x

For the complete cone

3m
o af = & +4R xS
z Zauﬁ[ )

* 3 3 x
I= L m[a" +4k" )t dxzm[af‘ +4;fj[?}

3 B 3
—(&+4h) —-0 = —m
4y 5 20

PhysicsAndMathsTutor.com

Az the thin, or elementary, discs
range from the wertex to the base, x
ranges from Oto b So 0 and b are
the limits of integration.

5 R

0

I:.:z:" +4u ) as required
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S

v Mg

Let A be the wvertex of the cone and &
the centre of mass of the cone.

A formula for the centre of mass of
a cone i3 given among the formulae

ﬂg:ih: E,ﬁazla for module I3 in the Formulae
4 4 3 2 Boollet For module M5 you are
- Ea expected to know the specifications
it for modules M1, 32, 13 and hid

2
f=im a’ +4}12)=im a’ +t4:'<.4i
20 20

The equation of motion about 4 13
L=18

;)

together with their associated
formulae.

al . 5 =
e [_] snf = Emﬂzg 4— The moment of the weight about 4
1z tending to make & decreasze and

2

g bgsin & 20 has a negative sign in the
Dex equation of rotational motion.
Forsmall &, 5in8 =8
Hence
g=-224
S

Comparing with the standard equation for simple
harmonic motion, 8 = —’8 | the motion is

. . . . &
approzimately simply harmonic, with o = 5_3
a

The period of small oscillations s given by

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 25

Question:

A rough uniform rod, of mass s and length 4a, 15 held on a rough horizontal table.
The rod 15 perpendicular to the edge of the table and a length 3a projects horizontally
over the edge, as shown in the figure.

1

a Show that the moment of inertia of the rod about the edge of the table iz %ma

The rod 15 released from rest and rotates about the edge of the table. "When the rod has

turned through an angle &, its angular speed iz 8. Assuming that the rod has not
started to slip,

b showthat & = psind

El

a
¢ findthe angular acceleration ofthe rod,
d findthe normal reaction of the table on the red
The coefficient of friction between the rod and the edge of the table 12 4

e Show that the rod starts to slip when tan 8= %,u : E

Solution:

PhysicsAndMathsTutor.com
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a TTzing the parallel axes theorem, the motment
of inertia, J, ofthe rod about the edge of the

table is given bﬁf"_r’_/—/—’—’/i TTzing the st.anda.rd tormula for th.e

i} =%m(2@)2 +ma’ =§mag . as required

Conservation of energy

Einetic energy gained = Potential energy lost

lfé‘:‘" = mgacnd

2
%mgég = mgasind
& = fgand
T

¢ Differentiate the result of b implicitly

moment of mertia of a rod about 1ts
1 :
cefntre gmfg with / =2z . The

centre of mass of the rod 15 the
distanice @ from the edge of the
table.

-

Az the rod rotates through &, its
centre of mass falls a vertical
distance asind .

, az required

throughout with rESPEV
od § = fgcosd g
a

3gcosd
T

g =

Tzing the chain rule,

dé

E(sina?): E(sin ij EE =rosd 8

(6")=— a) ——299 and

PhysicsAndMathsTutor.com
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d Let the reaction on the rod, normal
to the rod, at the edge of

the table be & The component of the weight 15 1n
E(l48) F=wma / the direction of & increasing and &

O e g e T ] 1z in the direction of & decreasing.

R=mgcos$—m§=mgcos$—m3—gcosﬂ A

Tzing the result of part e,

e
_dmgoosd
7
e Let 7 be the frictional force at the edge of the table
R(|48) F e O The iadigl co.mp;I;ent of the
z t :
F g sin@ = mad? acceleration is 7

: : . fgand
F = mygsin 8 +mad” = mgsin & +ma ge4

- X
_ 13mgend TTzing the result of part b
7
As the rod starts to slip
F =uR
13mgsind  dmgoosd
7 —l 7 singd
/ A 5 =tan &
tan & = E,u, as required 58

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 26

Question:

a =Show, by integration, that the moment of tnertia of a uniform circular disc,
of mass M and radius @, about an axis which passes through its centre

. . . ]
and is perpendicular to itz plane is EMaz :

b Without further integration, deduce the moment of inertia of the disc
1 about an axis perpendicular to its plane and passing through a point on its
crcumference,
i abouta diameter
A uniform disc, of mass M and radius @, 15 suspended from a smooth pivoet on its
circumnference and rests in equilibrium,
¢ Calculate the period of small oscillations when the centre of the disc 15 slightly
dizplaced
1 1inthe plane of the disc,
i perpendicular to the plane of the disc. E

Solution:

PhysicsAndMathsTutor.com
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O e 1_,‘ +— | Youconsider the disc as made up a
M series of concentric rings of
: e thickness &x . The atea of eachring
it - :

\ ¥ X 13 2rxdx.

Let the centre of the disc ke O

The mass per unit area of the disc 13 Eﬂ .
a
The moment of inettia, &7, of aring iz given by
M 20
& = (ﬁmjlx2 = [2???.’(5?: x—] X ="x'8x

:?Tﬂ2 .:12

The moment of inertia of the disc, 7, iz given by

i =ZEI =Zﬁx35x
s

Az dx—= 10
2 47?2 4
= [ - 2T (s
g a” | 4], @ 4

Ma® as required

2

-+ In patt a, you have shown that the moment of
[P STy inertia about the axis f, an axis through the
i i N0 centre perpendicular to the plane of the disc, s

%Mag . You find the moment of inertia about

the axis m2, an axis parallel to J, through a point
ot the circumference of the disc, using the

i e result of part a and the parallel azes theorem

I, =1 +Ms

= lMag + Ma® =EMa2
& 2

PhysicsAndMathsTutor.com
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Y

ol

By the perpendicular axes theorem, the
mement of inertia, 7, , about a diameter

Ox through & 15 given by

T =i .
o Tioy 1&' ‘_r______———f By eymmetry the moment of inertia
B 2 At abgut the amxis O equgls the moment
2 of inertia about the axis Oy
1
IDA’ = Z Mﬂz
€S
\ o 4 Inthis diagram, the smooth pivot 1 5 and
:“’J \ 0 the angle S0 malee s with the downward
b vertical is &
N
\, "
0¥ " 'Ul /':l
IMg " €,

The equation of rotational motion about 5 1z

E¥x leaving the moment of inertia as £, you can
find the equations of angular motion for hoth
parts ¢ 1 and ¢ ii together.

L=i8
—Mgasind = 8

g =- M}gﬂ fnd
For small &, 5:n8 =8
Hernee
Foudiy

Cotnparing with the standard equation
for simple harmonic motion, & = —end

the motion 15 approximately simply harmonic, with

s Mega
i

PhysicsAndMathsTutor.com
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1., = EMag 4— The azis of rotation 15 the same as
2 inpart b i
s _Mga _ Mga _Zg
! gMaz g

Hence the period of small ozcillations iz given by

EEERE

ii By the parallel axes theorem the
moment of inertia, J, about a
tangent to the disc iz given by

_ e 1_ 2
s ZM‘I o _ZM‘I +—— The axis of rotation in this part is a
tangent to the disc which is parallel

W = —= = =— to a diameter and, so, you use the
! = Ma® Sa result of part b ii together with the
_4 o .| parallel axes theorem.
Hence the period of small oscillations is
given by

N

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5 Pagel of 3

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 27

Question:

A uniform plane circular disc, of mass e and radius @, hangs in equilibrium from a
point 5 on its circumference. The disc 15 free to rotate about a fized smooth horizontal
axis which 15 in the plane of the disc and tangential to the disc at 8. A particle P, of
tnass #, 15 moving horizontally with speed & 1n a direction which is perpendicular to
the plane of the dizc. Attime £ =0, striles the disc at its centre and adheres to the
disc.
a =Show that the angular speed of the disc immediately after it has been struck by F 15
dy

E.
It is given that 2° =ﬁag, and that air resistance 15 negligible.

b Find the angle through which the disc turns before it first comes to instantaneous
rest.
The disc first returns to its initial position at time ¢ =7,
¢ i Write down an equation of metion for the disc,
ii Hence find Tinterms of @, g and #2, using a suitable approximation which
should be qustified. E

Solution:

PhysicsAndMathsTutor.com
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a The moment of inertia of the disc abouta

diameter 13 Hmag.

The moment of inertia, J, of the disc

Thiz formula 15 given the Formulae
Booklet and, if you are not asked to
prove it, it can be quoted.

about a tangent 13 given, using the

parallel axes theorem, by

3_3 1 «— Atangent is parallel to a diameter and

f=zma2+ma = 1

i

the distance between the tangent and
the diameter iz the radius a.

u_ <+————{ This

p the disc edge on. ¢o 15 the angular
speed of the disc and particle
immediately after itnpact,

diagram 15 drawn looking at

The moment of inertia, 7, of the disc and P

about the axis through B is given by

. 9
! =Zma:" +mat =gt

Conservation of angular momentum about 5

¥ =f'w=§m‘a2m

dui ,
= —, as redquired
Sa

PhysicsAndMathsTutor.com
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h B
4 4 \
acosf ‘,:‘”
X ¥ N\ O #+— This diagram iz drawn looking at
v 0 | "x\ the disc edge on. O s the centre of
. 9 the disc,
4
vamg 4
® .
Asut=—ag
2
2= 1‘6;“2 = Lszx iag = 8_5“‘——‘ Tzing the answer to part a.
Bla® 8la® 10 405

Let the disc first come to rest when f =a
Conzervation of energy

lfwz = Zmgla—acosa) 4+—| Fromthe diagram, as the disc
2 swings through &, the centre of the

l Do i Bg I AR disc rises a vertical distance of
2 4 405 a—acosd

i =2(1-cosa) = cos-:x=8—

45 a0

o arccos[%] =85, to the nearest 0.1

¢ i The equation of rotational motion about & is
L =18
—Cmgasind =18

g =- s sind =— 2Haa sin &= —8—gsin5‘
! 9 3 D
—
4
i Forsmall &,5n8 =8
Hence
§=-52g
S

Comparing with the standard equation

for simple harmonic maotion, d=—w'g,
the motion iz approximately simply harmonic, with

ot == The time the dizc takes to moves from
Sa the centre of its motion to its amplitude
Hence and then back to the centre of its

leE_HZH‘\/ 9_0! 23;??‘\/ a motion ig one half of a complete
5 Sg 2 2g period.

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 28

Question:

Four uniform rods, each of mass s and length 2z, are joined together at their ends to
form a plane rigid square framework ASCD of side 2a. The framework 15 free to rotate
i1 a vertical plane about a fized stnooth horizontal azxis through 4. The axis 13

perpendicular to the plane of the framework

A0’

a Show that the moment of inertia of the frameworlk about the axis 13

The framewotl iz slightly disturbed from rest when O is vertically abowe 4 Find

b the angular acceleration of the frameworl when AT iz horizontal,

¢ the angular speed of the framewotl when AC iz horizontal,

d the magnitude of the force acting on the framework at 4 when AZ s horizontal.
E

Solution:

PhysicsAndMathsTutor.com
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i
o Vs 2a
P
™ RN
™ ' |
X
-t !
%
C

Let B be the mid-point of BC

AR* =& +(2a)* =5¢* 4+——— Using Pythagoras' Theorem.

E¥w the parallel azes theorem, the moment

of inertia of the rod BC" about the axis through A 1z given by

L %m2+mﬂﬁ'2

= _a’ +5ma’ = ?mag

The moment of inertia of the frameworlc

about the axis through A 1z given by

f=fu+fm+fm+w
L)

4 2,16 16 5.4 4

Ev symmetry, the moment of
inertia of the rod C0 about the axis
through A will be the same as the
moment of inertia of the rod BC

\ie &

N >
- " Nla
\‘ A v dmg

AC*+BO* = 4B° =(2a)* =44’

240% = 4 = AC* =2a° = A0 = 2a
Equation of angular motion about 4
Bl

dimg ¥ Pasind = ?mzﬂ

g2

10z

sin &

PhysicsAndMathsTutor.com
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When & =% *+— "When A 15 horizontal,

F
d=— sind=1 and cosf=10.
§=3g42 >
10e

¢ Conservation of energy

! I8 =dmgi{2a-d2acesd) <+ Initially the framework has no

2 kinetic energy. As the frameworl
l xﬂmazéz -l fEmgcz(l— cos &) rotates through &, & falls a vertical
2 3 distance ¥ 22— 2acosd .

§2=§§igﬂ—cmﬂj
When 8 = —
5]2 3g er
Sa

d Let the magnitude of the force acting on
the framework at A be X and the
components of this force parallel and perpendicular
to AD be X and Frespectively.
Rl A

X +dmg cosd = dm(\ 2a)8*

When 8 =2 :
2 Tszing the result of part ¢ and
Fid
X+4“q[2max3gn[2=%mg cos—=10.
Sa 3
Rl A

dimgsind— Y = dm(V 2a)d

When & = g ./ TTzing the result of part b and
.
oo gin—=1.
Y =dmg -4 2max = 2
10
2 ]
=4mg——mg=§mg
RP=x"+¥?
[m ]2[8 T 640 5 4
=| —mg | +| —mg | =—
5 ] 25
5 2410
5

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 29

Question:

a Prove, using integration, that the moment of inertia of a uniform circular disc,
of mazs m and radius @, about an axis through itz centre O perpendicular to the

plane of the dizc is lzmczz.

The line AR iz a diameter of the dizc and F iz the mid-point of QA4 The disc iz free to
rotate about a fized smooth herizontal axiz £ The axis lies in the plane of the disc,
passes through F and 1z perpendicular to Q4. A particle of mass s 15 attached to the
dizc at A and a particle of mass 2 15 attached to the disc at &

b Show that the moment of inertia of the loaded disc about L i3 %mg.

Attime f=0,F8 makes a stall angle with the downward vertical through F and the

loaded disc is released from rest. By obtaining an equation of motion for the disc and
using a suitable approzimation,
¢ findthe time when the loaded disc first comes to instantanecus rest. E

Solution:

PhysicsAndMathsTutor.com
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a — .
& e
._/J-f': TR . ,
\———— Touconsider the disc as made up a
() oy [ series of concentric rings of

i ;{31 ! thickness &x . The area of each ring
S A :

e 15 2mxdx.

..\'\ , (}_1 J

The mass per unit area of the disc 12 —

wa
The moment of inertia, &7, of aring 15 given by

2
&l = (5m}x2 =[2ﬂx.§xxi:,] x =%mx35x

o dg

The moment of inertia ofthe disc, £, 15 given by

f:z.ﬁf :Zi’ff.ﬁx
[

bz Sx—= 10
“2m om| 2t 2m( ot
e a* [ 4] & |4
= ma”, as required < This iz a standard result which vou
should ke able to prove, You are
% [ expected to be able to prowve all of
) the standard results given in the
i Formulae Bocoklet and you should
/.f’ e practize writing these out.
/ \
| 1 .'n
| & = L X
| P o G |

The moment of inertia of the disc about L iz given by

27 Teing the standard result for the
Ly — +m[—a] = —ma’ moment of mertia of a disc about a
4 : 2 ; 2 _ _ diameter and the parallel azes
The moment of inertia of the loaded disc, 7, 15 ey
given hy

PhysicsAndMathsTutor.com
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- 1 ¢ 3 : ) AP=1.:: and BP=EG.
= _ma’+m|—a | +2m —a 5 5
2 2 2]
= lmaz +lm2 +Ema2 =—ma2, as required
2 4 2 4

¢ Let (& be the centre of mass of the loaded plate.
ML)

1 3 1
4meG=mx§a +2mx§a—mx§a +— Youtake moments about L to
locate the position of . As 4 12 on

4P T = 3ma the other side of £ from & and &,
PG = 3 the moment of the particle of mass
— x a2 has a negative sign in this
P equation.
5
: U \ s
\{‘ * The total weight, deg, of the
X loaded plate acts at (.
\\.
g A
v e g

The equation of rotational motion about 2 1s

L =i8

—4mgx§cxsin5‘ = Emagé

g = —4—gsin5'
Ta
For small &,51n8 =8
Hence
g=-224
Ta

Cotmparing with the standard equation
for simple harmonic motion, & = —ep 8
the motion is approximately simply harmonic, with

4
e

T
The time, after release, for the loaded disc to +=——— This time iz the time for one half of
first come to instantaneous rest 15 given by a complete oscillation.

g2 (%)

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 30

Question:

A uniform lamina of mass #2 13 in the shape of an equilateral triangle ASC of
perpendicular height & The lamina is free to rotate 1n a vertical plane about a fized
smooth horizental axis D threugh A and perpendicular to the plane of the lamina,

: : o : .4
a Show, by integration, that the moment of inertia of the lamina about £ is = m® .
The centre of mass of the lamina 15 . The lamina 1z in equilibrium, with & below A,

P &
when it is given an angular speed 5—5]

b Find the angle between AT and the downward vertical, when the lamina first comes
to rest.
¢ Find the greatest magnitude of the angular acceleration during the motion, K

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5

a B
ox '
..-",.' |
— gl
o |
3}}: Y < 1 You consider the triangle as made
A === =¥ up of thin rods of length 2y,
G thickness &x and maszz Sm. A rod
|
ez is a distance x from 4.
~
C
— h —>
Ev trigonometry
1
— BT
2 =tan30F 4+—| To find an expreszsion for the mass
per unit area of the triangle, you
B = Ohtan 307 = ih hawe to first obtain an expression
{3 for the area of the triangle in terms
The area of the triangle is givenby | of &

1 1 1

—BUxh=——hwh=—k

2 3 3

The mass per unit area of the triangle iz
mo N 3m

1. B

—k

Y3

Page2 of 3

The moment of inertia, &7, of one elementary rod WalUse the standard Farimula forthe
about L is given by / moment of inettia of arod about its

5= %(am) ¥+ (Smxt

centre and the parallel axes theorem to
find the moment of inertia of a rod

1. 2] about axis L through 4.
= {dm)| =¥y +x
{ }[3y
""—'—-—-\___
AN The mass, dme, of an elementary
= [2}’5-’”&—;}[5.}’2 +I2] rod iz its area, 2ydx, multiplied by
; the mass per unit area.
By trigonometry
¥ g 1 1
Ceotan A = — == —x
x 37T 3
Hence
1 daa( 101 Y,
Sl = 2—zxdxw— || =| — x| +x
[ +3 i J[ [43 ] 1
= zﬂ;xﬁxx lx2+x:4 =20Tx35x
k 9 Sk

PhysicsAndMathsTutor.com
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I = Zﬁf :z S
o

Az the rods range from A to BC, x
Az dx—=> 10 ;
e . ’ ranges from Oto k, so 0 and 4 are
F 20m L. 20 X the limits of integration.
ak® J, ap® | 4
4
= 20_?:3 x}i = Emizz, as required
Qi 4 8
h 1
N i
2 h cose H e &
G T
¥
X *_' Tsing the standard result that the
AF= 2;3 / centre of mass of a triangle 1z %
3
Conservation of energy along the median from the vertex

1 2 2
it = —h——h g
> e mg[3 = Cos ] —

When the lamina comes to rest, all
]

, bg of the original kinetic energy has
Emﬂg Xﬁ = o mgh(l-cos ) keen converted to potential energy

(1—6055}:>|:035=l:>5=£
2 3

L | —
(WS I S RV [ )

The angle between AF and the downward

: : .
vertical when the lamina first comes to rest i3 E

¢ Equation of angular motion about A 13
L=1d

—mg Eafzsin-:EI' = Em;‘zzﬂ
3 9

= - _
g =- gsm & 44— The greatest magnitude of the
When angular acceleration cotresponds to
the greatest possible value of sind.
= In part b, you established that this
3 Fid
15 when 8§ =—.
|8|= 6_gx E = ﬂﬁ 3
Sk 2 Sk

The greatest magnitude of the angular acceleration during the motion 13

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 31

Question:

To the end B of athin uniform rod A8, of length 32 and mass #, 15 attached a thin
uniform circular disc, of radius @ and mass s, so that the rod and the diameter 80 of
the disc are 1n a straight line and AC =54 .

a =how that the moment of inertia of this composite body, about an axis through 4

and perpendicular to A8 and in the plane of the disc, iz ?mag.

The body 15 held at rest with the end A smoothly hinged to a fizxed pivot and with the

plane of the disc horizontal The body 15 released and has angular speed oo when AC 1z

vertical
b Find o mnterms of @ and g

: : ; ; : ; 1
When AC iz wertical, the centre of the dize strikes a stationary particle of mass —wm.
Criven that the particle adheres to the centre of the disc,

_ _ _ o B
¢ show that the angular speed of the body immediately after impact1s —ep.

Solution:

PhysicsAndMathsTutor.com
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adl
v |f
i
I !
2u : |
v
c

The moment of inettia of the rod about the azis through 4 1z given by

4 [3@;]2 a -
i =] = =3y

3 2
Ev the parallel azes theorem, the moment of
inertia of the disc about the axis through 4 15

given by

TTzing the standard rezult, 7= %miz ;

for arod of length 24 about an axis
through its end, with 2/ = 3a .

65 4

e = %mcxg +m(4a)2 — ?ma ,'

The moment of inertia of the composite body
1z given by

Tou can quote the result for the
moment of mertia of a disc about its
diameter and the centre of the disc
15 da from A

D=t
65 T .
=Zma’ +—ma = ?mj, as required
h 4 da > .
Y ¢ (
A - i :
| |
v myg Ymg
|
L@
v a

Conservation of energy

— Jewt =mgx§a+mgx4a

2
M g 0
—= = — ey
3 o 8
a_llmga 8 _dg
2 TTma’  Ta

PhysicsAndMathsTutor.com

If Af 15 the centre of mass ofthe rod
and <) 1z the centre of the mass of

the disc, then AM =§a and
A =4a.

Az the composite body moves from
the horizontal to the wertical, the
centre of mass, M, of the rod falls a

: : 3
vertical distance —a and the centre

of mass of the disc, O, fallz a

vertical distance da.
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L i . 1
¢ The moment of inertia, 7, of the composite body and the particle of mass —m

about the axis through 4 15 given by
i 109

I'="lma +lm(4a}:" ="
4 2

4

Let eo be the angular speed of the body immediately after impact.
Conservation of linear momentum about A

Few =i

0 = ——rp, as required
109

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 32

Question:

a Prove, by integration, that the moment of inertia of a uniform rod, of mass m

and length e, about an axis through its mid-point and perpendicular to the rod 15

2
A

12

Four uniferm rods A8, BC, CD and 24, each of length @, are rigidly joined to form a
square A8CD Each of the rods A8, O and 214 has mass #¢ and the rod BC hag mass
3. The rods are free to rotate about a smooth horizontal axis L which passes through
A and 1z perpendicular to the plane of the square.
b Show that the moment of inertia of the system about L is 6ma® and find

the distance of the centre of mass of the system from A
The system iz releazed from rest with A8 horizontal and O vertically below 5.

¢ Find the greatest value of the angular speed of the systetmn in the subsequent motion,
d Find the period of small oscillations of the systetn about the position of stable
equilibrium. E

Solution:

PhysicsAndMathsTutor.com
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¢ Let o be the mazimum angular speed of the system.

Conservation of energy

%fm2=6mg[ga—la] LEage—

2

It = Zmga

)
3 3

' 4
ting l."JL_ i

The equation of angular motion about 4 1z

Li=ijg
5 . 2
—tmg ga sin &8 = a8

_ 5
g “B s
L

Forsmall &,51n8 =8

Hence

G-_22¢
(3T

The mazimum angular speed
accurs when 7 is vertically below

A Atthat point &1z ga below A
Initially F iz %a below A S0 &

falls Ea—la=—a.

3

Comparing with the standard equation for simple harmonic motion, & = —w*8 |, the

motion is approzimately simply harmonic, with o’ =

The period of small oecillations s given by
2 T
D ﬂ' —L
‘) og

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 33

Question:

A compound pendulum consists of a thin uniform rod A8, of length 2 and mass 2,
with a particle of mass 2m attached at B The pendulum iz free to rotate in a vertical

plane about a horizontal axis f which iz perpendicular to the rod through a point & of
the rod, where AT =x,x<a .

a Show that the moment of inertia of the pendulum about 12
(5x* = 1dax+122* .

b Find the square of the period of small ozcillations of the pendulum about
¢ Show that, as x waries, the period takes its minitmum value when

L (-~1Da
)

Solution:

PhysicsAndMathsTutor.com
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s

-

|
-
St
—_—
Lad
e
e |
s’
=

{-" e s

® 3(2m)

Let & be the centre of the rod.
Tzing the parallel axes theorem, the moment of inertia of the rod about f 1z given by

i =%(3m)az+3m06’2 — Qo= x

= ma® +3mia - x°
The moment of inettia of the compound pendulum about f s given by
I =l +i,

partck

* BO=2a—-x

= ma’ +3mla— 2% +2m(2a—x)*

= ma® + Ima’ — Gmax + St + St — Smax + s

= Semex” — 1dmax +12ma’

= (52:2 - 14czx+]2cz2)m, as recuured

b Let &7 be the centre of mass of the compound pendulum and CF=7%.

M(C)

5w = 3mla — x) + 2ml2a — x) +— Toulocate the posttion of Ghy
= Tma — Smx taking the moments of mass about
= & C.
XI=—a-x
i
x.\\t_,
™
B
G\
\n.
x"‘\f’-
"
smeg &/
! amg =

The equation of angular motion about A 1z

i)
—Smgxeind =18
- Smg[%a—x]
g =-2% ing=- sin &

[5x2 —14ax+124° ;IP?E

PhysicsAndMathsTutor.com
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For small 8. 51nf =8
Hence
_ (la-5x)g
5x° —1dax +12a°

Comparing with the standard equation for simple harmonic motion, § = —w°8 | the
(Ja—-ox1g
5x° —1dax +124°

motion is approximately simply harmonic, with o =

The period of small oscillations, T, is given by

2
8 i 2]
_4n? [ 5x° —14ax +12a°
g Ta—5x

c 7

_ 4t (522 = 1dax +124°
g T —5x
A7 dg® |:(?c;t —5x(10x—14a) +5(5x2 - 14ax+12a2)

op il §
dx g C?a—ﬁx)

+— TDifferentiate this equation
throughout with respect to x,
using implicit differentiation
:| on the left hand side and the
quatient rule on the right hand
side,

At a mummum value d— =0
dx

Hence
lf?a—ﬁx)(l[]x—14a]l+5(5x:"—14ax+12c12) 24
T0ax — 58a* — 5022 +70ax +25x2 —T0ax +60a* = 0 Uelng the guaaubitoniia
—25x% +70ax— 384 = 0 b’ das)
5% —T0ax+382% =0 2a
F?oﬂnooa _ ?J_rwma

50 5
x= 7411 a~2.06a is impossible 4 This walue is longer than the length
of the rod, 2a, and can be rejected
The period talees its minitmum value when
(7-+11)a _
= 5 as required 4+— TTnless the gquestion specifically

asks you do to so, you are not
expected to show that the stationary
point 15 a minimum. & sketch of

_Sxt—l1dax+12a*

18
Ta-5x
Y4 |

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 34

Question:

a Show, using integration, that the moment of inertia of a uniform
equilateral triangular lamina, of side 2, and of mass #2, about an axis through a

. . R T
vertex perpendicular to its plane iz gma :

b Deduce that the moment of inertia of a uniform regular hexagonal lamina, of side
2 and mass M, about an axis through a vertex perpendicular to the plane of the

lamina is EMag.
A compound pendulum consists of a uniferm regular hexagonal lamina ABCDER of
side 2z and maszs M, with a particle of mass %M attached at the vertex ) The

pendulum oscillates about a smooth horizontal azis which passes through the vertex A
and 13 perpendicular to the plane of the lamina.

¢ Show that the period of small oscillations iz & ﬁ} E

3z

Solution:

PhysicsAndMathsTutor.com
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a . g
ox o
o [ 4
— X —
~ | a
1 130 | -
. D
H"\..__ |
=i
2a |
~
d
C

Tou consider the triangle as made
up of thin rods of length 2y,
thickness &x and mass dm . The
rod 15 a distance x fom A

Let the triangle be ABC and D the mid-point of BT az shown in the diagram above.

By Pythagoras' theotrem
AD? = AB* - BD? =da’ —a® = 34°

AD =34
The area of the triangle 1z given by
%chﬂﬂzaxﬁazﬁaﬁ “«

The mass per unit area of the triangle i3

o
o 3

To find an exprezsion for the mass per
unit area of the triangle, you have to
first obtain an expression for the area of
the triangle in terms of a.

The moment of inertia, &7, of one elementary
rod about the axis 12 given by

51 = %(5»;) v+ (S’

Tou use the standard formula for
the moment of inertia of arod about
itz centre and the parallel axes
theorem to find the moment of
mertia of a rod about the axis
through the vertex 4

The mass, drme, of an elementary
rod 18 itz area, 2ydx, multiplied by

the tnass per unit area

= am) 37+
:[2y5xx%][%y2+xz] \
By trigonometry
.1 1
£= an =0 =E:>y=ﬁx
Hence

51=[2ix5xxiJ l[ix]z +x°
{3 {3g* )| 33
2

PhysicsAndMathsTutor.com
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As dx— 10
43a 4 A3a ey
e 200k B 202 | x 4+——| The upper limit corresponds to the
27a* ), 27a* | 4 |, distance AD which 15 V3«
20m  9a* . ;
=——x——=—ma ,as requred
2la 4 3
b B _K :
;'A" +— Youconsider the hexagon to be
7 A f % made up of & triangles. Each of the
/ ) \ y \ six triangles has the moment of
o \NO/ \ inertia found in part a about the
i€ Fas D centre of the hezagon O,
™, 2a A r
\ / /
x\.‘ _.f-'2 \-\- ‘_-'f
F E

The hexagon iz made up of 6 triangles of mass s, where M =G,
The mement of inertia ofthe hexagen about an axis through 0,7, iz given by

fa=6x§m2=EMaz | Az M=bm

By the parallel axes theorem, the moment of inertia of the hexagon about an axis
through A7, 15 given by

1, =1+ Mx O

= gMaz + M xda® = gMag, as required

PhysicsAndMathsTutor.com
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The moment of inertia of the compound pendulum, 7, about the axis through A 1=

given by
T R s
17 41

= Ma® +1M(4ajg = =i
3 2 3

The equation of angular motion about 4 is
L=1d

—ngEasinH—%ngdlasinH = %Mazg
: 41 .-
AMzgazsnnd = ?Ma fod

o 12g

=——"znd
la
Forsmall &, 5in8 =8
Hence
. 12
R b
41
Clomparing with the standard equation for simple harmonic motion, § = —w°8 | the
4 8 ; . : : 12
motion is approxzimately simply harmonic, with «® = f
a

The peried of small oscillations 15 given by
T=E= 2:ro\/ ﬁ = H\/ @ . as required
o 12g 3g

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 35

Question:

a Show, by integration, that the moment of inertia of a uniform circular disc,
of mass s and radius @, about an axis through the centre and perpendicular

to the plane of the disc iz lzmaz.

b Deduce the moment of inertia of the disc about a diatneter.
¢ Show that the moment of inertia of a uniform right circular cone, of height », base
radius » and mass M about an axis through itz vertex and parallel to a diameter of

the base 13 ;Mrz.

The abowve cone is free to turn about a fixed smooth pivoet at its vertex and is released
from rest with its axis horizontal.
d Find the angular speed of the cone when ite axiz ie vertical, E

Solution:

PhysicsAndMathsTutor.com
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/ p— 4— Touconsider the disc as made up a
y “\ ! series of concentric rings of
' [ ¢ thickness &x. The area of eachring
[ .”-"'_I-iﬂ 3
\ / i | 18 2axdx.

v o
Y o=
/ 9 ox J
Fa //,-/
¥ e

The mass per unit area of the disc s —

a

The moment of inertia, &7, of aring 15 given by

2
o

2
&l = (ém}xg =[2nx5xx£} o TJ:EEX

ot

The moment of inettia of the disc, 7, i given by

T Zﬁf Zz’” 2Ex

bAs Sx—0
% 4
[ ] 5l
0 4
——ma ,as required o

Thiz 15 a standard result which you
should be able to prove. You are
expected to be able to prove all of
the standard results given in the
Formulae Bocklet and you should
practise writing these out

Let the centre of the disc be @ and Ox and Oy be perpendicular axes through O
By the perpendicular axes theoremm, the moment of inertia, 7., about a diameter Ox

through & 1z given by

Tont oy = 1o
1
2in =Ema:"
1
o = Zmag

PhysicsAndMathsTutor.com
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4— By symmetry the moment of inertia

aboutthe axis Ox equals the moment of
inertia about the azis Oy




Heinemann Solutionbank: Mechanics 5

¢ Axis of rotation

ox AT & ]
| = Hil
*u""' (11
Ax |
rain| il
'_/" [+l ¥ l
|
........ i|.J.‘! conmndat | ¥
[l:] :|
\\\. [1: ] ¥
4, |
ki |
N
PR W— ~ .\
- r -

The mass per unit volume of the cone is

A M

i +— Taing the formula for the volume

3
—ariwy T
3

The moment of inertia of an elementary disc
about the axis of rotation 15 given by

5i= %(am) (e’

By similar triangles

r
Ez_jyzx
X '

Hence

51*:%[@25@[%] P (my 5.7::1[ ] 4

=EJ’_4
P4

2 o= 2 2ot o

15M

For the complete cone
15M s

g Zaf shes
L dx—= 0
15M

15M
5
15M1 r

3
= ?[? - UJ = ZMrQ, as recuired
z

PhysicsAndMathsTutor.com

Tou consider the cone to be made
up of thin discs, each of thickness
& x with the centre of the disc at a
distance x from the vertex of the
cone. Ifthe rading of the disc 15y,
then, using the formula, = mrd,
for the wolume of a cylinder, the
volume of a thin disc 13 my*Sx.

+— You usze the answer to part b with

=43x5x \ -
(i

of a cone, V=lm"2}'z, with A=r.

mr=dam and @ =y, and the parallel

axes theotrem to form an expression
for the moment of inertia, &7, of
the thin disc.

The mass, S, of the disc is 1ts
volume, my*&x, multiplied by the

: )
mass per unit volume —.

Az y=1x,

Page3 of 4
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G

v @ -

Let the vertex of the cone be 4 and the centre of mass of the cone be &, then
3

AF="r. 4—| The standard result for the centre of

4 tasz of a cone can be found among
the formulae for medule M3 1n the
Formulae Boolclet

Let the angular speed of the cone when its
axis is vertical be .

Conservation of energy

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 36

Question:

a Find the moment of inertia of a uniform square lamina A0, of side 22 and

mass #2, about an axis through A perpendicular to the plane of the lamina.
The lamina is free to rotate about a fizxed smooth horizontal axis through A
perpendicular to the plane of the lamina.

b Show that the period of small oscillations about the stable equilibrium position is
1

The lamina 15 rotating with angular speed o when O 15 vertically below A
¢ Determine the components, along and perpendicular to AT, of the reaction of the
lamina on the axis when AC makes an angle & with the downward vertical through

A E

Solution:

PhysicsAndMathsTutor.com
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Let & be the centre of the lamina
By Pythagoras
AD* + BO? = (2a0°

ZAC =da’ = A0 =22 = A0 =+ 2a

-

Ly AO0=B0.

Let 4 be the amiz through O perpendicular to the plane of the lamina and I, be the
axis through 4 perpendicular to the plane of the lamina,
The moment of inertia of the lamina about [ is given by

1 2
fﬁ=§m(az+a2)=§mz. .«

By the parallel axis theorem, the motment of
inertia of the lamina about L iz given by

- y
f% = fﬁ +m Al

= Za® o 20 = §mcz2
3 3

9\ 2a

"
| €2

mge
.y

Equation of angular metion about [

L=1I8

82 -
—mgxlasingd = gmgﬂ

§-=—3‘gw[25in5' i
Ba
Forsmall &, stnf =&
Hence
§=_35425

B

PhysicsAndMathsTutor.com

The Formulae Boollet gives you
that the moment of inertia of a
rectangle, mass #, sides 2a and 24,
about a perpendicular axis through

. 1
its centre 15 gm a” +E:'2) and, fora

souare, ¢ =#&.

Touwill need this equation to find
the component of the reaction
perpendicular to AC in part c.
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Clomparing with the standard equation for simple harmonic motion, & = —p°8 , the

G ; ; ; ; g2
motion is approxzimately simply harmonic, with e = ‘z ;
c
The peried of small oscillations 18 given by
2 Ba 2 ;
=—=2x| ——| ,asrequired
b 3g2
¥
c
“'\ E
. X
'r :r/‘\
8\ J2a
{2 cos @ hY
O
kA
me
%
W A &

\ ¢

Let XY and Fhe the components, perpendicular to and along AT, of the reaction of
the lamina on the axis,
Conzervation of energy

%fwz —%f&jg =mg(¥ 2a— 2acosd)

%mz(m2—§2)=mgwl 2a(l-cosd)
ot —&° =3g—42(1—c055}
§2=m2—3g:2(1—c055) &
R(]AC)
If’—mgc:055=???(“1[2a)5-"2 Tsing equation 2.
r =mgcosé‘+m42a[w2—Bgzz(l—cosé}}J

=mgcos§+mﬁf24mg—6¥(l—cosﬂj

o further simplification of this
_3mg / eEpression 15 possible.

= ma N2’ +j% cosd

Rl ACh
X —mgsin 8 = mi{2a)8

/ Using equation I in part h.

3g2 3
: sind=——mgsin &
B 4

= —m( 2a)

1 3
A =—mgan g
7 Z

© Pearson Education Ltd 2C
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 37

Question:

A uniform lamina of mass M is in the form of an isosceles triangle ASC, with

AB= AT =50 and BC =&

a Show, by integration, that the moment of inertia of the lamina about an axis which
passes through A and is parallel to BC' is 8M7°.

h Find also the moment of inertia of the lamina about an axis that passes through A
and the mid-point of BC.

A particle of mass M 15 attached to the lamina at the mid-point of 2C. The system is

free to rotate about a smooth horizontal azis through A perpendicular to the plane of

the triangle.

¢ Find the period of small oscillations about the position of equilibrium in which BC
1z below 4 E

Solution:

PhysicsAndMathsTutor.com
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- | 3/ 4—— Tou consider the triangle as made
T % up of thin rods of length 2y,
| " ) - thickness &x and mass . Each
I = D rod is a distance x from A
| o i |
‘ 50 |
" iy
Py
Axis of Rotation C
In part a.
Let the mid-point of B0 be 11
By Pythagoras
ADP = AB* —BER =3P =3 =161* = AD=4i

The area of MBC=%BC><AD=3EX4E= 12%

The mass per unit area of the triangle 15 T

oF

The moment of inertia, &7, of one elementary rod about the axis is given by
51 = (gm)% +— All points on the rod are a distance

o [Eyéxx M’2 ]xg % szgyéx x from the axis of rotation.

124 &4 \
By similar triangles The mass, &2, of an elementary
¥ =E y=ix rod 18 its area, 2ydx, multiplied by
x M 4 the tnass per unit area
Hence
Al = ngz xEx5x=£2x35x
&) 4 &
= Z.s:?f = zﬁg P6x
2
bz Sx—= 0
i

i M sz dx=£ i +— The upper limit corresponds to the

gt ), 8t | 4 distance A0 which is 47

4
= sz 2908 = 8MI*, as required
8 4

PhysicsAndMathsTutor.com
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h The moment of inertia, &7, of one elementary rod about A2 iz given by

=—(5
I: my’ TTsing the standard result for the
1 A a_ M moment of inertia of a rod about an
= g[Eyéx 2P J 1&,2 e O% axis through its centre.

M2 S Ertd
ik Sx= s
18+ &4 ]283

1= sl= Z 6
128

“Ex

Ls Sx—= 10
A el B
1287 J, 1287 | 4 |,
4
_3M 2561 3

PhysicsAndMathsTutor.com
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13
C A ; '.!\ .
AT —
LA 4l
f’) \__.. \‘ \
1 o \.\ ",
G g
Mg | l D
Mg o

TTzing the standard result that the
. .
centre of mass of a triangle iz 3

along the median from the wertex, if
{1z the centre of mass of the

triangle then AG = %xélf = gf .

6 /

The moment of inertia, J, of the triangle about a smeoth horizontal axis through A
perpendicular to the plane of the triangle 15 given by

19472

2

The moment of inertia, 7, of the triangle and
particle about the axis 12 given by

e gﬂﬂg +Mant = %MP

I=8MF +§MI2 =

Equation of angular motion about the axis

4 The axis of rotation in patt ¢ is

perpendicular to both the axes in
part a and part b S0 you find the
moment of inertia required for part
¢ using the perpendicular axes
theorem.

through A perpendicular to the plane of the triangle

L=i8

Mg x %I sind —Mgxdiand = %MEEE

—%Mgﬁ sind = %MFE

= —40—‘2 sin &
153
Forsmall &, 51n8 =8
Hence
__40g g
1531

4+— Youcantake the moments of the

weights for the triangle and particle
aboutthe axis separately,

Comparing with the standard equation for simple harmonic motion, 8 = —w’8 | the

40z

motion iz approximately simply harmonic, with o = —=

The period of small oscillations is given by
T=2£=2’T'\j 153 =}?»\/ 153
3 40z 10g

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 38

Question:

A body consists of 2 uniform discs, each of mass s and radius @, the centres of which
are fized to the ends A and & of a uniform rod of mass #2 and length 5e. The discs and
the rod are coplanar. The body is free to rotate about a fized smooth horizontal axis
which iz perpendicular to the plane of the dicz and which passes through O on the rod
where OAd="2a.

]

L T I
a Show that the moment of inertia of the body about this axis 18 —ma

The body 15 initially at rest with B vertically below O A particle of mass G 13

moving horizontally in the plane of the disc with speed w. It strikes the rod at a point &

below O where OF = x, and adheres to the rod.

b Find, in terms of @, x and e, the angular speed with which the system starts to mowve
immediately after itmpact.

. . . 7
¢ Show that this angular speed 15 a mazimum when x = —az

d Given that x= %a . find the walue of & for which the rod just reaches the horizontal

position in the subsequent motion K

Solution:

PhysicsAndMathsTutor.com
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Let the mid-point of A5 be AL
Ev the parallel axes theorem, the moment of inertia, ;. about 01z givenby

2 2 _
L= lm[ﬁ_ﬂ] oM = Emag +M[EJ +— Usmlg the standard result,
> 2 12 2 I=§m£2,for arod of length 27

1
- Em about an axis through itz centre,
By the parallel axzes theorem, the motnent of inertia, with &/ =3a.

£, of the disc centre 4 abouwt & iz given by

£ ma’ +mACE = %mag +m(2a)?

]
PR

o] v o | —

By the parallel axes theorem, the moment of inertia, 75, ofthe disc centre & about &

iz given by

fB=%ma2+mBOQ=%maz+m(3ﬂ)2 ] BO=5G—Oﬂ=5a—2a=3ﬂ

2
The moment of inertia, , of the body about O iz given by
I=ia+ti,+i;
= ?mag +Emc;;2 +Ema:2 = i;maz, as recuured

2 D 2

b The moment inertia, 7, of the body together with the particle about O is given by
: 5 45 1
I =l+bmm” =—pma™ +0mx

Let the angular speed with which the systetmn starts to move be oo,
Conservation of inear momentutn about &

Gy = flw=[4—;ma2 +6mx2]w

& _ 1Bux
49a* +18x°

H =

4—5??3&2 + G

PhysicsAndMathsTutor.com
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(49" —18x")

dew 49a% +18x% — x % 362 18

': —_— o= = o}
dx (494* +182") (492 +18:")
den

0= 49 —18x* =10

x:"= Eag =49X2@2
18 36

x= ga {2, as required

TTnless you are asked specifically to do
g0, ¥ou are not expected to show that
the staticnary point is a maximum. If
you were asked to do 20, you could
argue that as 182" ranges from less
den

than 4%z* to more than 49a°

Page3 of 3

4
d If x= _ 18“?’ _ 24ua  Zu | changes sign from posttive to negative
AT T 4 T a1zt o7 | and, so, the point is a mazimum.
454 +18[—a]
2
2
and J = ﬁmag +6m[ia]
3 3
= Emz +Emaz =27’
3 3
Conservation of energy
1
2 ) p—
Efm =S o By 4—| To reach the horizontal, the centre
1 2 1 4 1 of maszs M ofthe body must rize a
—x2Tma’| — | = 3mg| —a |+6mg| —a |=—
- [2 ] mg[ 2a] mg[Ba] PEE distance %cx and the particle must
B2 g 4
Em = Emga rige a distance x=—a.
2=gga=9)ﬁ? " 0 M P
fd & La
1, M
s 2 TE N
B Y p-
m/.d

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 39

Question:

a [Jse integration to show that the moment of inertia of a uniform rod of mass
and length J, about an axis through one end and inclined at an angle & to the rod 15

lm.-:’2 sin’ 8.

A B

.,
o

200 /154
pt __,' .}/"
0
The figure shows a rigid body consisting of two uniform rods. Bod AD has mazs »
and length 20a and the rod B0 has mass #2 and length 154 They are rigidly joined
together at & so that angle ACF is a right angle. The body is free to rotate about a

fized horizontal axiz A8 and hangs in equilibrium with O below A8 A particle of
tnass %m i1z moving horizontally at right angles to the plane QA8 with speed e Tt

collides with, and adheres to, the body at O

b Show that the moment of inertia of the composite body, consisting of the two rods
and the particle, about A8 is 14dma® .

¢ Find the range of values of i for which the composite body will make complete
revolutions.

Given that the composite body does make complete revolutions,

d find the value ofu for which the greatest angular speed during the subsequent
tnotion 15 twice the smallest angular speed. E

Solution:

PhysicsAndMathsTutor.com
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¢ Let o be the angular speed of the composite body immediately after itnp act

Conservation of angular momentutn about A8

%m ¥12a=1rw
dimua = 144ma’ e
_ Amma w
14dma®  36a

TTzing energy, for complete revolutions
1 2
Efwg = 2mgﬁ+§mgp

2

Toma‘w® = %mgp

2
Toma®| 2| = gmg x12a
36a 3

2.2
PR

1842
u? = 576ga
w = 24 (ga)

= 3lmga

For complete revolutions, there
st be enough initial kinetic
energy to raise each of the centres
of mass of the rods a vertical

distance of 2 x%p ated the patticle

a distance of 2xp
()

d The greatest angular speed iz immediately after the impact and, from patt ¢, 1=

i
3fa

The least angular speed is when O is vertically above A8 and iz l =

Conservation of energy

36a  TZa

2 2
2 |\ 36a 2 N Za

The increase in potential energy
needed for complete revolutions iz
the same as in part €.

2 2
. .
T’ [W— WJ = 3lmea
1

— s = 32mgn

24

ul = 24x32ga =256 %3ga

u =164 (3ga)

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 40

Question:

A uniform right angled triangular latmina ASA of mass w2 15 such that £ AME =207,
AM =3a and BM =a,
a Find the moment of inertia of the lamina about
1 BN,
i anaxis threugh A parallel to 244,
i Ad
b Deduce that the moment of inertia of a uniform triangular lamina ASC of mass 2
such that A8 = AT BC' =2a and AM =32, where M iz the mid-point of SO,

; : .28
about an axis through 4 perpendicular to the plane of the lamina is —— ma® .

. S i
LT B |

B 0
The figure shows a uniform plane lamina of mass & formed by joining atriangular
lamina A5 to a rectangular lamina BDFT along a commeon line BC. The sidez 50
and C'F are each of length 32 The side D 1z of length 2. A8 = AT and AM =3a,
where M 15 the mid-point of 80 The lamina can rotate about a smooth fized axis
through A, perpendicular to the plane of the lamina

4

) ) ) . L2584
¢ Show that the moment of inertia of the lamina about this axis 53 — ma

d Determine the period of small oscillations of the lamina about its position of stable
equilibrium. E

Solution:

PhysicsAndMathsTutor.com
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Al i M

Area of triangle AME = ]EBa ¥ = gag

; ; 2

Llass per unit area1s ——= ki
3 4 %t
—a
2

By similar triangles

¥ _oa

x Za 3
1 About BM

SI=(Sm)Za—x"= [yr_‘?xx %’j] (a—11° o

2

Hence
LS g
fzzij SEE - =
92 g a® Ja
22 4 P
:2;??2 i —oart+
Sa 2 4 |
3 4 4
:2;??2 2 1a _54a4+8]a 22_??;)( 2la
Qa 2 By 4
2

i About an axis through A parallel to BAF

Ef=(5m)xg=[y5xx%ng =

zzﬁfgx

Y

PhysicsAndMathsTutor.com

= x(3a—x8x \
Jes

Page2 of 5

Each point on the thin strip 15 a
distance (32 —2) from BAL

’ 1
TTzin TG
gy 3

F [Qajx— bax +x3}:1x

Thiz axis 15 shown by a dotted line
on the diagram abowe,
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Hence
_Zm 3ﬂ3 _2m| xt :
@ i 9 | 4
2m Bla* 9
— ¥ = —
B 4 2
ii About A
2
4 ¥ 4 2
Al = =(dm)| = | ==| pdxx—7=
3¢ m:'[z] 3["’” R
2 5 2m
= —yidx= ax
5" 243a*

om [ 2m
T
243a” Jg 24350

2
][{] +— TIsing the standard result,
2

7 =%m£2, tor arod of length 24

m=dm and 2=y,

abeut an axis through itz end, with

: 1
Tain =iy
g ¥y 3

You can deduce this result, without
integrating, from the answer to part
ai Eeplacing 3a by a,

3 rfa¥ 1
=—m| — | =—wmat.
2 W3] &

h For this part of the question, just consider triangle ASC 1n the diagram below. The
full diagram 1z needed for part c.

Y4

PhysicsAndMathsTutor.com

D

The axis ef rotation, A7, 13
perpendicular to the plane of the

lamina, that s, it 1z perpendicular to
both AX and AF

Page3 of 5



Heinemann Solutionbank: Mechanics 5

Paged of 5

The moment of inertia of the two triangles about AX | Mote that the triangle ASC has mass

1z given by
2 1

1
T = 2x=ma® = —ma’

The moment of inertia of the two triangles about
AF s given by

Ig= ngmag = Y’

4— That iz twice the answer to part a ii.

EBEv the perpendicular axes theorem, the moment

2, so each right angled triangle has
mass #.

That 15 twice the answer to part a

of inertia of the two triangles about A7 15 given by The area of each triangle ACM and

fmghs =fﬂz+fﬂ=%m2+9mag =§m2

¢ The moment of inertia of the rectangle about an
axis through ite centre & perpendicular to the
plane ofthe lamina is given by <

ABM iz one quarter of the area of
the rectangle BDEC. As the total
tmass 15 G, the mass of each
triangle 15 # and the mass of the
rectangle 15 4.

LU [3a]3 -
G_§ mlla + ? —?mﬂ .‘,_‘_‘_\_\_‘_‘_\_‘_\_‘-

By the parallel azes theorem, the moment of
inettia of the rectangle about AT iz given by

v = I, +4mOd

TTzing the standard result that the moment
of inertia of arectangle, sides 2a and 28,
about a perpendicular axis through its

CEntre is %m a’ +E:'2) with 25 =3z . The

tnass of this rectangle iz da,

TectarE]e
2
= Emaz +4f?{9—aJ = Emz
3 2 3

The moment of inertia of the complete latnina about AZ 15 given by

Bl o
981 s dOSEE o B
= —mat +—m

2 .
f — ——FRcd Al I’E!qUII'E!d
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d A

fé’\ ' +— If iz the centre of mass of the
; “'_\(’ triangle AFC, then, as AM 15 the

\\\ median of the triangle,

™,
i 1T AG=2am=2xm=2a.
IR E 2
+ dimgr | 4.
&

e
-

Equation of angular motion about A7

L =18
; i 284 4=
—Zmg v AFsn 8 —dmg x ADsin 8 = Tma &
—2mg ¥ 2asn 8 —dmg x9_a sind = ﬁmazéj
—2dmgasin g = %maz.&i
=- 33g gin &
142a
Forsmall &, 51n8 =8
Hence
_.33g g
1424

Comparing with the standard equation for simple harmonic motion, & = "8 , the

A ; ; : ; a3 ;

motion is approxzimately simply harmeonic, with e = 42g . The period of stnall
a

oscillations 15 given by

T=2—H=2ﬂ»\/ Leee
‘n kg
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