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Review Exercise 1
Exercise A, Question 1

Question:

A river of width 40 m flows with uniform and constant speed between straight banks.

A swimmer crosses as quickly as possible and takes 30 5 to reach the other side. She 1z
carried 25 m downstream.

Find

a the speed of the river,

b the speed of the switnmer relative to the water. [E]

Solution:
25 =
wms™ 1 For the quickest crossing, the

SWIMMmEer must SWitmn on a course
rms which aims directly acrozs the

40 m river; that 1z the course which i

always perpendicular to the river

1 banles,
a Let the speed of the river be wm s %

R(—) speed = distance Az the course of the swimmer is

time perpendicular to the river bank,
_ 25 5 her only meotion parallel to the
W T2y & banl is due to the flow of the
5 river. Bhe moves 25 m
The speed of the riveris —m s ' downstream in 20 s,

b Let the speed of the swimmer relative to the water be vm s ',

BTy swase d1s.tanc:e
time :
Arcross the stream, the swimmer
40 4 // .
v=ﬁ=§ moves 40 min 30 s

; ; g, 4
The speed of the swimmer relative to the water is —ms .
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Review Exercise 1
Exercise A, Question 2

Question:

At noon, aboat P is on a bearing of 120° from boat (! Boat P15 mowving due east at a
constant speed of 12km h™ Boat (0 is moving in a straight line with a constant speed

of 15km h™! on a course to intercept 2. Find the direction of motion of 0, giving vour

answer as a bearing.

Solution:

North

12 km h-!

15 km h-!

Taing the sine rule

sin® _ sin150°

12 15
in@ = 12210 150 _04
15

i = 24" to the nearest degree

[E]

Pagel of 1

Tou fizx P by introducing the wvelocity
that 1z “minus the velocity of . This
vector represents a velocity equal in
magnitude to the velocity of F butin
the cpposite direction

This wector represents the velocity
of (relative to P, vy =v, -V,
The diagram can be illustrated as

_"IFP

WF' = \-ru gt
Vo

Az { wants to mtercept &, jvp15in
direction (F.

¢ =130" —-150° -4

=§&" (nearest degree)
The direction of motion of (1, as a bearing,
1z 090"+ = 096" (nearest degree)

e

EBearings are measured from north,
clockwise, and are usually given to the
nearest degree or nearest tenth of a
degree.
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Review Exercise 1
Exercise A, Question 3

Question:

Points A and £ are directly opposite each other on the parallel banks of ariver. A
motorboat, which travels at 4 m s ™" relative to the water, crosses from A to 8 Given
that the distance A5 iz 400 m and that the river is flowing at 1.5m ™" parallel to the

banlcz, calculate

a the angle, to the nearest degree, between AL and the direction in which the boat 15
being steered,

b the speed, in m st to 2 significant figures, of the motorboat relative to the bank,
¢ the time, to the nearest second, taken by the motorboat to cross the river. [E]

Solution:

].5111:--'3

+— Az the motorboat goes directly
from A to B, the resultant of the
) velocity of the motorboat and the
4 m s-! g rmsl velocity of the river must be in

e the direction 4 5.

A

a Let the angle between A8 and the direction in
which the boat 15 being steered be 8.

tan @ = E =0375 = The triangle of velocities drawn in
4 the diagram i1z used to answer both
# = 21" (nearest degree) patts a and b. The mathematics
inwolved 15 elementary trigonometry
b Let vm s be the speed of the motorboat and Pythagoras' theorem.

relative to the bank
Tsing a Pythagoras relation

=415 =1375 «—
v =N1375=3"%
The speed of the moterboat relative to the bank iz 37 ms ™! (25.£)

R T distance 4+— The speed found in part b is the
speed effective speed with which the
A00) motorboat progresses from 4 to B and
= g g _
b donis i
= 108 s (nearest second) L '
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Review Exercise 1
Exercise A, Question 4

Question:

A boy enters a large horizontal field and sees a friend 100 m due north The friend is

walking in an easterly direction at a constant speed of 0.75m 57", The bov can walk at

- -1
a mazximum speed of Tm s™ .

Find the shortest time for the boy to intercept his friend and the bearing on which he

must travel to achieve this. [E]
Solution:
North & " For intﬁrceptioq, the welocity
Friend of the boy relative to the
This is the | Vs friend must be the direction of
direction l m s-! the line joining the initial
the boy \‘ b vms! position of the boy to the
st take. (5¥F) initial position of the friend.
g
0.75 m s-! Boy
¥ ‘\
Tou fiz the pozition of the friend by
Lzt the speed of the boy relative to the friend intreducing the velocity that is “minus
be vim s L the welocity of the friend’. This vector
2 =12 0752 =0.4375 represents a velocity equal in _
_ magnitude to the velocity of the friend
titnes = distance but in the epposite direction.
speed
100 :
=g —uenlalds This can be thought of as the
V0.4375 ‘relative distance”, 100 m, divided
cos @ = E:, g=414 by the “relative speed’,
1 V04375 ms L

The bearing iz 090" — 6 = MEB. &

EBearings are measured from north,
clockwize, and are usually given to the
nearest degree or nearest tenth of a
degree.

The zhortest time for the boy to intercept his friend
12 157 =z (nearest second), and the bearing on
which he must travel 18 049" (nearest degree).
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Review Exercise 1
Exercise A, Question 5

Question:

A cyclist P is cycling due north at a constant speed of 20 km h™' At 12 noon ancther

cyclist (3 is due west of . The speed of O is constant at 10km ™"

Find the course which { should set in order to pass as close to & as possible, giving
your answer ag a bearing, [E]

Solution:

North

) For the closest approach, the direction of
¢ P motion of () shown here by a vector with a
single arrow of magnitude 10km h™!, must
= T - ke perpendicular to the velocity of O
20 kaih relative to P, shown here by the vector with
a double arrow.
f #
.Ir 10 kmjh~!
xfﬂ’#
cos i = 1_ — l
2
f# = &0

The course O should set 15 D6C°
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Exercise A, Question 6

Question:

[f7 this question 1 ard § are horizontal unit vectors due sast and due north
respectively. ]

An aeroplane makes a journey from a point Fto point & which 15 due east of 2. The
witd welocity 18 wicos i 4sin ), where w 15 a positive constant. The velocity of the

aeroplane relative to the wind is wicos gi —sin j) , where v 15 a constant and v = w
Given that & and ¢ are both acute angles,

a show that vsing =wsind |
b find, in terme of v, w and @, the speed of the aeroplane relative to the ground. [E]

Solution:
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P\ - Q

Let v, bethe velocity of the aeroplane relative to the wind,
v, be the velocity of the wind and
v, bethe velocity of the aereplane relative to the ground

If x iz the speed of the aeroplane relative to the ground

Vo= +— Asthe aeroplane moves from M to (O, that is due
east, the velocity of the aeroplane 15 in the direction
of 1 The magnitude of the velocity 1z the speed x and

g0 W, = Al

oV =¥V, — VvV, W4— By definition, the velocity of A

vicosdi—sin ¢j )= xi—w(cos Bi+sin#j) relative to 5 is given by o
By 4¥z=v,—vy. The specification

Equating j components

I S for M4 requires you to know this

formula.

vaind = wsain @, as required

b Equating the 1 components
voos(h = x—wcos
x =vcosg+wcos
From patt a

sind = ok sin B+ The question asks you to find the speed in
v terms of v, w and 8, 20 you must eliminate
, elh weo ¢, Tou do thiz using the answer to part a
coszm=1—s1n2@=1——zs1n2h' H ; o :{g W R
v and the identity sin” ¢ +cos” g =1.
Hence
1
¢ 2 T

1)2

W2
x=v| 1——szin H| +wrcosH
1

= (vz —w sin ® H}§+wcos e
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Review Exercise 1
Exercise A, Question 7

Question:

Boat A is sailing due east at a constant speed of 10km h™'. To an observer on A, the
wind appears to be blowing from due south. & second boat B 15 sailing due notth at a
constant speed of 14km h™'. To an observer on B, the wind appears to be blowing

from the south west The welocity of the wind relative to the Earth 12 constant and is
the same for both boats.

Find the welocity of the wind relative to the Earth, stating its magnitude and direction
(E]

Solution:
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N
J i
L_" E : V]
i 8
45
A
".n s
vg=14) 14
@
v, = 10i

10

velocity of the wind 1z
(101 + 24)m s . An alternative

solution using vectors is given
helow.

If you draw a diagram combining
the velocity vector triangles for the
velocity of the wind relative to 4
and the velocity of the wind relative
to B, then it is possible just to write
dewn, from the diagram, that the

Let v, be the velocity of the wind relative to the ground,

v, bethe velocity of 4 and

V4 be the welocity of the wind relative to 4.

Taking 1 and J as horizontal unit vectors due east and due north respectively

WVa = V-V, = A say
= v, —101=4j
v,=10i+4; @
Let v, bethe velocity of B and

o

From A, the wind appears to blow from
the south, so the velocity of the wind
relative to 4 iz a multiple of §.

Vg bethe welocity of the wind relative to 5.

W2 = Vp—V, = i+U],say
= v, —14)=pi+ yj
v,=m+(u+14d)y @

Equating the 1 components of @ and @
u=10

Hence

+— From 8, the wind appears to be

blowing from the south west, so the
velocity of the wind relative to B
must be parallel to 1+7 .

v, =10i+24] =

v, F=10°+24’ =676 = v, =V 676 =26

tanH=E=*:H-—-22.6"
24

Substituting 1 =10 into @,

The velocity of the wind relative to the Earth has magnitude 26 m s ' and iz ona

bearing 023 (nearest degree).
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Exercise A, Question 8

Question:

Ship A iz steaming on a bearing of 060" at 30km h™' and at 9 a.m. it is 20 km due

west of a second ship B Ship & steams in a straight line.
a Find the least speed of Bif it 15 to intercept A

Given that the speed of Bis 24 km h™?,
b find the earliest time at which 1t can intercept A [E]

Solution:
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A

rkmh!

i

30kmh™

Let the least speed be xkmh ™’

2 = tan 60
X
tzn 600 V3

The side representing the welocity
of B 1n the triangle of velocity will
have the least possible magnitude
when it 15 perpendicular to the side
representing the negative of the

velocity of 4,
8V 4
)
\60°
Vg

_Vr‘L

The least speed of B if it is to intercept.d is 104 3km bt

The diagram for part a must
be modified as the velocity of
£ 1z no longer perpendicular
to path of 4. In these
circumnstances, it 15 adwvisable
to draw a separate diagram.

b N
ykmh™
A o =30 .
W
24kmh™ "N 30 km h!

Tzing the sine rule

sing  gin 30°

30 24

., 3an 30" 5

SN = —=—

24 8

Working to 2 decimal places

th =38.68"-

w =180"-30° -38.68" =111.32

Let ykmh ' be the magnitude of the velocity

of B relative to 4.
Tzing the sine rule

¥ 24

sinl111.32°  sin 30°
y=4472

_ distance

time

There 15 a second solution where
it =141 32" but thiz would give a
smaller walue of v and a later time
of interception.

speed

You can think of this as the ‘relative
distance’, 20 km divided by the ‘relative

speed’, 44 72kmh L.

= 045x60min = 27 min

The earliest time at which B can intercept 4 13 9. 27 am. (nearest minute).
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Review Exercise 1
Exercise A, Question 9

Question:

A cyclist O is moving with a constant speed of 10m 57} due south. Cyclist D is

moving with a constant speed of 16m 7' on a bearing of 240°.

a Show that the magnitude of the velocity of O relative to Dis 14m s

At 2pm, Dizd km due east of O
b Find
i the shortest distance between O and D during the subsequent motion,
ii the time, to the nearest minute, at which this shertest distance ocours, [E]

Solution:
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. 4000 m
C

North

30

D

1Dms™! 16 ms™!

Letiand j be horizontal unit vectors due east and due north respectively.
Let vom s ' be the velocity of O and v, m s be the velocity of D,

v =—10]
vy = —16cos3071-165n 30°)  €——— Touresolve the velocity of D
=-8vV3i-8 along the directions of 1 and j.

The velocity of C relative to D iz given by
cVo= Ve~ Vp
=—10j— (-8V3i-8j )
=8V 3% —-2j
vl = (83 ) + (=2 F =192 +4 =196
|ovs| = V186=14

The magnitude of velocity of O relative to D'z 14m s, as required.

b 1

N
”—_—1-:
1

4000 m

£ 7 D

¥o

North

The shortest distance, 15 given by

the perpendicular from 22 to the

direction of the velocity of O
relative to 1)

Let the foot of the perpendicular from 2 to the direction of the welocity of O

relative to Dbe P Let DF =xm and CFP=ym .
From part a

aVp=08y31—2] 4
Hence
2

tan # = — H=8213"(34d
SA (3dp)

In ACED

—  =zanf

4000

Tou find the angle CF makes
with T2 using the vector form of
the relative velocity vou found in
patt a.

8y3

\u:

PhysicsAndMathsTutor.com

Page2 of 3



Heinemann Solutionbank: Mechanics 4

x =4000sn 8 213 =571m (nearest whole number)
The shortest distance between O and D during the subsequent motion is 571 m

inearest metre).

n In ACFD
2 = 058217
4000
¥ =4000cos 8. 215" =3959 (nearest whole number)
time = Sistance ] .. relative distance travelled
speed ime = .
relative speed
w959

5 =2835, to thenearest second.

_+—

= Sminutes (nearest minute) 583 ¢ = 283 b st

The titme, to the nearest minute, 15 2.05 pom.
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Review Exercise 1
Exercise A, Question 10

Question:

A boat is sailing north at a speed of 15km h™' To an observer on the boat the wind

appears to blow from a direction 0307,
The boat turns round and sails due south at the zame speed The welocity of the wind
relative to the Earth remains constant, but to an observer on the boat it now appears to

blow from 1207,

Find the welocity of the wind relative to the Earth. [E]
Solution:
N 4

it g

i

¥ .
B /30y

Letiand j be horizontal unit vectors due east and due north respectively.
Let vpkm b ' be the velocity of the boat,

vy lem bt be the velocity of the wind and
@V z km bl be the welocity of the wind relative to the boat.

If the welocity of the wind relative to the boat has magnitude xm s ' then

wVg = —xsin301— xcos 30%)
J3 Touresolve the relative velocity
TR i S ) i along the directionsz of 1 and J.
2 =
Also
wVa=Vp—Vy = Az the boat 1z mowing notrth, that
23 15 1n the direction of'J, at
it = 13 « 15kmh™?, v, =155
x 2% 3)
ww———i+f15——|jk _ .
2 | 2| Solwe this equation for vy
N
It g v
i . The boat now reverses its
30° direction and the wind appears to
come from a different direction.
Vg
L J

PhysicsAndMathsTutor.com
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Mow let the velocity of the wind relative to the boat have magnitude ym s .

wVy =—ycos 307 +ysin 30°)

=_y"~3i+£j
2 2
Alzo
wVeg = Vg — Vg
_}’\-3 B g
242 = v - (15)

v”’z_yggiﬂj.}_;_w.]j ® \

Equating the 1 components in equations O and &

b L IC

—iepe=t —1 = x=uy3
2 2 &
Equating the j components in equations T and @
Pfeaysa BN
2
Substituting x=y v 3
Ve 5 0
2 2

R R
Substituting y =15 into @

1983 15,
i)

2 2

Vi =—

+— Touagain resolve the relative
velocity along the directions of i
and j.

4+— Asthe boat 1z movwing south, that
1z in the direction of —j, at

15kmb?, v, =—15.

Tou now have two equations for
the velocity of the wind and
equating the i and j components
will give you a patr of

simultanecus equations in x and y.

The welocity of the wind relative to the Earth is

i ]

"_15;3_ 125_-1mlh1 - |

This 15 an acceptable vector form for the
velocity but the answer can be given in other

forms. For example, as a speed of 15km h™'!
blowing from the direction 0607 There are

also many alternative ways of solving this
question.
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Review Exercise 1
Exercise A, Question 11

Question:

L pilot flying an aircraft at a constant speed of 2000 km h™' detects an enemy aircraft

100 kot away on abearing of 045°. The enety aircraft is flying at a constant velocity
of 1500km h™" due west.

Find

a the course, as a bearing to the nearest degree, that the pilot should set in order to

intercept the enemy aircraft,
b the titne, to the nearest s, that the pilot will take to reach the enemy arcraft. [E]

Solution:
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a North 1
1500 km h™!
E

— vl
¥Yms (¥p)

(p¥Vg) 2000 km h™!

Yo

45

1500 km h™*
TTzing the sine rule
singd  sin 45
1500 2000
3

sing = ——

: U / acute.
¢ =32.028 (3dp)

W =180"-45 —¢=10257
The bearing on which the pilot must fly 1s

w =90 =015 (nearest degree)

For interception, the velocity of
the pilot (F) relative to the
enemy (&) must be the direction
of the line joining the initial
posttion of P to the initial
position of B In this diagram,
this relative velocity 15 shown
with a double arrow.

Az 1z opposite the smallest side

in the vector triangle, it must be

Bearings are measured from
north, clockwise This question
rEQUItES ¥ou to ZIVE VOUr answer

to the nearest degree.

b Let the magnitude of the velocity of the pilot relative to the enemy be vm s

TTzing the cosine rule

v? = 1500% + 2000° — 21500 %2000 cos y
=7 596849
v = 2756238

: distance
time =

speed

=@m-—-0.03628h ‘"

¥

0.03628h=0.03628x36005= 13065

=131z (nearest second)

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

At noon, two boats A and B are 6 km apart with A due east of 5. Boat 5 15 moving due
north at a constant speed of 13km b~
Eoat A is moving with constant speed 12km h™" and sets a course so as to pass as

close as possible to boat 5. Find

a the direction of motion of A, giving your answer as a bearing,

b the time when the boats are closest,

¢ the shortest distance between the boats. [E]

Solution:
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a MNorth

For the closest approach, the
direction of motion of A,
shown here by a wvector with
a single arrow of magniude
a 12%m b must be

perpendicular to the velocity
-V, (|3 — I) of A relative to 5, shown

here by the wvector with a
double arrow.

13kmh!

¥

(13 km h")

cosH=E=;~ H=2262
13

The bearing on which A moves 15 360" -8 =337" (nearest degree)

b Let the magnitude of the velocity of A relative to Bbe xm s !
=13 -102=252 x=5

MNorth
6 km
B ) A
r km

N

Let the foot of the perpendicular from & to the direction of travel of A relative to 5
be AWand let BN =plun and AN =g km .

In ABNA
%=cosH *— The O inpatt b iz the & you

found in part a. The two angles
g =bcosB=6cos2262" =5538(3dp) are equal

= _5'5538 h=1.108h <—] 0.108 h = 0.108x60 minutes ~ 6 mimutes

=1h 6min
The time when the boats are clogest 1z 1306, (nearest minute)

¢ In ABAA
E=sinH
)

p =hanf=06sn 22 62" =230 _
The shortest distance 12 2.3 km (nearest 0.1 kem)
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Review Exercise 1
Exercise A, Question 13

Question:

& ship 4 has maximum speed 30km h™' Attime £=10,4 iz 70 km due west of B
which is moving at a constant speed of 36 km h™" on a bearing of 300°. Ship 4 moves

on a straight course at constant speed and intercepts 5 The course of 4 makes an

angle & with due north,
a Show that — arctan%i # =< arctan i

b Find the least time for 4 to intercept 5.

[E]

Solution:
a Nortl g
o : . : In thizs diagram, the
4 BYA) O N P B minimum speed for
interception is represented
by O and the

36 kmh! v,
In AANT
@ = sin 30°
36

CN = 36sin 30" =18

In ACNF
) NoO18 =
costh=—=—=2
P 30 5
tah (f = — = v = arctan —
Aig

s 4 :
—arctan E = f <arctan —, as required.

b AP = AN+ MNF -

=36cos 30° + 30510 o
=34 /§+3U /%=18 WE 424

) distance
fime =

speed
70

= h=127h (3:£)
1873 +24

© Pearson Education Ltd 2C
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30 kmh™!

mazximum speed of A,

If ANCFP=q, then 0 can
vary from — to o

F0kmh !, by CP and CQ.

5

il =
3
Froma 3, 4, 5 triangle, vou can see

that :f u:ost_-'“-=E:>tan'¢=i.
5 ]

The greatest possible velocity of
Frelative to 4 13 represented on
the diagram by AP The greatest
velocity of B relative to A4 will
give you the least time.
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Review Exercise 1
Exercise A, Question 14

Question:

At 12 noon, ship A 12 20 km from ship &, on abearing of 200°, Ship A is moving at a
constant speed of 15km b™" on abearing of 070°. Ship B moves in a straight line with

constant speed I km bh™! and intercepts A.
a Find, giving vour answer to 3 significant figures, the minimum possible value for

¥

It iz now given that ¥ =13,

b Ezxplain why there are two possible times at which ship A can intercept ship B

¢ Find, giving your answer to the nearest minute, the earlier time at which ship B can
intercept ship A, [E]

Solution:

PhysicsAndMathsTutor.com
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a North

15 km h™!

&> 607
‘.fkn B
T 70°

15kmh™!

The smallest value of Fis given by
K = zin 50

15

Fro=15an 30" =115 (3:f)

b North

15kmh!

A

P60
13 km h™!

)
15 kmh £
C

Youfix A by introducing a vector

equal and opposite to the velocity
of A to the system.

The smallest value of F iz given by
a vector perpendicular to the
direction of the line joining A to &

If ¥ =13, there are two possible courses for interception represented by the vectors
CP and CF; on the diagratm abowe. When you caleulate the value of 8 using the

sine rule

sinf sin50°

Bl Ag sin H=sin(180"—H),there are two
14 13
the sine rule 15 ambiguous.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 15

Question:

Attime £=0 particles F and { start simultaneously from points which have position
vectors (1—2j 4+ 2kim and {(—142j —k)m respectively, relative to a fixed ongin &
The velocities of Pand Qare (i4+2j—kim s and (2i4+k)m 57! respectively.

a Show that P and & collide and find the position vector of the point at which they
collide,

A third particle & moves 1n such a way that its velocity relative to F 13 parallel to the
vector (—3i44j—k) and its velocity relative to O iz parallel to the vector

(—2i+2j—k).
Griven that all three particles collide simultanesusly, find
b i the velocity of &,
ii the position vector of Hattime 2=0. [E]

Solution:
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a The path of Fis given by

P +— Youmay use either the i, j, k notation wectors or,
p=| 2|+ 2 as iz used here, column vectors. In three

2] -1 dimensions, column vectors can often be written

o more gquickly.

The path of ' 1z given by

F—Ty 2
q=| 2 |+:| 0 In this question, vou need to use the
_1 1 equation of a line using vectors in three

dimensions and yvou need to know how to
show that two lines intersect. These are
topics in C4. The prerequisites for W4
require the knowledge of books C1 to C4 as
well as M1 to W3

Equéting the i c.omponents
l+i=-1+2t=¢=2

When t=2
AN ETY
p=|-2|+2 2 |=|2
\ 3 ) '._].' '.].'
g Gl T ke
1N (oY 3
qg=| 2 |[+2|0|=|2|=p
Henﬁe, when 1= 2, P and ' collide at the point with position vector
(31 +2) +1dm
_ L =0) +— Asthe velocity of R relative to P
b i Let jvp=4A| 4 is in the direction of
_—1._. (-Si+4j—k ). it mustbe a
Ve T Vp =V, multiple of (-Si+4j-k ).
_s) F 10
Al 4 |=v—| 2
{108
vpy=|2+44| @
-1- P._
(2
Let pvp=p| 2
-1
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|'_2‘| { 2 \
{2 [=vy— 0
_1 F \ ] s
(2—200
—— @ *+— You now have two expressions for v,
2T £ ; ;
- Equating any two of the components will
o, give you a pair of simultaneous equations
in A and @,

Equating the 1 components of @ and @

1-54A=2-2u
—Sit+2u=1 @
Equating the j components of @ and &
2+4A=2u
—4A+2u =
Subtracting @ — 3
A=1
Substituting A =1 into @
{15\ [ —d)
vy=| 2+4|=| 6
s1ei] |and

The velocity of Ris (—4i+6j—2k)m s

n The path of iz given by

() () +— The path of a particle mowing with constant velocity can
r=|y|+i & be written as r =1, +¢v , where ¢ iz the time, 1, the
Z) | -2 position vector when £ =0, and v the velocity.

where {(x+3+:zk ko 15 the posttion vector of Rat time £=10.

[ 3) | When =2, all three particles are
From part a, when é=21 =| 2 at the point with position vector
1] (A4+2j+k )m.
£ Loy Iy £ Fasay 11y
y|+2 &6 [=|2|=|y|=|2-12|=]-10
| z | —2} (1] lz] .__1+4_ ]

The posttion vector of Rat time £=0 15 (11-10j+5k }n .

© Pearson Education Ltd 2C
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Solutionbank M4
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 16

Question:

A rughy player is running due north with speed 4 m s~ He throws the ball

hotizontally and the ball has an initial velocity relative to the player of 6 m s~ in the

4

5

a Find the magnitude and direction of the initial velocity of the ball relative to a
stationary spectator,

b Find alzo the bearing on which the ball appears to move initially to the referee who

1z running with speed EN"E m s~ in a north-westerly direction. [F]

direction & west of south, 1.8 on a bearing of {1804 )", where tan 8" =

Solution:
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‘IT—- E v (4 ms ']

(ﬁ ms '} §¥p

Let 1 and j be horizontal unit vectors due east and due north respectively.
¥ =]

2Vp = —6sin Bi—6cos 65 4 Youresolve the velocity of the player, v,
and the velocity of the ball relative to the

4 4
tant) = —=snb=—_.cos0=_ player, »v,,parallel to the unit vectors 1

and j.

BVp =V~ V¥,

4 3
Exi—6x2j =v,—4]
5 s B

vp= 48 +(4—36)j =—4.5 +0.4j

v P= (48 +(0.4) =232 4

vy =4.82 (3s£) :

You can see from a sketch that if

tanHzi,then sinHzi and c:c-stE.
3 5 5

0.4 P
4-3 . . . .
0.4 Mo accuracy 15 specified in this
tan g = — =0.083 question and any reasonable
_ accuracy would be accepted. In
¢ = S"(nearest degree) this contesxt, 2 or 2 significant
The wvelocity of the ball has magnitude 4.82m &' figures 1s sensible.

(3 sfhand iz onabearing of 275" (nearest degree).
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The welocity of the referee 1z given by

v, =—2VZ2cos45'1 +2V 2s1in 45 i
. Using cogdd” =ainds® = —.
=-2i+2) = Ve

The welocity of the ball relative to the referee 1z given by
BYETNg—Va

= —4.8i+0.4— (=2i+2j)

=-231-1¢)
N
i L.' - +— Therg is an interesting interpretation
i of thiz question The ball iz actually
2.8 keing passed forward but appears to
16 W ke backwards to both the player and
the referee.

i % sy =297 (1dp)

The bearing on which the ball will appear to mowve to the referee 1z 240° (nearest
degreel.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 17

Question:

Two ships .4 and B are travelling with constant speeds 2z ms " and zm s™'

respectively, 4 on abearing € and B on abearing 30" 48 . It 15 also assumed that a
third ship " has a constant, but unknowsn, velocity which is talen to be a speed

vm st onabearing ¢ To an observer on ship B the velocity of ¢ appears to be due
north.

¥

a Show that — .
sinegdh  cosd

To an obzerver on ship A the velocity of C appears to be on a bearing of 135°.
b Shew that 2uices® +sind) = wcosg +sindg)

¢ Hence, find tan¢ in terms of tan &,

iven that 8 =30" and & =10,
d find the true velocity of O, giving your answer to 3 significant figures, [E]

Solution:
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o L

9 2ums! o

ums!

\'H

Letiand j be horizontal unit vectors due east and due notth respectively
vV, = 2usin B+ 2 cos )

vy =ucosth—usin 6] +— Youresolve the velocities of 4, B

Vo =vandi+veoesd) and T in the directions of 1 and j.

oVg = Vo —Vy=Aj, say \
veindi +veos @) — (ucosBl—usin #j )= Aj

Equating i components
veing—ucosd =0

Az the wvelocity of O relative to 5,
oV g, 15 due north then it must have

the form Aj, where A 15 a constant.

vaint = cosf

¥ v

. azrequired

singd cosd

oV =Ve—v, = 1li—j), say ‘] T_\ 135°

vain gl +vcos @ — (22 sin Bi+ Zucos 8 )= nli—j) *

Equating 1 components

vang—2usn@=nu @O & bearing of 135° 15 in the direction

Equating j components 1-].
voos(h— ZucosB=—u @

Eliminating i@ between (D and &
vain— 2 sin ! = —vecosd+ Zucos

ZufcosB+sn B )=v(cosd+sind ), as required.

PhysicsAndMathsTutor.com
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¢ From the answer to patt a

gt ot ¢ The first step in part ¢ 15 to

cost eliminate & between the answers
Hence to part a and part b, When you do

Vosin o A o i ; :
2 : lcos B+sn B) = v(cos g +81n ) Uit i also. caneely gnd e
cos @ obtain a trigonotmetric relation
2" cosf+sin @) _ cosd+sing between 6 and ¢.
cos ] sin o

24+2tan B = cotgd+1

cotgh =14+2tan 6
: 1
tan f = ———
1+ 2tan &
; il
d tanp = —=04641
1+ 2tan 30°
=245 (3:f)
_ucos®  10ces30" SR YR An answer in vector form is also

T T (3s. / acceptable. This would be
i T . . 1

The true velocity of O has magnitude 206 m s Cads bl bl B

(5 af)andis onthe bearing 024 9° (3 af)

© Pearson Education Ltd 2C
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Solutionbank M4
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Review Exercise 1
Exercise A, Question 18

Question:

[f# this question | and J are horizontal uxnit vectors due east and due north
respeciively. |

The atrport 5 1z due north of airport A, On a particular day the velocity of the wind 15
(7084 25}km h ™', Relative to the air, an aircraft flies with constant speed

250 km h™t

When the aircraft flies directly from A to B, find

a itz speed relative to the ground,

b its direction, as a bearing to the nearest degree, in which it must head.

After flying from A to B, the aircraft returns directly to A

¢ Calculate the ratio of the time taken on the cutward journey to the time taken on the
return flight. [F]

Solution:
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Nortl
ot Vkmh!

250 km h™'
(706 + 25§) km h™!

Let the aircraft fly on a bearing of {360" - r;*r) and itz speed relative to the ground be

kel The velocity relative to th dis th
RI:—;] TS50 sind =0 *_._,___—-—-—'—’_'_' £ WEloCILY relative To £ Zround 13 £

resultant of the velocity relative to the air and
ity = the velocity of the wind. As thiz re sultgqt is.

o5 north, the sum of the comp onent welocities in
the easterly direction must be 0,

BTy ¥ =290cos+25 |

2 - 7 576 _(24Y

24 cos" 0 =1-—sin r3-=1—_2=_2=| _|

=250/5+25=265 250 25 | 25
24

The speed of the aircraft relative to the ground | As ¢ is acute, cosd=—.

is 265kmh™!.

b sin..#=%=;.';"-=l6" inearest degree)

The direction of the aircraft is on the bearing

(360° - i.’-‘)= 344" (nearest degree).

c t North

(70i + 25j) km b

250 km h 8 Wkm h!

O the return journey, let the aircraft fly on a bearing of (18[]" B H) and its velocity

relative to the ground be Wihkmh '
R(—=) 70-250sn8=0

. 7
sinH=—
25
Ril) W =250cos8—-25 <—— @ hasthe same value as ¢ inparta
24

=250 x——-25=1215
25

Let T, be the time for the outward journey Az the distances are the same, the time of a

and 7, the time for the return journey. journey 1s inversely proportional to the true

i T L O | speed ofthe atrcraft, 7 = l The actual
T ¥V 265 53 v

distance travelled 1z not relevant in patt ¢

PhysicsAndMathsTutor.com
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Solutionbank M4
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 19

Question:

B

— Ddms! ] G0m

Mary swims in still water at 0.85m 57" She swims acress a straight river which is

60 m wide and flowing at 0.4 ms~". She sets off from a point A on the near bank and

lands at a point 5, which is directly opposite 4 onthe far bank, as shown in the figure
abowe,

Find

a the angle between the near bank and the direction in which Mary swims,

h the time she takes to cross the river.

]

i ry

P 0.2ms™! 20m
EETEE e e i s e {_"

'

:

E — .5ms! 40m

'

i

: v

o

A little further downstream a large tree has fallen from the far bank into the river. The
river is modelled as flowing at 0.5m s7' for a width of 40 m from the near bark, and
0.2 m s~ ! beyond that Nassim swims at 0.85m 57" in still water. He swims across the

river from a point O on the near bank. The point 2 on the far bank iz directly opposite
' az shown above Massim swims at the same angle to the near bank as Mary.
¢ Find the maximum distance, downstream from 0 of Massim during the crossing,

d Show that he will land at the point 1 [E]

Solution:

PhysicsAndMathsTutor.com
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a -=1
4 ms B

L

Az Mary crozses directly from A4 to B,
the resultant of the welocity of her
| swimming and the velocity of the water
must be perpendicular to the bank. You
then use trigonometry and Pythagoras’
theorem to solve parts a and b

0.85ms! yms

A

Let the angle between the near bank and the direction in which Mary swims be &

#=61% i(nearest( 17

b Let Mary's speed relative to the bank be vm s
v =085 -04*=05625
v =N05625=073

) distance
fime =

speed

Mary talees 80 2 to cross the river,

c D Tem—

-

20m

—r

40 m

PhysicsAndMathsTutor.com
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Let B be the point where Massim is furthest downstream.

Letiand j be unit vectors parallel and perpendicular /
to the banks in the directions shown in the diagram.

As Mazsim moves from Cto B

wVw

Page3 of 4

It 1z possible to solve parts ¢ and
d using vector triangles.
Howewver, to get full marks yvou
tust show that MNazzim lands
exactly at 72 and this iz eazier to
show using a vector or
component method.

=04 +0.75) ‘"—_'_'_‘__"k——___

WV = Ve~ Vi

041 +0.75) =v,,—0.31

The welocity of Massim relative to the water,

WVt s | iz the same as Mary's in parts a
and b, that is (—0.4i+v)m s and inpart b
you showed that w=075.

vy = 0.1 +0.75)

Considering Massim's motion parallel to §
as he mowves from Cto &

From O to &, the velocity of the water,
Vit 8 Thas magnitude 0.5m s

) distance
fime =
speed
40 160
075 3

Parallel to 3, Massim moves a distance
of 40 m with speed 0.75m st

Let the distance moved downstream be o m.

Considering Massim's motion parallel to 1 as he moves from Cto &

distance = speed <time

3 3

‘-

The resultant velocity (0.1 +0.75]1m s

shows that Mazsim 12 pushed downstream
atarate of 0.1ms b

The maximum distance downstream of Massim during the crossing 13 —m .
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d From B to the far bank the velocity of the

water has magnitude 0.2m s and equation =

becomes
0 4+075 =v,—0.2
Vv =—02140.75

Conzidering Massim's motion parallel to  as
he mowves from & to the far bank

: distance
time =
speed
20 a0
0.75 3

Let the distance moved upstream be 2 .

Tourepeat the method you uzed in
patt ¢ to find the distance that
Iassim moves upstreatmn as he
swims from K to the far bank

Parallel to j, Wassim mowves a distance
of 20 m with speed 0.75m s ', Inthis
direction, his speed has not changed.

Conzidering Massim's motion parallel to 1 as he mowes from Cto &

distatice = speed xtime

2016

Al =P

Az g =d, Massim lands at the point 2

© Pearson Education Ltd 2C
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(—0.214+0.75) m s ' shows that
Maszim moves upstream at a rate of
0.2ms
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Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 20

Question:

& girl wishes to ewitn across ariver from a fized point O on the bank, to apoint B on
the opposite bank. The position vector of & relative to & 13 20jm In a simple model

the water is assumed to be flowing with uniferm velocity zim s~ and the girl intends
to swim in such a way that she moves along the line OF.
a CGiven that » = 0.6 and that the speed of the girl relative to the water is 1m 577,

show that the time taken to switn across the river 12 25 2.
A geographer points out that the flow of the river will be faster nearer the middle than
clozer to the banks and the model for the flow of the river 15 refined. When the girl is
at a point & on the river, with position wector (x4 40m | the welocity of the river at

that point is vi m ™', where
v=%(20—y}, 0= y=l20.

The girl swims with velocity (—pj +¢j)m s~ relative to the water, where p and ¢ are

positive constants. The girl starts to swim from O at time £ =0 and the time taken to

cross from Qto B s now 50 5
h Find the value of ¢ and hence show that, at time ¢ seconds, y=04¢.

¢ By considering the motion of the girl in the i direction, find the value of . [E]

Solution:
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(Il.ih m 5! B

t rms! 20m

0

Let the speed of the swimmer relative to the bank be vm s '
v =1-0.6" = 0.64

v="04644=038
_ distance
fime = ——
speed
= E 5=253s, asrequired
0.8

b Let vy be the velocity of the water,

Tou interpret the conditions of

Vpins b= (A+y) ms ' be the velocity lesmnest: s

of the girl, and v, ms ! be the velocity ¥ .
of the girl relative to the water. Vi = E(ZU—)J)I e

Vg =—Pitg].

¢V = Ve~ Vi

—pltg] =vg— o (20—=xp Equation = chows that, in the j
23 / direction, the girl is moving with

Vg =ﬁ+}}j:|' %(gg_y)_p I|i+gj the constant speed gm s 1.

Considering the motion in the j direction
distance = speed xtime
20 =gx50=g=04
Attime £ seconds
distance = speed xtime

¥y =gt =04¢, asrequired

PhysicsAndMathsTutor.com
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¢ Taking the 1 components of equation

_odx oy
=—=_{20-
v e
_ 4y
T
ay E_ 0.16¢* —p +— Tlaing the result of patt a by
3 25 substituting y =04
Integrating
2 3
r= 1oem _0.16¢ —pt+A +— Ais aconstant of integration,
10 75
When t=0,x=0=4=10
162 01&°
x= - — pi
10 73
When £ =50, x=10 4— When the girl reaches 5 after 50 s, there has
16%50%  0.16%50° been ne displacement upatream or downstrearn.
(= - —50p
10 73
a00
S50p =400 - —
3
16 8
= 8—_ —r—
A

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 21

Question:

A smooth uniform sphere 5 of mass 2 13 movwing on a smooth horizontal plane when it
collides with a fized smooth vertical wall. Immediately before the collision, the speed
of 51z U7 and 1ts direction of motion makes an angle « with the wall. The coefficient
of restitution between 5 and the wall 15 2.

Find the kinetic energy of & immediately after the collizion. [E]

Solution:

-

AN

Wall

Let the components of the welocity perpendicular and parallel to the wall immediately
after the collisionbe 1, and v, respectively.

Farallel fo the wall

Vv, =# Cosd +—— The impulse 15 perpendicular to the wall and so the
component of the velocity parallel to the wall 15
FPerpendicular fa the wall unchanged.

Pagel of 1

Mewton's law of restitution

v =gusing 4———| Perpendicular to the wall, Newton's law of restitution gives
i that, for the velocity, the component after collision

=g #the component before collision
The component of the velocity perpendicular to the wall
before collision is wsin of.

The kinetic energy of 5 after the collizion 1s given by

1 2,1
Em(vx i } *— Ifwviz the velocity after collision, the
kinetic energy of & after the collision is
=lm(ggu2 sin2t£+u:"cos:"t£) 1 a 3
2 —wpv” and v =y, v,
1 2
= Emuz (é'z sin’ or +cos? r:}

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 22

Question:

A smooth sphere 5, of mass me, 12 moving with speed & on a horizontal plane when it
collides with another smooth sphere, of mass 3m and having the same radius as .5,
which 15 at rest on the horizontal plane The direction of motion of Shefore impact

makes an angle 8,0 <8 < % . with the line of centres of the two spheres. The

coefficient of restitution between the spheres 15 2. After impact the spheres are mowving
in directions which are perpendicular to each other.

Find the value of 2. [E]

Solution:
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Line of centres

Components of velocity before impact

1 sin 8 s Al rest
I cosd

Let the components of the velocity
after impact be

-—

Faralle! io the line aof cenires

Conservation of linear momentum
mcos @ = 3mx

i

1
Kx=—ucost
3

Hewton's law of restitution

R

velocity of separation = e ®*velocity of approach

T=gucosH @

From M and @

—ncosfH =g cos

Page2 of 2

Before the impact, the second sphere 15 at
rest and the impulse on this sphere acts along
the line of centres. So the second sphere
must move along the line of centres. The
fuestion gives you that, after the impact, the
spheres are moving in perpendicular
directions, so 5 13 mowing perpendicular to
the line of centres.

The weloctty of 5 has no component
along the line of centres and so the
velocity of separation in this direction
1z just the velocity of the second
sphere, x.

Hence
1
E e
3

Toucould find y Az the component of
the velocity of 5 perpendicular to the line
of centres s unchanged, y=usind.
Howewer, in this question, this is not
required.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 23

Question:

L]
.
w

Two smooth uniform spheres A and 5, of equal radius, are moving on a smooth
horizontal plane. Sphere 4 has mass 2 kg and sphere 5 has mass 3 kg The spheres
collide and at the instant of collision the line joining their centres 15 parallel to i

Before the collision A has velocity (3i—j)m ™% and after the collision it has velocity

(—21 —jim 5. Before the collision the velocity of B makes an angle o with the line

of centres, as shown in the figure, where tan qe= 2 The coefficient of restitution
between the spheres is ;— Find, in terms of 1 and §, the velocity of B before the
collision [E]

Solution:

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Mechanics 4 Page2 of 2

Let the speed of B before the collision be wm ¢

(3i—jyms-!

Components of velocity before collizion

Ims! (0 cos ) ms-!

Ims'| A B (1 sin @) m 5!

Let the compaonents of velacity after collision be

el -1 y -1 -
i s FParallel to j, the components of the

.‘——
I 4 ) | velocity are unchanged and vou can
ms (e sin o) m s just write them down,

Faralls! to1

Conservation of linear momentum
2x3-Expcoso =2 x(—-2)+3z

6 Scosor =4 + 3z
Zucosor+3z =10 o ]

Equations @ and @ are a pair of
simnultaneous equations in ucos o
and z. The question asks vou to find

: : : the velocity of & before the collision,
welocity of separation = 2 xvelocity of approach You do not need to know z, so

Hewton's law of restitution

eliminate i,

2+z =%(3+ucosrr_}

wcosg—2z=1 @

=2
b cosor+6z =20 )
@ =3
Bucoso—6Hz =3 &
D+@
Bucosoe = 23
Hoosr = E - The question gives you that tan or =2
; / and, as you have found wcos o, you can
_wEno use this result to find wsin .
tan of = =2
1 COSOr
maln o = 2u c:r:r‘snc=2><§=ﬁ
g 8

The velocity of B before the collision is
(23, 46 ']ms 1

(2 coseri usinfcj}msl=[ —i=—]

e, 2

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 24

Question:

A amall ball is moving on a horizontal plane when it strikes a smooth vertical wall,
The coefficient of restitution between the ball and the wall iz 6. Immediately before
the impact the direction of motion of the ball makes an angle of 60° with the wall.
Immediately after the impact the direction of motion of the ball makes an angle of 30°
with the wall.

a Find the fraction of the kinetic energy of the ball which 15 lost in the impact

h Find the value of 2. [E]

Solution:
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Wall

YT

Let the speed of the ball before impact be um s and the speed of the ball after

- 1
impactbe vms .

Faralle! to the wall

goos 60" =veoos 30° 1 Aszthe impulse of the wall on the ball iz
_ perpendicular to the wall, parallel to the wall
1 V3 i : )
—U ==V SV the component of the welocity of the ball 15
.2 : 2 3 unchanged.
The kinetic energy lost iz
PR
lmz_lwz=lmﬂ__m|'i'| ,
2 2 z 2 \V3) substituting v = %.
= lmz —lmug =lmu2
2 & E

The fraction of the kinetic energy lost is

L

3 2 —

lmuz 3 t T lc:jss. in 1«:1?1&1:17: ENEZY
2 original kinetic energy

b Ferpendicuiar to the wall
Mewton's law of restitution

vein 307 = gucos 60° <+— Perpendicular to the wall, Newton's law of
1 V2 restitution gives that, for the velocity, component
EV = ?eu after collision =2 ¥ component before collizsion
hsy=L
3
Toowiis 1 1

L |

P =g
2 N3 2 N3xRVE

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 25

Question:

A smooth sphere A movwing with speed u collides with an 1dentical sphere 5 which is

at rest. The directions of motion of A before and after impact makes angles % and 3

respectively with the line of centres at the moment of itnpact. The coefficient of
restitution between the spheres 12 0.8,

Show that tan B =103 [E]

Solution:

PhysicsAndMathsTutor.com
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Let the mass of the spheres be #2, the speed
of A after the collision be v and the speed of
£ after the collision be w.

A B

Line of centres

Components of velocity before the collizion

i sin % A B

Al rest

T
i COs —
i |

Components of velocity after the collision

vsin 8 A B
vcos f W

Ferpendicular ta the line of cenires

T

Page2 of 2

+— In questions about identical spheres,

the tasz ofthe spheres will usually
cancel out of any equations but it iz
sensible to introduce a wvariable for the
mass, #2, so that you can write down
the equation for conservation of linear
motmentumn.

Eefore the collision, £ is at rest and the
impulse on & acts along the line of
centres. Hence, after the collision, &
must move along the line of centres.

van fi=u siné=—u L

Farailel to line af centras

Conservation of linear momentutm
il

PRI COR E = mvoos I +Hmew

= lu —veos i@
2

Mewton's law of restitution

velocity of separation = ¢ xvelocity of approach

T
w—voos I = 0. 8ucos—

w=04du+vees 5... @
Eliminating w from @& and @

%u —veoos i = 04 +voos

vios (3 =005 &

Perpendicular to the line of
centres the component of the
velocity 15 unchanged.

The value of w i3 not required, so
you eliminate it between
equations @& and 3.

4— You elitminate & and v between equations
D and @ by dividing the equations.

Dividing @ by @
W3
FnB_ 3 ¥
#cosfl 003w
tan § =103,  asrequred

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Pagel of 1

Solutionbank M4
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 26

Question:

A smooth unifortn sphere P of mass #2 13 falling vertically and strikes a fized smooth
inclined plane with speed 2. The plane 13 inclined at an angle 8,8 < 45 | to the
horizontal.

The coefficient of restitution between F and the inclined plane 15 . Immediately after
P strikes the plane, F moves horizontally.

a Show that e =tan®# .

b Show that the magnitude ofthe impulse exerted by P on the plane 1s wo secd

[E]
Solution:
a
Let the speed of P immediately after the impact be v.
Parallel ta the plane Parallel to the plane, the component of
wsinB=vcos O m 4+—— the welocity is unchanged by the
impact.

FPerpandicular to the plans

Mewton's law of restitution
vain B = gucos B

eucosl =viin @ )]
Dividing @ by @

gpcos B yein

wan @ ycosf

_sn*@

=tan® B, as required

cos® @

b Eesolving perpendicular to the plane,
the impulse 18 given by

I =wwsin—m(—ucos) <4 The impulse is perpendicular to the plane and its
magnitude is the difference in the linear

=mlvesin+ucos ) !
momenta resolved perpendicular to the plane.

(wsin @ \
=m‘ sin +ucost ‘
|\ cosf | :
b : ‘ on @ i sin B
(sin?B@+costn ) ' From equation (| in parta, v=
— m‘ ‘z mu| | cos f
cos | \ cos B |

=pmsect, asrequired

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 27

Question:

A smooth uniform sphere F 15 at rest on a smooth horizontal plane, when it 13 struck
by an identical sphere & moving on the plane. Immediately before the impact, the line
of motion of the centre of (2 15 tangential to the sphere &, as shown the figure. The

direction of motion of O 12 turned through 30° by the impact. Find the coefficient of
restitution between the spheres. [E]

Solution:
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Let the mass of each of the spheres be m and the radius of each of the spheres be »
Let the angle the direction of motion of O malces with the line of centres before the

impactbe 8.

; o1 :

sinfl=—=—= =730
r

Hence, the angle the direction of motion of
makes with the line of centres, after the

Page2 of 3

impact, 15 607, « ( iz turned through 30° go, after the
Let the speed of 2 immediately after the collision, it makes an angle of
impact be v and the speed of A immediately 20° 4+ 30° = 60° with the line of centres.

after the impact be x.

Components of velocity before the collision
f

usin 30° 0 R
Al rest
u cos 30°

Components of velocity after the collision

“

: 2 Initially, B iz at rest and the impulse of &
vsin 60° ¢ R / on K acts along the line of centres. So,
after the impact, & tnoves along the line
veos 60° X of centres.

Ferpendicular io the line af cenires

For 0
wsin 30" = vain 60" - Az the impulee is along the line of centres,
1 the component of the welocity of
53“ = ?V:’ u=via. @ perpendicular to the line of centres is
unchanged.

Farallel io the line of cenires
Conservation of linear momentum
muicos 30" = prvcos 607 +amx

x=£u—lv L
p 2

Mewton's law of restitution
velocity of separation = e xvelocity of approach

x—veooshl® = gncos 30°

PhysicsAndMathsTutor.com
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T Eé‘ﬂ +=w L,
2 2

Eliminating z from @& and 3
V3 1 V3 1

o =1 E e BN et et

2 2 2 2

N3 ;
v=—uil—g) +—— You now use equation I to

y eliminate & and v.
Tsing @

V= ;;v'-3(1—e)

4’/_,_,_,—,—" Diwiding both sides by v and

2

3 o using WAKWIE=3
1==(1-2)= §=1—e

"
Il

| =

. 2 m A
The coefficient of restitution between the spheres 15 =

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 28

Question:

A emooth sphere F lies atrest on a smooth horizontal plane. & second identical sphere
O, moving on the plane, collides with the sphere F. Immediately before the collision
the direction of motion of 2 makes an angle o with the line joining the centres of the
spheres Immediately after the collision the direction of motion of (2 makes an angle
4 writh the line joining the centres of spheres, as shown in the figure. The coefficient
of restitution between the spheres 15 2,

Show that (1—e)tan 8 = 2tan o [E]

Solution:

PhysicsAndMathsTutor.com
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Let the masze of each of'the spheres be w2

Let the speed of O immediately before the collisionbe
and its speed immediately after the collision be v,

Let the speed of P immediately after the collision be x.

Line of centres

y
Components of velocity before the collision
I Cos o

i sin o 0 P
Al rest

Components of velocity after the collizion

veos g X
—_———
vsin 8 Q P

FPerpendicular fo the fine af centres

Touneed to introduce a number
of variables to solve this
gquestion and yvou need to make
clear to an examiner what the
variables stand for. You can do
thig with a clearly labelled
diagram.

For O

usinc=vsin i @ +— Asthe impulse is along the line of centres, the
component of the velocity of O perpendicular to the

Along line af centres line of centres 1s unchanged,

Conservation of linear momentum

jucosor = vein B+ @x

r=ucosof—vcos 3 [

Mewton's law of restitution
velocity of separation = g xwvelocity of approach

TTse these two equations to
eliminate x, the speed of P,

x—veos 3 =eucosd
x=gucostr+veoz i 3D

Eliminating x between @ and @
cosr—veos 3 =eaucoesct+veos 3

(1—e e cosex = 2vcos 3 &

Dividing @ by @
wsinee _ vsin fi
(l1—elicosxr  2veoos 3
tanor  tan 3
1-e 2
(1—g Jtan § = 2 tan cx, as required

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 29

Question:

A smooth uniform sphere & of mass 2 18 moving on a smooth horizontal table. The
sphere & collides with another smooth uniform sphere T, of the same radiug as Sbut of
tnass dee, k> 1, which is at rest on the table. The coefficient of restitution between the
spheres 1z 2. Immediately before the spheres collide the direction of motion of & makes
an angle & with the line joining their centres, as shown in the figure.

l"\\h___-‘“__./f‘ '-.\E--fmi-./f'

Immediately after the collision the directions of motion of 5 and T are perpendicular,

a chow that e = l )
Fia

Giiven that & =2 and that the kinetic energy lost in the collizion 15 one quarter of the
initial kinetic energy,
b findthe value of & [E]

Solution:
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a Let the speed of & immediately before the collision be u and its speed imme diately
after the collision be v
Let the speed of Timmediately after the collision be x.

_______________ Line of centres

Components of velocity before the collizsion
ncos 8

u sin @ S T
Al rest

Components of velocity after the collision

1
) ] o *— Before the collision, Tis at rest and the
: § X impulse on Tacts along the line of

centres. So, after the collision, T moves
along the line of centres. After the
collizion, the spheres are moving in
Farallel o ithe lne of centres perpendicular directions, so & 1s moving
perpendicular to the line of centres.

Conservation of linear momentum
micos B = e

bx =wcos 0 o
MNewton's law of restitution

velocity of separation = e ®velocity of approach

x = eucos O Zy #— Parallel to the line of centres, the
Dividing @ by @ velocity of separation of the spheres is

,x’_e;:’;p{ﬁ Just x.

B wges

1 _
g = —, as required
I
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b If k=2 then 6= l *—| Tlaing the printed answer to part a.

From equation @ in part a
x=—ncost

FPerpendicular fo the fine af centres
For &

v=gzin &

The initial kinetic energy 1z Emuz

The final kinet: i
BRSNS IR The mazs of T iz ke

1 1 1 by {1 Y
— o+ — =—m{usian +—ﬁm| —ucosh |
2 2 2 i L

=%muzsin2H+%mu2cost —— pa k=7

The total loss in kinetic energy is

1 ( ; 1
T ‘ — s sin® O+ —pu’ cos® O
2 | 2 4 )
1 : 1
= —ps” (]—sm2 H}— —mu” cos® 0
2 4
1 1 1
= —pw’ cos® B ——pw’ cost 0= —pmcost B
2 4 4
Hence
Tt 10 N .
—puitcost = — x—mm 4— The loss of energy 1s one quarter of the
2 initial kinetic energy; that iz one quatter
1 1
coszH=§=t~ c:c:-sH=—2 oflmuf‘_

6 =45

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 30

Question:

A smooth uniform sphere A has mass 2m kg and ancther smooth uniform sphere 5,
with the same radius as A, has masz s kg The spheres are moving on a smooth
horizontal plane when they collide. At the instant of collision the line joining the
centres of the spheres 15 parallel to j. Immediately after the collision, the velocity of 4

iz (3i—jim s~! and the velocity of Bis (2i+j)m ™' The coefficient of restitution
between the spheres is é—

a Find the velocities of the two spheres immediately before the collision

h Find the magnitude of the impulse in the collizion

¢ Find to the nearest degree, the angle through which the direction of motion of A4 iz
deflected by the collizsion. [E]

Solution:
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nics 4

a Let the veloctty of B before the collisionbe (m—)9 )m s ' and the wvelocity of 4

before the collision be (wi+2z] )m at,

Eefore the collizion

After the collizion

The components of the velocities are in
1
ms .

Page2 of 3

Farallsl fol b
r=2,w=73

Farallel in

Az the impulse 1z in the direction of j, the components of
the velocities of both A and B in the direction of 1 are
unchanged.

Conservation of inear momentum
—my + 2 = el — 2 2]
—y+2z=-1 @

HNewton's law of restitution

velocity of separation = g xwelocity of approach

= (1) = (r+2)

y+z=4 @
D +@

3z=3=z=1

Substituting z =1 into @
yrl=d4=y=3

The velocity of 4is (3i+j)ms .
The veloctty of Bis (21—-3 ) s *,

PhysicsAndMathsTutor.com
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b Conzidering the change in momentum of A
in the direction of'J. +— Aszthe impulse 15 in the direction of j, you can

consider the change of momentum of either A
ot B in the direction of .

f = 2pv— 2pw
=Zdmxl—Zdm=(-11=4dm
The mass of A 15 2.

The magnitude of the impulse 15 4w M =,

Original direction
1 +— A 15 deflected from the direction of
(3i+] ) to the directien of (3i—7)

el

A

Final direction

The angle of deflection 15 given by

20=2 aru:tan% =37 (nearest degree)

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 31

Question:

1.3ms™"!

AN 4
I,

L

25ms!

Two stmooth uniform spheres A and £ of equal radius have masses 2kg and 1 kg
respectively. They are mowing on a smooth horizontal plane when they collide.

Immediately before the collision the speed of A is 2.5 m s~ and the speed of B is

1.2ms™'. When they collide the line joining their centres malkes an angle @ with the

direction of motion of 4 and an angle & with the direction of motion of B, where
tan o = % and tan 3 = % as shown in the figure.

a Find the components of the velocities of 4 and B perpendicular and parallel to the
line of centres immediately before the collision.

) o 1
The coefficient of restitution between A and &1z — .

b Find, to one decimal place, the speed of each sphere after the collision [E]

Solution:
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a Components of the velocity before the collision,

Al velocities are in m s+
1.3cos 8

2.5 sin & A B 1.3 sin 8

25cos @

The component of the velocity of A perpendicular to the line of centres

immediately before the collision iz

Page2 of 3

1 &

o—

29ammorm s 1=2.5-%ms '=2ms

The component of the velocity of 4 paralle

1 to the line of
centres immediately before the collision 13 /
2acosorms T=2.5 -gm = oy

3
This sletch illustrates that, as

347 = if tan f =3, then

sin = 4

3
3 ==

and cos = x

The component of the velocity of B perpendicular to the

line of centres immediately before the collizion 13

12

1.3sin fms'=13 -—Bms Lo

The component of the welocity of & parallel to
the line of centres immediately before the collizion s

l13cosfims 1=1.3-%ms '=0S5ms ! «— |

Let the components of the welocity after the collizion be,
with all velocities in m 5!

El

]
This slketch illustrates that, as

5 +127 =13, if tan f="2, then

el

sin,'h’=% and cos =

bt

1.2 B(1kg) |

The components perpendicular to
the line of centres are unchanged

X

Farallel io ithe lne of centres

Conservation of linear momentutmn

2x+y=2x15-1=x05
Zx+y=25 (@

Mewton's law of restitution
vel ooity of separation = e xwelocity of approach

PhysicsAndMathsTutor.com
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y—x = l(].5 +0.3) 1 4 approaches the point of the collision with
2 speed 1.5m s along the line of centres. B
approaches the point of the collision with
D—@ speed 0.5m s along the line of centres.

y—x=1 &

o the two spheres are approaching one
e another at the speed of

(15405 ms'=2ms’

From @
y=1l+x=135

The speed of A 1z
V(05 + 2 )m s =V425m s =21ms " (ldp)

The speed of & 15
V122415 )ms ' =V369ms ' =19ms " (ldp)

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 32

Question:

45m

21 m

B

The figure represents the scene of aroad accident. A car of mass 600 kg collided at the
point X with a stationary van of mass 800 kg After the collision the van came to rest
at the point A having travelled a horizontal distance of 45 m, and the car came to rest
at the point & having travelled a horizontal distance of 21 m. The angle AYE iz 207,
The accident investigators are trying to establish the speed of the car before the
collision and they model both vehicle as small spheres.

a Find the coefficient of restitution between the car and the van.

The investigators assume that after the collision, and until the vehicles came to rest,
the wan was subject to a constant horizontal force of 200 M acting along A% and the car
to a constant horizontal force of 300 M along B4

b Find the speed of the car immediately before the collizion [E]

Solution:
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a Let the components of the velocity of the car before the collision, with all

components in m s ! te 3
Agthe van iz at rest, after the

Direction of XA collision it must travel along the line
of centres of the car and the wvan In
the diagram in the question, X4 must

y car van be the line of centres, so you consider
(600 kg) (800 kg) the components of velocity
at rest perpendicular and parallel to X4,

Let the components of the welocity of the car and
van after the collision, with all components in m s *, be

E

w
R

v car van *+— Affer the collision, the van 1s
g (600 ke) (800 ke) moving along A4 and the car 1s
n b moving perpendicular to A4,

Farallel io X4
Conservation of linear momentum

600x=800w:~w=§x

Mewton's law of restitution
vel ocity of separation = e xvelocity of approach

W =egx
Hence
—x=ex
3
g il
4
b Forthe van
F = s
=500 = 800z = g =-0.625
Vv =u® +2as

0F = w? = 2%0.625x45
W =5625=w=75

To find w (and hence x) and »,
HE you need to uge both Mewton's
ORHE A second law and the kinematic

F=ma equation for constant
=300 =600a = a=-05 acceleration, v =u° +2as.
2

W =u® +2as

07 =32 —2x0.5%21
¥y =21= y=v21

PhysicsAndMathsTutor.com
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From equation = inparta

W=—-X

4

?.5=Ex=:- I=E=1U
TS

4
Let the speed of the car immediately before the collisionbe Tm s

I = 24yt =100 421=121
7 =4121=11
1

The speed of the car immediately before the collision iz 11m 2.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 33

Question:

A smooth sphere Tis atrest on a smooth horizontal table. An identical sphere 5
movwing on the table with speed I collides with 7 The directions of motion of & before

and after impact make angles of 30° and (0 =G < 90) respectively with £, the line
of centres at the moment of itnpact. The coefficient of restitution between & and Tiz &

U3

a =Show that I, the speed of Timmediately after impact, 15 given by V=T (1420

b Find the components of the velocity of &, parallel and perpendicular to £,
immediately after impact.

. 2
(iven that e =—,

¢ find, to 1 decimal place, the value of 3. [E]

Solution:
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Let the speed of 5 after the collision be w and the mass of both 5 and The #2.
Components of velocity before the collision
L/ sin 30° S T

Al rest

[/ cos 30°

Components of welocity after the collision

wsin 5 T Az the impact 15 along L, sphere T
must move along L.
— A
L.-'

weos 3

Farallsl to the L

Conservation of linear momentutn
mlcoz 30" = pavces 3 +ml”

WCos ,H+V=§U D - Using c0330"=§.

Mewton's law of restitution
vel ocity of separation = ¢ xvelocity of approach

F—wcos i =ellcos 308
F—weosfi= geU 2

D +@

"‘-3 "‘-3 U\B
W= b ell=——(14e)
2 2 2

= ?(]+e), as required
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b Subtracting @ from @ The components of the velocity of 5
2weos B =£U—£€U=£(1—E)U Paralleland perpepdicular to L, .
2] immediately after impact, are weoos i
s o3 4— and wsin [ respectively. Tou find
Lt T(I_E)U &4 weos 1 using the equations (@ and @
i part a.

Ferpendicular ta L
For &

: : 1 .
wein 3 = ein 30" = =07 & The component of the velocity of &
2 \ perpendicular to the impulse is
unchanged.

The components of the velocity of &, parallel and perpendicular to L, inmediately

after impact are ?3 (1—2 }7 and %U, respectively.

c Ife=§,Erom®

W oS ,"J’=£|I ]—E |U=£U
4 L 3 12
Also wsin 3 =%U

Dividing

—_

wain jU

weos i 3y
T

<

tan § = —=2V3
V3 Tze wour calculator to complete the question.
B=73% (ldp) +— Az no mode is specified, =173 radians iz

also acceptable.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 34

Question:

Two small spheres 4 and 5, of equal size and of mass # and 2 respectively, are
mowing ihitially with the same speed ©7 on a smooth horizontal floor. The spheres
collide when their centres are on a line L. Before the collision the spheres are mowing
towards each other, with their directions of motion perpendicular to each other and

each inclined at an angle 45" to the line L, as shown in the figure below. The

. o 1
coefficient of restitution between the spheres i3 o

a Find the magnitude of the impulse which acts on A in the collision.

i d - WALL

'L

The line L iz parallel to and a distance & from a smooth vertical wall, as shown in the

second figure.

b Find, in terms of &, the distance between the points at which the spheres first strike
the wall. [E]

Solution:
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i sin 45°
i

Components after collision

A
u cos 45° A (m) B A (m) The components perpendicglgr to
! L are unchanged by the collizion,
L i In this casge, all of the components
L tesin 457 perpendicular to L are
1 1 nsn 45" = -
u cos 45” B (2m) y B (2m) :
i —
u sin 45° 1 sin 45°
FParallel ia L
Conservation of linear momentum (1)
Qe cosdd” —mpm cosdd” = x4 ey
i+ 2y = 2 @
) 2
Mewton's law of restitution 3 1
. . : Tze cosdd’=—.
velocity of zeparation = e xvelocity of approach Vo

F it =%(HCOS45V

1
i—y=— @
hy NP
-3
Ay=0=y=10
Hence Jr:=i

\ 2

The impulse on A is given by

As vw=10 after the collision B 13

travelling perpendicular to .. You
will need this to solve part b

final momentum of A—1nitial mementum of A

(h 1=

|~ sin 45° |

-~ EE

The magnitude of the itnpulze which actz on A in the collision iz W 2w

PhysicsAndMathsTutor.com
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*— This diagram shows the components of
the velocity of A parallel and
perpendicular to L. Az both x and

: . 1
B usindd” are TS A moves at an angle of
usIn 4y o L

45" to the direction of motion of B

The direction of motion of A 1z given by

wein 45

r_'___,,—-—r’ Thiz diagram shows the paths of A

atd 5 from the point of collision to
i 4| wan the po.ints Whe;e they hit the wall.
The triangle is isosceles and the
required distance is 4.

The distance between the points at which the spheres first strike the wall 15 &

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 35

Question:

Two smooth uniform spheres A and 5 have equal radit. Sphere 4 has mass s and
sphere & has mass ke The spheres are at rest on a smooth horizontal table. Sphere 4
1z then projected along the table with speed & and collides with B Immediately before

the collision, the direction of motion of 4 makes an angle of &0° with the line joining

the centres of the two spheres. The coefficient of restitution between the spheres 1z ;—

a Show that the speed of B immediately after the collizion is

Ak+1)
Immediately after the collision the direction of motion of A makes an angle
ar ctan (2\5) with the direction of motion of &

b Show that k=1
¢ Find the loss of kinetic energy due to the collision [F]

Solution:
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a Let the speed of 4 immediately before the collision be o,

Line of centres

Components of the velocities before the collision

i sin 60 A (m) B (k)
Al rest

1 cos 60°

Let the components of the velocities after collision be

u sin 60° A (n) B (km)

il
.

As the impulse is along the line of

* centres, the component of the
velocity of 4 perpendicular to the line
of centres is unchanged,

Farallel to the line of centres

Conservation of linear momentum
e cos 607 = mx + iy

x+£g;=%u O

Mewton's law of restitution
velocity of separation = e ®velocity of approach /

y—-x=lucost50“=lu &
2 4

Az Hmewes along the line of
centres, the component, ¥, of the
welocity of 5 along the line of
centres 15 the velocity of B Zo to
solve patrt a, you must find y from
this pair of simultanecus
equations.

.
+. ol DR
oy +y 4
y= , s required
4{k+1)

PhysicsAndMathsTutor.com
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b From @
i g

- (k+1)

YT T k)

_@-kk
4(k+1)

i
47 4k +1)

The direction of motion of 4 iz given by

._\ Bm
Cman bl 5
 x 2k
4{k+1)
_4GHIN3_
2(2-k)
E+l =2-k

tan &

1
2k =l=k= > as required

o k=it

2
4@+Q 2
_(2‘%}‘_1
x= —=_u
45+1)

i sin 60°

X
The question gives vou that the
direction of motion of A makes an

angle atctan (2 3} with the line of

centres, so tan =2+ 3 Thiz gives an
equation that you can solve for k.

The kinetic energy of the system after the collizion 1z

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

After the collision the velocity of
Ahaz components x and wsin 607
o the kinetic energy of A after
the collision is

lzm (.xz - (u sin 60° )2 )

Before the collision only A 15 moving and
it has speed u, 5o the initial kinetic energy

;i
of the systetn is Emug.
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Review Exercise 1
Exercise A, Question 36

Question:

Two equal smooth spheres approach each other from opposite directions with equal
speeds. The coefficient of restitution between the spheres 1z 2. At the moment of
impact, their common normal 15 inclined at an angle € to the original direction of
motion. &After impact, each sphere moves at right angles to its original direction of
motion.

Show that tan 8= +fz . [E]

Solution:

PhysicsAndMathsTutor.com
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Let the speed of baoth spheres before the impact be & and the mass of each sphere #2.

Line of centres

Components of velocity before impact

i sin 8 1 sin @

wcos @ ucos d
Let the components of wvelocity after impact be

in @ i / By aymmetry, the magnitude of the
e “sin @ components parallel to the line of

centres must be equal

A X

Farallel to the line of centres
Mewton's law of restitution
velocity of separation = e xvelocity of approach

2x =elucosf

X =egucost
Considering the left hand sphere

l._____________._._.—-———'—' Direction of 4 as it separates

Tze trigonometry on this triangle
to complete the question

i sin 6

Direction of 4 as it approaches

x g cos
tan & = — = -
wain @ wain @
sin &
g =tan 0= =tan’ 6
cos B
tan & = Y g, as required

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 37

Question:

W

A small ball & of mass 2me 15 at rest at the point & on a smooth horizontal plane. A
second small ball P of mass s 13 mowing on the plane with speed %u and collides

with () Both the balls are smooth, uniform and of the same radius. The point C'is on a
stooth vertical wall Wwhich is at a distance ) from B, and BC is perpendicular to

WA second smooth vertical wall 15 perpendicular to W and at a distance &, from B

Immediately before the collision occurs, the direction of motion of P malkes an angle
o with BC, as shown in the figure, where tan o = 15—2 )
The line of centres of  and (15 parallel to BC. After the collision () moves towards O
with speed %u :

a Show that, after the collision, the velocity components of P parallel and

perpendicular to CF are %u and %u respectively,
b Find the coefficient of restitution between & and (&

¢ show that when {reaches O, F iz at a distance %dl from .

For each collision between a ball and a wall the coefficient of restitution is ;— iven
that the balls collide with each other again,

d show that the time between the two collisions of the balls 15 E

u
e findthe ratio &) d,. [E]

Solution:

PhysicsAndMathsTutor.com
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a Components of the wvelocities before the collizion

Fu sin P (m) Q (2m)
Al rest
Zu cos o
Let the components of the welocities after the collision be

The direction of the component of the

P(m) |Susinag  Q@Q2m) velocity of P along the line of centres, here
s called x, iz not obwious. If youput it in the
—_— opposite direction to that shown here, you

A o would get a negative value of x and your

solution would still be valid.

3 . 5 12
tan o = — =8N = — CoSf = — 4— 13
0T s

This sketch illustrates that, as 5° +12¢ =13% if

tant£=i,then sinuf=i ard cosuf=E.
12 13

FPerpendicular fo the line of centres U8

In this direction, the component of the velocity of P is unchanged and iz

: 13 5 :
— AN = — g x—=—u, as required

1213 12
Ferpendicular to the line of centres U8

Conservation of linear momentutmn

M —MCosl = —mix+ Zmoi—u
12 ]
) 13 12 6 1 _
= - — M K— = —y—u =—, as required
] 2 L 5]

b Mewton's law of restitution
velocity of separation = & xvelocity of approach

x+Eu =eEucosw +— 13 13 1z
e — OO = —l K—— W
1 3 12 12 13

—L+—l =u
3

5

h| =

PhysicsAndMathsTutor.com
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d

Let the time after the collision for O to reach Che £
distance = speed xtime
3 _5dy
e gufl == E
Perpendicular to W, in time £, Ftravels a distance s given by

&

SigbanEEhap e R e Perpendicular to W, the component of
5= %u xt, =%u /%=%d1 t‘tlle velocity of F after the collision 15
Eu. To find the distance of F from ¥,
The distance of F from Wis you need consider only this component.

d ts=d) +%d1 =%d1,as required

EBetore hitting W, (! has speed gu

;B E T %2 3
After hitting /¥, O hasspeed e —nn=—x—u=—"—u
gL ki 5 2 4 10
In the direction C'F, the velocity of () relative to P iz
3 1 1
5 10

The time, £, for (M to travel from C to the point of
the second collision is given by

%a’l GO TR In the direction '8, the time 15 given by

i g p \

2 iu g, the distance of { relatrve to P| %dl |
10 \

divided by the velocity of relative to

3

'}
i | 10 . | ;

The time between the two collisions 1z
. iy " 40d, 454, 154,
Su Su . i

i, . a8 required

PhysicsAndMathsTutor.com
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e Before hitting the perpendicular wall, 7 haz a
By :
component velocity Eu perpendicular to &8

After hitting the wall, this component becomes
5 1005 5

g —u
12 2 12 2

It £ 15 the time for Fto move from 5 to the wall

and #, isthe time for P to move from the wall

bacl: to O'F, then

Az () mowves along O'8, the second
collision must eccur on OF So
vou need to find the time it takes
for Fto move to the wall and
return to CF.

. s N 124,
2 S
12
and
_dy,  24d,
e =
—u
24
154,
e
%
124, + 244, _ 154,
S S i

36d, = 754,

LT Pl 4 e

© Pearson Education Ltd 2C
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iz moving along C8 So, for the
second collision, P must travel
from '8 to the wall, which 15
perpendicular to W, and back to

the line C'F, in time E
1

Paged of 4
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Review Exercise 1
Exercise A, Question 38

Question:

v / Lo
'." T

A zmall smoocth unifortm sphere Siz atrest on a smooth horizontal floor at a distance o
from a straight vertical wall. An identical sphere Tis projected along the floor with
speed If towards 5 and in a direction which 1z perpendicular to the wall. At the instant
when T strikes & the line joining their centres makes an angle o with the wall, as
shown in the figure.

Each sphere 13 modelled as having negligible diameter in comparizon with & The
coefficient of restitution between the spheres 1z 2.

a Show that the components of the velocity of Tafter the impact, parallel and

perpendicular to the line of centres, are %U(l—e) sinex and {lcosea respectively.
b Show that the components of the velocity of Tafter the impact, parallel and
perpendicular to the wall are %U(l +2lcosasin e and %U[E —(1+2&)sin® a]

respectively.
The spherez 5 and T strike the wall at the pointz A and 5 respectively.

iwen that e=§ and tancz=E,

¢ find, in terms of &, the distance A5 [E]

Solution:

PhysicsAndMathsTutor.com
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a The components of velocity before the collision
perpendicular and parallel to the line of centres are

Line of centres

Mu
“."‘H-._,_E
[/ sin o '
A
U cos o At rest

Let the components of velocities after the collision be

U cos o

Let the mass of each sphere be m

FPerpendicilar o the Ene af centres

The component of the velocity is unchanged, so the component of the velocity of 7
after the impact perpendicular to the line of centres 158 Ucos o, as required.

FParallel fo the line of centres
Congervation of linear momentum
el sin of = pax v
+y =usino D
ewton's law of restitution
velocity of separation = < velocity of approach
y—x=ellsina @
-3
2r=Usino—elsine=U{l-¢ kino

x = %U (1—2 Jsiner, as required

PhysicsAndMathsTutor.com
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b Let the components of the wvelocity of T after the impact, parallel and perpendicular
to the wall be X and ¥ respectively

RiVX =Ucososin o — xcosor
1
=Ucoszfsinu—EU{l—e}sintfcosu
=U|:osusinu|ll—l+le I|=Uc:osusinu|ll+lel|
L 2825 2 2

1

= —U(l+e Jcosorsin o, as required

2
Ei{—Y = Ucoscorcos o+ xsin o

1 o :
=fcos’ t£+§U[1—ejsm CELLL OF

= U(l—sinzrr)+%U(1—e) sin’ o

1 : ; :
=EU(E—251n2t.€+51n2t.€—esm2t.f]l
1 : :
=§U(2—sm:"u—ésm2t-€)
1 .
=_U|2—(1+e)sin® & |, as required
SU[2-(+eysin ] as req
. 3 4 . .
c tant.f=—=:~smt£=—,|:osu=g +— YToucan just write these down

but, if you can't remember these
relations, ¥ou can find the sine

: 2 ;
With e =—, the components in part b become : .
3 and cosine by sketchinga 3, 4, 5

2) triangle.
X=—U| 1_|__| 3 EZEU iangle
5
p=1yla 1+_' B S E g
2 25 2 5 10

PhysicsAndMathsTutor.com
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The direction of motion of 515 along the To find the points where $and T
line of centres :‘ strikce the wall, vou need to know
The direction of motion of Tiz given by the direction of motion after the

collision ofboth S and T

AN 4——— Wis the foot of the perpendicular
from the point of collision to the

wall.
B
i=tant-f=E=t~ AN=id
AN 4 3
e 7 7
A& =AN+NB=id+id=ﬂd
3 7 21

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 39

Question:

A uniform small smooth sphere of mass 3m moving with speed & on a smooth
horizontal table collides with a stationary small sphere B of the same zize as 4 and of
tnass 2me. The direction of motion of A before impact makes an angle o with the line
of centres of 4 and B, and the direction of motion of A after the impact makes an angle

3 with the same line, as shown in the figure. The coefficient of restitution between
.2
the spheres 13 E .

a Show that tan 3= 3tan o
b Exzpress tan{F —a) in terms of £, where £ =tan e

¢ Hence find, as o waries, the mazimum angle of deflection of 4 cauzed by the
impact. [¥]

Solution:

PhysicsAndMathsTutor.com
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a Let the speed of 4 before the collision be g,

the speed of A after the collision be v and the speed of B after the collision be x

Components before the collision

i osin o A (3m) B (2m)
at rest

o CcOs o

Components after the collision

vsin f A (3m) B (2m)

veos 3 X

FPerpendicilar o the fine af centres
vein f =wusino D

FParallel io the line aof cenires
Conzervation of linear momentum
3pmcos o0 = Jpnvcos 3+ e

2x+3vcos B=3ucosn @ o

Mewton's law of restitution

The relation you are asked to
prove containg only angles, so
yvou must eliminate the three
velocities, w2, v and x, from these
3 equations.

velocity of separation = ¢ =velocity of appiy
2
x—1VCos ,l'j=§uc:osw 3
2 —2x3

, 4 5
Svcos 3 =3u|:osu—§ucosu=§ucosu

vc-::us,"_l'=%ucosu &

Divide @ by &

vain i wsindo
3 1
veos p —LCosr
tan 3 = 3tan «r, as required

PhysicsAndMathsTutor.com
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b

tan 3 —tan o

B I+tanoitan 3
_ Stano—tanor | Ztano
" l+tanox3tano 1+ 3tan’ o
2
1438

yr o T /

1+3°
2(+3% -2t (61) -

Fit= =
(1+32) (1+3 )

Page3 of 3

The angle of deflection i the change in the
angle due to the impact and that is (J—a).

The mazimum of (3 -« ) will correspond to

the maximum of f2), which can be found
uging calculus,

For a mazimum value £ (£)=0
2-6' =0

Tzing the quotient rule for
differentiating.

1 =
i:_
._13
At £=L
3
2/_i 2/# 1
E(r) = e o Yo
1 1+1 3
1+3| i
Hence
tan(j —o) = —

fi—o =30
The mazimum angle of deflection
of A caused by the impact 15 307,

© Pearson Education Ltd 2C
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must be a maximum.
f(r)

For acollizsion, 0= =%0°, 50 the negative
solution can be ignored.

The least deflection is clearly
when =0 (there iz no
deflection then) and the deflection
initially increases as o increases
so, as the function 15 continuous,
the following stationary value

0
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Review Exercise 1
Exercise A, Question 40

Question:

Two identical spheres A and 5 lie at rest on a smooth horizontal table. Sphere B 1s
projected along the table towards sphere A with velocity w1 4y, where 113 the unit
vector along the line of centres at the time of impact and j iz a unit vector
perpendicular to 1 and in the plane of the table. Given that the coefficient of restitution
between the spheres is 2,

a find the wvelocities of the spheres after impact.

Giiven further that the welocity of B before impact makes an angle & with the direction
of 1 and that the welocity of B after impact makes an angle ¢ with the direction of 1,

tan 871
b show that tan (¢p— &) = Lﬂ;
1—e+Z2tan* &
¢ Hence show that, az € varies, the maximum walue of the angle of deviation, ¢—6,
occurs when tan® 8 = 1;'2 : [F]

Solution:

PhysicsAndMathsTutor.com
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Let the mass of both spheres be w2
Components of velocity before impact

J i

v A B

at rest
Let the components of the welocities after impact be

v A B

FParallsl to1
Conservation of linear momentum

B = px+ny
ity =u @D
Mewton's law of restitution
vel ocity of separation = * wvel oty of approach

y—x=eu @
D+@
Sy=nuten=y= a +2€)u
D—-@
Sx=u—enw = x= o)
2
After the impact, the velocity of A 13
v = i+ _Ejui +v] 4+— The component in the j direction iz unchanged
2_ _ by the impulse as it 13 perpendicular to the
and the velocity of 5 1s impulse.
{1+ehu

1

2

PhysicsAndMathsTutor.com
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ﬁ ;

X
N ¥
If v=m+)9,then tan ==,
x

s Z=tanp
T4
gy taty b —tan B
i l+tancdtan €| The formula for the difference of two
tangents 15 in the C3 specification.
—tan —tan
__l-e
i 2 3 5 +— Multiply the numerator and the
+——tan & xtan :
T denominator by (1—2) .
_ Z2tan B—(l-g)tan O
1—e+2tan® @
tan B(1+ :
= M, as required
l—e+2tan” &
{1+eit

¢ Let tanfi=¢ and £(t1=
2 1-g+2¢°

_ (l—e+ 24 e) —(1+2)6(40)

A (1—g+2tH?

For f'(f)=0
(1-e+26") (18] — (484" =0
l—e+2t* —4¢* =0
2t =1-¢
s l—eg
)

fro=ri o

1-# .
tan® @ = S L as required

4+— The maximum of (¢ — &) will

cotrespond to the maximum of
fie), which can ke found using
caleulus,

+— If you are very familiar with the

pure mathematics invelved, you
may recognise that £'( =0 has a
solution at £ =oo, which

-

cotresponds to 6= 5

Ezamination of the situation
shows this 15 not actually a
collision (the spheres “graze’ each
othet) so this case can be ignored,

The least deflection 15 clearly when

f =0 (there 1z no deflection then) and
the deflection mnitially increases as 6
increases so, as the function is
continuous, the following stationary
value must be a maximum,

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 41

Question:

A particle P of mass 3 kg moves in a straight line on a smooth horizontal plane. When
the speed of P iz vm s7', the resultant force acting on P is a resistance to motion of
magnitude 2v 17,

Find the distance moved by P while slowing down from Sms™ to 2ms™  [E]

Solution:

The displacement, x m, of 7 must be measured
from a fized point. Here you can choose to
teasure the displacement from the point where
the velocity of Pis Sm s .

R(=) F=ma ‘/,_--f—"'/ “When resistance 12 a function of velocity and the

R Y, . BVE euestion asks about a relation between distance and
; dv
velocity, the formula « =vZ normally uzed
., 22 dx
dx 3
Integrating with respect to x The resistance 15 in the direction of x decreasing and
o so haz a negative zign in this equation
v=——x+tC
3

When x=0,v=5 4+— A3z you are measuring the displacement from

S=04+C0=0C=5 the point where the velocity of Pis Sm s ',

Hence you use x =0 when v=235 to evaluate the

p=5— 2 x constant of integration

‘When v=12

2
2=50-——x
3
2

—x=5—2=3=‘.-x=g-3=4.5
E 2
The distance moved by F while slowing down from Sms 'to 2ms ' 245 m

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 42

Question:

A particle F of mass 0.5 kg 15 released from rest at time £ =0 and falls vertically
through a ligquid. The motion P 15 resisted by a force of magnitude 2v N, where
vm s7! iz the speed of P at time ¢ seconds.

a Show that 5% =49— 20y,
b Find the speed of Pwhen ¢ =1. [E]

Solution:

PhysicsAndMathsTutor.com
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T The displacement, x m, must be
/ measured from a fized point.

X 2w N

from which P 15 released.

Here vou can choose the point

Az Fis falling, the resistance
opposes motion and acts upwards.

E(ly F=sma

O 5h DGy A

v

TTsin =98 and a=—
25 az

dv

The weight acts in the direction of x
increasing, so, in this equation, the term 0.5g
iz positive. The resistance acts in the
direction of x decreasing, so, in this equation,
the term 2v 12 negative,

48-2v=05— W g
de

5% =49 —20v, as required

Tou multiply this equation by 10 and
rearrange the terms to obtain the differential
eruation printed in the question

2 sl @ |
,[49—201) J

The answer to patt a is a separable
differential equation and the first step in
solving it is to separate the variables,

_l ——Edez 1 ds
4 1 49— 201

—éln (45— )=¢+4

In (49 —20v )= B —4¢, where B =—44

“When t=0v=10
nd3=F¢

Hence

In (48 -20v ) =1n 49 —4¢

Jfl@ dv=Inf(»1+4 and
£(v)

i'[49—2l3v]|=—2[]. Tzing 5=—l «—20,
dv 4

vou adjust the constants 2o that the integral
cat just be written down,

i i
Touusethe logrule lna—Ind= 1n| % | to
In49—1In (4% - 20v)=1n | 49 "|: simplify the expression,
| 49 —20v |
B _
49— 20v i Taking exponentials of both sides to

49— 20v =49 ¥
20v =49-49: " =49(1-e )

The speed of P when =1

El:l—e imet=24ms(2af)
20" j

PhysicsAndMathsTutor.com

the equation and using the rule
pBI = ()

15 Az anumerical value of g has been uzed, the
/ final answer should be givento 2 or 3

significant figures,
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Review Exercise 1
Exercise A, Question 43

Question:

A particle of mass s moves in a straight line on a horizontal table against a resistance
of magnitude A{mv+ k), where A and & are constants. Given that the particle starts

with speed e at time £ =0, show that the speed v of the patrticle at time £ is

v=£(e'“—l)+ue'”. [E]
i

Solution:

Aimv+ k)

le— x

mg | The dizplacement x must be measured from a fized
point. Here you measure x from the point where the
patticle starts. Later, you will use v=u when =10 to
evaluate the constant of integration

Ef—) F =ma

" The resistance is in the direction of ¥ decreazing and
—Alptk)=ma = P?EE so has a negative sign in this equation.

Separating the variables

J v :—J;.d:
B+ k

In (#ev +k)=—-At + 4

At d A -
=g E

nmvt+k=¢e

Ar
= —— rl . ; ;
fe e®, where A iz an arbitrary constant, is

another athitrary constant, 5.

When t=0v=u
mut+k=258

Tou make v the subject of this formula to
Hence ;
/ complete the question

v+ = (e +k e

v =de ke ™ =k(e ‘:‘*—]\}+mu o

15: p P .
v=— (e 1 }+ue * as recuired
F!

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 44

Question:

& particle P, of mass m, 15 projected upwards fom horizontal ground with speed 7

The motion takes place in a medium in which the resistance is of magnitude =

2
FRETY

whete v 15 the speed of P and & iz a positive constant.
=how that P reaches 1its mazimum height above ground after a time T given by

F =:a
2
k di
_ _;‘::fgvg_ dv
g = I?fdé
3 (i +v "=E
g‘ &

Separatmg the variables

_[e
,[ﬁc’*+v ,[k_gdé

[E]

metion.

The displacement x is measured from the point of
projection In this question, both the weight of the
particle and the resistance act in the direction of x
decreasing and so the both terms representing
these forces are negative in the equation of

#——— The prerequisites given in the specification for M4

g

—aru:tan‘ E‘ =—=i+A
i \ &)

When f=0v=10L7

i require ¥ou te know that J-

1 x
= 2d.x=—;arctan‘—‘.
a’ +x o

1 i !
—aru:tan‘ — |=.r°.1
k &)

Hence

1 v g 1 (T
—aru:tan‘ —‘= 2£+ aru:tan|—
k \ A i k s

Atthe méxiﬁlum height v=10 and { =T 4+———

0= —%T+larctan ‘ E
ki i

k [0 :
Ti= —arctan| s | as required
g \ & )

© Pearson Education Ltd 2C
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‘|

When F reaches its maximum
height abowe the ground its velocity
12 0.
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Exercise A, Question 45

Question:

Attime =0 aparticle of mass me falls from rest at the point 4 which 15 at a height &
above a horizontal plane. The particle is subject to a resistance of magnitude min®,

where v 1s the speed of the particle at tune £ and & 15 a positive constant. The particle
strilces the plane with speed

Show that kF* = g(1—e™28y, [E]
Solution:
f A
f mky
h
v mg
Rl E;Ez_n_’,f——’ The displacement x is measured from A In this question, the
. v | weight ofthe particle is in the direction of x increasing. In
mg —mkv' = ma = mva the equation of motion, the term representing the weight,
Mg, is positive.
ﬁég_ ;éz/kvg = vﬂ The resistance acts in the direction of & decreasing and, in
dx the equation of motion, the term representing the resistance
15 negative.
Separating the variables

Vv
j Sl dv = Jl dx  «——— If you multiply both sides of this equation by —2k ,
£ : on the left hand side, the numerator of the fraction,
Muluply throughout by —2k —2/v .13 the differential of the denominater,

J _2z2 dy = J_ o dx g —b? and you can integrate using the formula
g— i
£(x)
dx=Inf(x).
In(g—i? )= —20x+4 Jf(x) nf(x)
B
_ 2
=5He + et where A is an arbitrary constant, 1s
At x=0,v=10 another arbitrary constant, 5.
g=58e"=8
Hence
- ot = - 2
=g {1— e m}
At x=hv=F

=g (1 — g R ) as required
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Exercise A, Question 46

Question:

L particle of mass w2 12 projected vertically upwards with speed U7 It iz subject to air
resistance of magnitude mekv®, where v is its speed and k is a positive constant,

a

=how that the greatest height of the particle above its point of projection 1z

| ki
—Iln [l +—] )

S z
b Find an expression for the total work done against air resistance during the upward
tnotion [E]
Solution:
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i Az the patticle iz moving upwards, the
1 resistance, mkv®, opposes the motion and
acts downwards.
R(lY F =ma
5 dv
—g — byt = ma = ”’“’E *+— When resistance is a function of welocity and
4 the question asks about a relation between
—pig — gl = W_V distance and velocity, you usually use the
dx ch
formula a=v—.
separating the variables
> g, b
2+ Y= +— If wou multiply both sides of this equation by

¥ 2k, on the left hand side, the numerator of the
Multiply throughout by 2% fran:tmr.l, 2kv, 1z the ciifferentml ofthe

* oh denominator, g +kv° , and vou can integrate

jng = JEkdx . e

JET uzing the formula - dx=Inf(x)

In (g +& ) = ~2x+ 4 (%
At x=0v=07
In (g +kT72 )= A
Hence

In (g +kv' )= —2kx +1n (g +AU*)
The particle reaches its mazimum height when v=10.

Ing=-2kx+ln (g +407%)

(g +&U°
2kx =In (g + &L }—lﬂ g=n g | Using the law of logarithimns

1

fa_‘l

772 1na—1nb=1n|—|.

x =—1n‘ 1+— |,as required b )
g |

b Work done = loss in energy

1 -
=_—mll* —mgx < _ I 1
P 5 The particle starts with kinetic energy EmUz
2%
= lm{ﬂ —mg /i1n| fid, kU | and, at its mazitnum height, has, relative to the
2 g | ground, potential energy mg < height above
1 : 2 the ground. The difference between these
= Em‘ e 1 | 1+ | ‘ energies 13 the work done by the resistance.
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Exercise A, Question 47

Question:

A lorry of mass M1z mowing along a straight horizontal road The engine produces a
constant driving force of magnitude & The total resistance to motion 15 modelled as

having magnitude kv, where k is a constant, and v is the speed of the lorry.

Given that the lorry moves with constant speed

a showthat I = [%]

Given instead that the lorry starts from rest,

b show that the distance travelled by the lorry in attaining a speed IEV 15 %ln [%] :
[E]

Solution:
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the lorry 13 moving at a constant
¥, the acceleration of the lorry 15 0.

F-kl'=0 «—— When
fad speed
=
f's
'FF"-

V= AY | ¥ | as required 4+——— The velocity of the lorry is taken in the

b E{—) F=:ma
F—it= M(I:MVE
dx

separating the variables

direction of x increasing and you can
1gnore the possibility of a negative
square root.

¥

JF A

dv=Jldx — |
M

Multiply throughout by -2k

2y o [2%

: L dx
JF—i M

If wou multiply both sides of this equation by
—2ic, on the left hand side, the numerator of
the fraction, —24v , 1z the differential of the

denominator F — kv’ , and you can inte grate
£'()

()

uzing the formula J drx=Inf(x).

ln(F—kvz}=—%x+A
M
i{—kx = A-ln (F -i)
A x=0v=0

O=d-InF=A4=InF

Hence / Tsing the law ?fl?garithms
) . o
§x=lnF—1n(F—kv2}=ln| d = | lna—lnb—ln‘lgl.
M | F =it ] L2
M [ F
x= —1n| = |
2k F-kh"
When v = lV,v:’ =l{ﬂ _F
2 4 4% :
- — You use the expression for &7
M F \ A [ F fromparta
x=—In 7 ="1n =
ek | pope | 26 | 2F
4 | (7"
Mo

o —1n| %‘ as required

2k
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Exercise A, Question 48

Question:

A train of mass 2 is moving along a straight horizontal railway line. At time ¢,

the train is moving with speed v and the resistance to motion has magnitude v, where

K1z a constant. The engine of the train

1z working at a constant rate P

a Show that, when v = Cl,mvl—v—I-ﬁ:v2 =F.

When 2 =0, the speed of the train is % [E]

b Find, in terms of a2 and &, the time taken for the train to double its initial speed. [E]

Solution:

power = force xvelocity

i

F=fp—F :E +— Aszthe velocity increases, the tractive
v force B decreases and, hence, the
E{—) F=suma acceleration will decrease.
F—iov =ma
F dv g 3 .
——fv=m— +— Multiply thiz equation throughout by
v de v and rearrange the result to obtain the
Pojnt = mvﬁ printed answer.
ot

mvjz—v +iv? =P, as recuired

b mvd—v=P—kv2
ot

separating the variables

1
F—iv b
Multiply throughout by -2k
J 2 = | E g

If you multiply both sides of this equation by
=2k, onthe left hand side, the numerator of
the fraction, —24&v | iz the differential of the

denominater, F—kv*®, and you can integrate

o e
ln(P—ﬁ:vz}=—§z+A
Lo
1 II.r Y .
When f—o,v—g \| |IEJ:H‘;I e

PhysicsAndMathsTutor.com
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[ Y BF
1n| P-Z | =.»El:w§1=1n| _|
T 90 4—— Youare askedto find an
In (P_’h’z }= _;3 1 | o expression for the time, so it 15
: ) sensible to rearrange this formula,
P ln‘ Sy |—1n (P .5':1)2\} making £ thE*t sub.ject of the .
2kl § 9 formula This will save you time
[{ P 4 later.
st -

=ﬁ{1n\r§"—1n[ﬂv—£‘1
%7 9] Y 5 )

m {ln‘f 8P "—1n|" SP"}

;T 1
The initial speed iz 3 A, | E| 50

double the initial speed 13 -

[ =
3\|k|

i

aF

r AN

= Eln ? __ln‘.__ §| ey Tsing the law of logarithms
9
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Exercise A, Question 49

Question:

The engine of a car of mass 800 kg works at a constant rate of 32 kW, The car travels
along a straight horizontal road and the resistance to motion of the car is proportional
to the speed of the car. Attime £ seconds, £ =0, the car has a speed v :7! and when

¢=0,its speed is 10m 7.
a Show that 8001}% =32 000 — kv’ , where k is a positive constant.

Given that the limiting speed of the car iz 40m s, find
b the value of &,

¢ v interms ofz. [E]

Solution:
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vm s

o xm -

l 800g N

power = force xvelooity

2000 =Fy = F=

v

Let the resistance be Av, where & 15 a constant «—

Ei—) F =wma
F—i = 8004
22000 dv

32000 —hA =300v—
s
v

To uze the relation
/ power =force xvelocity , you must
29 000 convert 32 W to 22 000 W

kv =0800—
¥ di\
e

Az the resistance 15 proportional
to the velocity, vou can let the
resistance = kv, where & is the
constant of proportionality.

Tou multiply this equation
throughout by v,

SomaE =32 000—kv*, as required

b When E=|3,v=*4|3l -
ds

0 =32000-k=x1600

c 8001}% = 32000 - 20v*

separating the variables

&dv = |14
32 000 — 20y

//

_90 ¢d~u = |14
32 000 — 200

—201n(32 000 —20v*) =+ A

In(32 000 —20v") = s + A, where 8 = —iA
20 20

I3
32000—200 =e Wef=C"¢
20h° = 32000
TWhen £=0,v =10
2000 = 32 000— ' = ' =30 000
3
2004 = 32 000—30 000 2

H

¥ =1600-1500e @
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Atthe limiting, or terminal, speed the
speed of the car does not increase, so the
acceleration 15 zero. This enables you to
evaluate the constant of proportionality.

Page2 of 3

Lo
jf(v} dv=InF{O0+4 and

800 =—20 x40, vou adjust the

written down,

di(zz 000 — 20v%) = —40v . Using
e

constants so that the integral can justbe

3

0 B
N where O =¢
1

)

*— You use the mnitial conditions to

find the arbitrary constant. Tou
can choose at which stage you do
this. In this solution, you could
hawe found the constant earlier
and evaluated A or B instead of O
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Exercise A, Question 50

Question:

A ocar of mass Mg iz driven by an engine working at a constant power R watts,

where & and I7 are positive constants. When the speed of the caris vm s, the
2
resistance to motion 15 ey newtons.

a Show that the acceleration of the car, @ m %, when its speed is vim a7l s given
by R(I7P =)= MU .
b Hence show that the distance, in m, travelled by the car as it increases its speed

2 35 a3
M7 ln[U 1] ]

[E]

B P} :
from s me™ to syms () <uy, <01z . .
3R 0% —u,

Solution:
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power = force xvelocity

R
¥
E{—) F =wma
2
F—% = Ma
BRI B
222
v K

hultiply throughout by Iy

Page2 of 2

RUP-RV = MU'wa
A (U3 —v }= MUPva, as required

The question asks for the distance
travelled as the speed increases. Time
does not come into the question directly

; e
go you must use the relation @ =v—.

fodw d
b R(P- 3)=MU2v|v—v = MU E
| dx ) dx
Separating the variables
2
Y _a=|-E i
07— MU dv

{U3 - )= —3v* | z0 multiplying both sides of the

Multiply throughout by —3 «—— equatien by —3 gives, onthe left hand side, a fraction

— Tyt R
j ﬁd"=‘3j w

in which the numerator 15 the differential of the
denominator which gives a log integral.

Integrating both sides using the limits v=1u

and v=u,, and the limits x=0 and x=z

[ 1n(z? —VB]I]: = —%[,ﬂ;

(T —ud) —In(0* -2y = - ;;2 s
2
5= Mg [1n(U3 — 1) —1n(T* —ui)]
Ml;rﬂ i U3 e WY
= 1n| 5 13 |,as required
3R | L7~y |

© Pearson Education Ltd 2C
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*+— Tlzing limits i sometimes a convenient way of

avoiding evaluating the constant of integration.
On the left hand side, v increases from s to wy.
iCn the right hand side, ¥ou take x as increasing
from 0 to s & will then represent the distance
travelled by the car as the speed increases from
tiy to gy
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Question:

Aocar of mass 780 kg is moving along a straight horizontal road with the engine of the
car working at 21 kW, The total resistance to the motion of the car 1z (200w 410001,

where vm 57! is the speed of the car at time ¢ seconds.

a Show that 39vj£—v ={30—v)354v).

b Find an expression for the time taken for the car to accelerate from 15m 57 to

Fms? [E]

Solution:

PhysicsAndMathsTutor.com
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vims!

(20v + 100) N

rm
l?ang N
power = force xvelocity
21000 = Fv= F= 2000
W

E(—) F =pwnm
F—(20v+100) = ?80%

A, —20v=100 = ?BU%

v
Divide throughout by 20

1050

¥
Multiply throughout by v

1050—v* =5 = 39»3
d

—v—5=39E
de

391)& =1050—Fv—v*
dt

391}% = (30 —v (35 +v), as required

b Separating the variables
Ldv: 1de
{30 —w)(35 +v)
3% A B
Let = +
(30—3(35+4v)  30-w 354w
30w = AGES+HvVI+ (B30 -

Let v+— 30
39 x30 = Ax65

P 39/30218

Let v — —35

30 x—35= 8 x63

39%-35
65

—21

PhysicsAndMathsTutor.com
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The relation

power =force xwelocity , which iz
patt of the M2 specification, lets
you express the tractive force in
tertnz of the velocity. To usge this
relation you must convert 21 KW to

21 000 W

—]|

3%
— wyou
(30 —v)354+w)
tnust break the expression up into
partial fractions. You may use
any method, including the cover-

up rule, to find the partial
fractions.

To integrate

Page2 of 3
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Hence

(18 21 )
j|._.30—v_35+ _,.|dv=j1d‘f'

~1810(30—v) - 21n(35+v) =¢+4

When t=0v=15 = You cantake v=15 as the
—18lnl15-21ns50=4 starting value of the velocity.
Hence

—181n (30 —v)-21ln (35+v)=¢—181n 15— 211n 50
¢ =181n15-1810(30— ) + 2110 50 — 211n(35 ++)

= 181 1 |+211a| 20 |
| 30— | L 35+
When v=1F
[ 15 3 50 %y 4—— The question specifies no form of
t=181n | o J+ 2]1n|._ T | the answer and there are many
' ' : possible alternative forms.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 52

Question:

A ratlway truck of mass 3000 kg maoves along a straight, horizontal railway line.

When its speed is vm 57", it experiences a total resistance to motion of

(2000 4+5v" )1 . A cable is attached to the truck, and the tension in the cable exerts a

constant tractive force of 6300 I on the trucl

a Find the time taken for the truck to accelerate from restto a speed of 20m g7
giving your answer in seconds to 3 significant figures.

When the speed of the truck is 20 m 57", the cable breaks.

b Find the time taken after the cable breaks for the truck to come to rest, giving your
answer in seconds to 3 significant fgures. [E]

Solution:

PhysicsAndMathsTutor.com
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vms!

(2000 + 5v*) N 6500 N
3000g N

Ei—) F =wma

6300 — (2000 + 5%y = 20002 *+— The tension in the cable is in the

4500 - 5v* = 3000 &
de

i
G900 —v? = 6UUE
ds

Sepatrating the variables

1
1d¢ = 600 v
900 —v

1 1 A

Le

direction of x increasing and the
resistance to motion acts in the
direction of x decreasing.

e 1 a1l
300—F (30— )(30+v)

must break the expression up into partial

To integrate

fractions. It 1s a common error to write

1
900 - 7

dv = 1n(900 —v*) |

B

30 —v)(E0 4+
1= AGE0+v)+ B30 —v)
Let v— 30
1

1=604d = 4= —
&0
Let v— —30
]=6DE‘:‘-B=L
&0

Hence

1dt = 600 | Lo |dv
| 60(30+v)  60(30—v) |

¢ =100n(30 +v) —In(30—v)+ 4 *+—]

z 101n|i§gj:\i|+ﬂ

When £=0v=0

0=101n|r%\|+44=ﬂ=0

Hence

PhysicsAndMathsTutor.com

t = = +
900—v*  (30—v)(30+v) 30—

304+

Page2 of 3

1
dv=In{30+v)+ .4 and
A0+

1
dv=—1n(30—v) + 8. Howewver,
30—y

constant of integration.

after integrating both, you need only add one




Heinemann Solutionbank: Mechanics 4

Page3 of 3

[ 30+
£=10n| —— |
L 30—v)
When v=20 1 There iz an exact answer here,
(204200 101n 5, but the conditions of the
e 10111‘ 2020 =10ln5=16.1 gquestion require ¥ou to give your
The time taken for .the truu:l'r_. te accelerate from restto a AR WELR el iR i ean B gHics:

speed of 20m s i 16.13(3 of)

b After the rope breaks
E(—) F =i

v

—2000—-35%* = 3000 ¥ +— After the cable breaks, the only force acting

horizontally on the truck iz the total resistance
acting in the direction of x decreasing.

=5

400+ = 600E
e

separating the variables

1 1
L ot B KRG
jzoﬂﬂﬁ Y jGDU

The prerequisites given in the specification
il o | s | il —i.ﬁ - for 14 require you to know that
20 | 20 ) &00 1 1 (%)
L 5 2'::lx=—a:f|:tan|—|.
a”+x i ey
When {=0v=20
lE;lru:tanl:B=;-_B=i-£=i . i
20 20 4 80 Tsing arctan1=—
Hence &
(v ) 1 n
—aru:tan| — |=——z +—
20 | 20} 00 B0
When v=10
. + 2 —— TTsing arctan 0=10.
&00 &0
e Fnne 2% Lo
a0 2

The time taken after the cable breals for the truck to come to rest iz 236 2 (2 2.£))

© Pearson Education Ltd 2C
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Exercise A, Question 53

Question:

A particle F of mass # moves in a medium which produces a resistance of magnitude
mbov, where v is the speed of P and ¥ iz a constant. The particle P is projected vertically

upwards in thiz medium with speed g

: : In2
a Show that P comes instantaneously to rest after time ——

b Find, in terms of & and g, the greatest height above the point of projection reached
by F. [E]

Solution:

PhysicsAndMathsTutor.com
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1- l
1 h
mg || mkv
X

I |

R(T) F =ma
—mg — kv = ma Both the weight of the particle (meg) and the
v resistance (pedoe) act in the direction of x
— g — piov = WE decreasing and so the both these terms are
Separdibgihesvariabics negative in the equation of motion

1
jldi=—j d
g +hv

1 PISERI e A '
t=——In(g+iv)+ 4 Ag f ) dr=Inf(x),ignoring the atbitrary
k fixy
_ _E
When I—U,v—E constant, j £ dv=In{g +&v). 5o
g +iv
1, f g 1 1 1
0=—-1 kx=|+A=A=—In2 dv=—1 +hh.
kn|l-.g+ k__.‘-'- = kn b4 jghf:v v kﬂ(g )
Hence
t = ]1n2 —11n( +£:v]|—1(1n2 —In{g + &)
s E T g T g g
=l]_n| zg L : "'a\
kol gtiv) Using 1na—1nb=1n|g|.
When w=10

Fi lln | Z_g | =E, as recuired
klg) k

PhysicsAndMathsTutor.com
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b E(T) F=umn

—mg — iy =

_%_WZWE‘—-_-— dy
dx

Inpart a, where yvou are asked for a timne, you use a = T

Separatingiheryariables In patrt b, where vou are asked for a distance, you use
v
—|1dx= dv e 4V
j j gty T

fape B sogns O
g+hkv g +iv T
Multiply throughout by g + i

I the fraction . the degree of the numerator iz

g thv
v=A(g +b+ 8 equal to the degree of the denominator, so, before
Equating coefficients of v integrating, you must reduce the improper fraction to a

ey e proper one. ¥ ou can use any method to do this.

Equating constant coefficients

O=dg+B—=B=—gd=-%

k
Hence
< 1 Asi 1t
j J|k k(gm:l oL ]
g j dv=—In{g +&).
-x —Ev— —lnlg +bs +T g +hv &

When J'r=0,v=E
k

e Do B _ £ g

Hence

_ 1. .z B B
x——Ev+k—21n{g+ﬁ:v}rk—2---k—21n2g

Let the greatest height above the point of projection reached by Phe k.

When x=hv=0 «+— Atthe greatest height the velocity of P iz 0.

g g g
k—zlng+k—2—k—21n25

g L L)

==—-—=(ndg-lngl==—-=In| — £,
&k i 2| Usinglna—-lnb=1n|%|.
=§(1—1n2) =

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 54

Question:

A particle of mass s mowes under gravity down a line of greatest slope of a smooth
plane inclined at an angle o to the horizontal %When the speed of the particle 1z v the
resistance to motion of the particle 1z s, where & 15 a positive constant.

£n

a Show that the limiting speed o of the particle iz given by ¢ =
The particle starts from rest

b Show that the time T taken to reach the speed of 15::: iz given by T = éln 2.

¢ Find, in terms of ¢ and &, the distance travelled by the particle in attaining the speed

1
of —¢. E
5 [E]

Solution:

PhysicsAndMathsTutor.com
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.r)"'/f mkv

l mg

E(, 7 F =iua

: The component of the weight acts
g sin of — pakoy = s «— | 2 S
down the plane and the resistance

Dividing throughout by ae acts up the plane.
gen—ikv=a D

Atthe limiting speed e, @ =0 4——— The limiting speed cannot be exceeded so,

gsino— ke =0 at the limiting speed, the acceleration is 0
Hence
it X :
o =EH0 , as required
b Fromparta, geano=ir « Eeplacing gsino by ke simplifies
Equation @ in part a can be written as the algebra considerably.
e —hv=a @

o T 4
ds To find a time, you use a= Ev In part ¢,

weparating the variables

1 vou are asked for distance and there you will
Jkdr.:J de usea—vdv
c—v e

=-lnf{c—v A4

TWhen f=0,v=10
D=-lnc+4d= A=lnc

H =lnc—In (C_vjzln‘ c—v‘

£ =T |

k

1
=—1n 2, as required
I

PhysicsAndMathsTutor.com
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i e j .
© Writing @ = va equation @ in part b becomes

&:e:‘pisvvE
dx

weparating the variables

1z an improper fraction and, before

c—v
integrating, yvou must express it as a constant
+ aproper fraction If preferred, vou could
uze long division rather than the method
shown here,

J:% dr= J chv

Let =4+ -———
c—v c—v

Multiply throughout by = —v

v=Alc—-v )+ 5

Equating coefficients of »

l=-A= A=-1

Let v—¢

c=4

Hence

Js:dx J| -1+ ‘dv
i v

=—v—clnle— v)+D
At x=Cl,v—Cl
D=—lnc+D=D=clne

Hence

kx =clne —clnle—v)—v

—c(ln-: Infc—v))-v= cln|

bic =

x=£1n‘l = ‘—E

s c—v| k
“When v—lc

lc

r=—In Cl el

€= =C k
i 1\
—5|1n2——|
i\ 2

© Pearson Education Ltd 2C
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Using 1na-—1nb=ln‘{%ﬁ|.
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Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 55

Question:

A particle of mass #2 15 falling vertically under gravity in a resisting medium. The
particle 1z released from rest. The speed v of the particle at a distance x from rest 1s

x
given by v* = Zig [1— £ 5"], where k iz a positive constant,
no?
a Show that the magnitude of the resistance 18 ——

The particle is projected upwards in the same medium with speed (fi2kg) .

b Show that the maximum height reached by the particle above the point of
projection 15 Aln 2.
¢ Find the time taken to reach the maximum height abowve the point of projection [E]

Solution:
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me

Let the resistance be &

E(L)F =ma
e
mg— R = i = mv—
R=mg—mvd—v o
dx

v2:2kg{1—e£] @

Differentiate @ with respectto x

You differentiate v* implicitly with
respect to x.

d (vg):i(vg)_ dv dv.

2‘9E=2ﬁcg/|llleE y
dx
dw E
v =ge 3
o g
From @
e B
l—e =t SeF=1-2 @ ]
2kg 2kg
Substituting @ inte &
dy () v
v—=g|1—— =g-—
dx | 2kg ) 2k

Substituting for vE into (@
dx
2

R=mg—mg qafth =£, as requited

2k

PhysicsAndMathsTutor.com

To complete thiz part, you use the

equation given in the question to
¥

obtain & * in terms of v,
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Before separating the variables, you need
to put the left hand side of the equation
over the comtmon denominator 2k

h — f
.l T
T h
mg || m?
A2
E(l) F=mn
—pg — : = g = mv—
2k
Diwviding throughout by
P v ” dv ’
2 2k dx
 Zkg4vt _ dv
2k dx

Separating the vanables ‘!/" A dimﬁ:g )=,

Jl dx = J - dv
2ing +v°

x=—kln (2kg +v* J+ A
At x = 0,v="(2kg)

AE

J 2 dv=In {2kg+vg]+aconstant.
2z +v*

0 = —kln (kg +2kg }+ A= A=kln (4hg) +——| hen 2= 0,v= 2k

Hence

= Y (s e Y

Az |

| 2kg +v°

Let the greatest height abowe the point of projection reached by the particle be 4.

Aox=hv=10

h=Ikln | ‘—kInZ as required

PhysicsAndMathsTutor.com
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Atthe greatest height, the welocity of the
particle 13 0
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¢ Fromparth

Divide by 2 and put the left hand side of

the equation over a common denominator,

2

2k
_2kg+v _ dv
2k d

Separating the variables

J‘1d£=—2£:'|‘#dv L el L
2kg+v2 / g I V—Earctan|l..g.!|+ .

2k

P =— _arc:tan‘ i . I‘+.-5'
V(zeg) | V(2ke) |
When £ =0,v="{(2kg )
__ 2k ‘ V(2kg )
=— arctan
Tekg) | V(kg)]
2k &
= arctan 1= —
V(2kg ) V(2kg ) 4

Hence

ﬁzili_mm"’;"‘]
T(2ke)| 4 T(ke)

Atthe maximum height, w=10
P {1—0}
kg )L 4

_ K Il' [k
2 V)

© Pearson Education Ltd 2C
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Here & =2kg, 50 a =" (2kg).
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Review Exercise 1
Exercise A, Question 56

Question:

& chip of mass e iz propelled in a straight line through the water by a propeller which
develops a constant force of magnitude & When the speed of the ship 15 v, the water
causes a drag of magnitude Av, where & is a constant, to act on the ship. The ship starts
from rest at time £=10.

a =how that the ship reaches half of its theoretical maxzimum speed of % when
mlnz
e

. : : 7 :
When the chip in moving with speed i an emergency occurs and the captain

reverses the engines zo that the propeller force, which remainz of magnitude &, acts
backwards.

on its original course,

b Show that the ship covers a further distance P:F—EE —In [g]
which may be assumed to remain unchanged, before being brought to rest.  [E]

Solution:
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Ei{— F=ma

F—kv=ma=md—v
ds

Sepatrating the variables

J]dﬁ=JFinkvdvﬁ - J ~

s=—§1n{ﬁ—kv]+ﬂ
When £t =0v=0
0=l FrAma=EBnF
i i

Hence

=§1nF—E1n{F—£wJ

dv=In (F —kv H+a constant,
F—lkv

1 1
dv=——In (¥ —kv J+a constant.
F—iv k

i
P
i= | |
i =l ]
When v = £ « The limiting (or terminal) velocity iz, in this
: cage, the theoretical maximum speed of the
- 7 s | am | ship. It iz given by substituting &« =0 into
t=—In I = _ _ F _
& F_jF & jF F—Jov=pum  which gives v=;.lnthis
_mln 2 e gquestion, you are not asked to prove this result
W S S LEALE but wou should knew how to prove it Half of
b —F —dv=ma= WE the theoretical masmimum speed i3 i
dx 2k
separating the variables
v 2
_jl dx = MJF il dv The force developed by the propeller i3 now
reversed, so you change the sign of 7 in the
_m TR P kit 4y | Eavation of motion you found in part a.
k) F4+h i F 4o

PhysicsAndMathsTutor.com

1z an impropet fraction and must be
F kv

transformed into an expression invelving a proper

fraction before integration. You may use any
appropriate method to do this,
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[k | F+— | |+B
k 2% &
B _£| l—l | 24 | | +——— | The algebra here 1z complicated and it 15
K & wotth taking the factor @2 outside the
Hence k

i | |"
=ﬁ 1 —ln‘ E }—E{v—iln (7 +kv}} bracket as both this and ln‘ i | appear in
i \ ok i

7 2
L1 WAL S ' ' the printed answer, Always keep in tind
= ’ ’ what you are aiming for and try to worlk
x:ﬂ l—]_n| ﬁ | +£1n}? tOWardS 1t
dl2 2] &
mP[1 [ (3F) V| omR[1 (3R
= — ——‘ln —|—1nF | o=l ln —‘
B2 k2 J| A2 Ther|
mF[1 (3 :
= | —=In| = ||, asrequred
53]}

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com





