Heinemann Solutionbank: Mechanics 4

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Resisted motion of a particle movig in a straight line
Exercise A, Question 1

Question:

A particle P of mass 2.5 kg moves in a straight horizontal line, When the speed of F iz

vin 57", the resultant force acting on F is a resistance of magnitude 10v M. Find the

time £ takes to slow down from 24 ms ' to ms b

Solution:
WIS
10y N —-
t
=it} ¥ Im [ 2
25eg N

Ei—=) F=1ma

10w = 2.5E

di

Separating the variables

jw =—Jldv
he

4 =A-Inv
When =0, v=24
OD=A-In24d = A=1n24
Hence

df=ln2d-Inv

1 [24]
i = =In| —

4 v
When v=16
I=$1n4(:e 0.347

Ftakes %1114 s(=034735,3dp) to slow from 24m s  to 6ms™.
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Resisted motion of a particle movig in a straight line
Exercise A, Question 2

Question:

A particle F of mass 0.8 kg 1s moving along the axis & in the direction of
x-increasing, When the speed of Pis vm s, the resultant force acting on P is a

resistance of magnitude 0.4v* N Initially P is at O and is moving with speed
12m s~} Find the distance P moves before its speed is halved.

Solution:

vms

04N | p
| -~——@

)

yO.8g N

Ei{—=) F =xa

e U.Bvﬁ
dx

Separating the variables
JAl dr = —EJAl dhv
v
x =A-2lnwv

At x=0, v=12
D=A-2lnl2= A=2Inl2

Hence

x=21n12—21nv=21n[E]
W

When v=106

r=2In2

The distance P mowves before 1tz speed 15 halved 1s 2ln2m =13%m (3s1L)
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Resisted motion of a particle movig in a straight line
Exercise A, Question 3

Question:

A particle P of mass 0.5 kg moves 1in a straight horizontal line against a resistance of
magnitude (44 0.5, where vm 57" is the speed of P at time £ seconds. When
¢=0,F is at apoint A moving with speed 12m ™' The particle P comes to rest at the

point £ Find
a the tune Ftakes to move from A to &,
b the distance A5

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4

a ' vms
’ EE—
[\1 + ”‘5'.] I"- I .P
-

Al .
- ¥ m —h-|

0.5z N

Ei—) F=1:ma
—(4+05) = 0.5E
ot

Separating the variables

Ildﬁ=—j ! v
g+

£ =A-In(B+v)
TWhen (=0, v=12
0=A-1n20=A=1In20

Hence
20
z=1n20—1n(8+v}=1n[ ]
2+
When v=10

£=1n[§J=ln2.5
]

The time taken for Fto move from Ato Bz ln25:=09%16z (3dp)

b E{—=) F=:a

055 = 05p2
dx

Sepatrating the variables

Jldx=—j LA,
34w
v =8+v—8=1_ 8

B+ 34w g+
Hence

(-

x=A-v+ElnlE+v)
At x=0v=12
0=A-12+3ln20= A=12-8ln 20
Hence x=12—v—(Bln 20-Eln(E+v))

= 12—v—81n[ 20 ]

B+
When v=10
x=12-8ln25

AB =(12-8ln25m =4.67m (3:£)
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Resisted motion of a particle movig in a straight line
Exercise A, Question 4

Question:

A particle of mass 2 is projected along a rough herizontal plane with velocity wm s™'

The coefficient of friction between the particle and the plane 15 @ When the particle
is moving with speed vm 57, it is also subject to an air resistance of magnitude

lemgv” | where k is a constant. Find the distance the particle moves before coming to

rest.
Solution:
Ry
gkt =
-1 ¥
me
R(T) R=mg

Az friction 15 limiting
F = uR=umg
E(—) F =ia
- F —longv® = ma

d
—upg—ipet = ﬁévd—:

separating the variables

i
e 4
jg j#+kv2 4

1 2
r=A-—lInly +iv
g e (i )

At x=0v=u

1 a 1 2
O=Ad——Iniy+iu") = d=—Inly +iu
S (4 ) o0 (i )

Hence
1 1 Jd®
%= —— (n +he?) —In(u +i) = —In | £255
kg Chg | u+h
When v=10
1 [,u +MJ
r=——-1In
2kg %
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Resisted motion of a particle movig in a straight line
Exercise A, Question 5

Question:

L particle P of mass a2 12 mowving along the axis Ox inthe direction of x-increasing. At
time ¢ seconds, the velocity of P iz v, The only force acting on P is a resistance of
magnitude kia® +v*). Attime =0, P iz at O and its speed is I/, At time

£=T,v=lU
2

a Zhow that T=—

| ]
arctan |— |—atctan [ — || .
i e 2ot

s

b Find the distance travelled by F as its speed 15 reduced from I to le.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4

a

—_—
: P
0 *
g
Ei{—) F =
—kla® +v) = mE
ds
Separating the variablﬁs
JEar
i = ﬁ—— arn:tan
ak
When t=0vw=07
0 =A—Ear|:tan| = ‘ = A=Earctan| = |
ak \ ) ak

Hence

e Y om w
:=—arctan| o |——arn:tan‘ i |
@k ak

When £=T,v=%U

4
2

s E;;1rc:tanl E |—Earctan
s ]

[

r= E{arc:tan|f E ﬁ‘— arctan |r E ” as required
i | 2a )

b E({— F = ma
_ R sy

Separating the variables

Jldx:—m
e

x= A—ﬁln(cx2 +v*)
2k

When x=0v=0L7

0=d- Dl + 0% = A= Dinga® + U
2k 2k

Hence
f 2+U2 A

2= n(@® + U4 - S lala® v = in | S

2k 2k 2k | at+v
When v=%U

m I @t +0 I . [ dat+40% )
r=—In e e e ﬁ|

2k a2+IU2 2k | da”+U
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Resisted motion of a particlemovigin a straight line
Exercise A, Question 6

Question:

A lorry of mazs 2000 kg travels along a straight horizontal read. The engine of the
lorry produces a constant driving force of magnitude 10 000 N At time ¢ seconds, the

speed ofthe lorry is vm 57!, As the lorry moves, the total resistance to the metion of
the lorry 15 of magnitude (40004-500w) 1. The lorry starts from rest. Find

a vinterms of z,

b the terminal speed of the lorry.

Solution:

a Vs

(4000 + 500v) N 10 000 N
—_—

Ei{—) F =ma
10000 = {40004+ 500v) = 20002

E000— 500y = 2000%

Dividing throughout by 500
12— =‘4E
df

Separating the variables

Jldﬁ =4J ] dv
12—v

t = A—4ln(12—v)

fa i ] B—%,Where B=14

T ¥ 1
8l L z
2 2
12—v=¢ *=ee*=C%e * where U =¢
Hence
i
v=12—-C¢ *

When i=0v=10
0=12-C=0C =12
Hence
rd

3
v=12]1-¢ J
h

|

¥

b As¢—sooe? —0andv—12
The terminal speed of the lorry is 12m s '
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Resisted motion of a particle movig in a straight line
Exercise B, Question 1

Question:

A particle P of mass 0.8 kg is projected vertically upwards with velocity 30m 57!
from a point A on horizontal ground. Air resistance 15 modelled as a force of
magnitude 0.02v°H | where vm 57" is the velocity of P.

Find the greatest height above 4 attained by P

Solution:

VIS T P o
0.8¢ N H 0.02v N

xm

'

H
R(T) F =ma
—0.8g-0.02v* = 0.8a

—7.84 0027 = O.BvE
dx

Separating the variables

Jl dx = —O.SJ‘;E dv
7.84+0.02v

r=4A- & In{7 84 +D.02v2}
0.04
At x=0v=30
0=A-20In(7 84 +18) = A=201n 25 54
Hence
x=201n 2584 —-201n(7 84 +U.02v2)
= 20111' Lélg |
L 784 +0.02v" |
Atthe greatest height, v=10
[ 25840
x=201n| ‘ 23.9
24

The greatést heig-ht abowve A attained by P13 239 m (3 5.1).
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Resisted motion of a particle movig in a straight line
Exercise B, Question 2

Question:

A particle P of mass 1.5 kg is released from rest at time £ =0 and falls wvertically
through a liguid. The liquid resists the motion of P with a force of magnitude v M

where vm 57! is the speed of P at time ¢ seconds.

Find the value of f when the speed of Pis 2ms™h.

Solution:

|
xm T_-:H. N
i r@® vms!

| Y
.rl,:\g
E(ly F=sma
log—ov=15%
e

147 -5v=15—
di

Separating the variables

1de=15 ;dv
147 =5v

t= A—%ln(m.?—ﬁv}

When £=0, »v=10
D=A-03In1d47 = A=03n147

Hence
£ =0.3n14.7—0.310(14.7 - 5%
e i |

| 14.7— 50 |

When v=2
[ HEE

= U.31n| e |=0.3425 (3s5.E)
| 14.7-10 )

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 4 Pagel of 3

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Resisted motion of a particle movig in a straight line
Exercise B, Question 3

Question:

A ozmall ball B of mass s is projected upwards from horizontal ground with speed .
Air resistance is modelled as a force of magnitude miv, where vm s is the velocity
of P attime ¢ seconds.

1+2)

a Show that the greatest height abowe the ground reached by B 1s Ei—’%ln
g

b Find the time taken to reach this height

Solution:
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E(lY F =ma
—mg — kv =

— —kv:v_
8 T

Separating the variables

Jldx=—J LA
g +iv

=_ljmdv
k g+ikv
. |1— £ |dv
kJ\ g+iv)
1 =4 Wil
x =Ad-—|v-—Zln(g+iv)|l=4——+=1In({g+iv
ﬁ:{ﬁ:(g )} ;c;?{g)
At x=0v=u

¥ F ¥ g
D=d-—+=Inlgt+tim)=4=——=In{g +iu
ok & ) Bk £ )

Hence

x —L;iln(g + i) —k%ln(g +kv)}

BV
E ok
1 g+ |
i g+
At the greatest height, v=10 -
g +hu

E

i —v)— %ln |

e

| = %— %ln[ 1+% | as required
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dy
h —g-h=—
g de

Separating the variables

Jldﬁ=—J : i
g +iv

(= B—%ln(g +iv

When f=0v=u
U=B—%ln(g +£:u)=‘,~3=%ln(g+£m)

Hence

1 1 1, ([ g+
i=—Inlg+im) —=Inlg+ivi=—In

s (2 ) i (g ) k | g+§':v__,
At the greatest height, v=10
.f:lln[ il '|=11n" il |

k| g E A &
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Resisted motion of a particle movig in a straight line
Exercise B, Question 4

Question:

A parachutist of masz 60 kg falls vertically from rest from a fizxed balloon For the first
3z of her motion, her fall 1z resisted by air resistance of magnitude 20w where

-1 - .
vin &~ i her velocity,

a Find the velocity of the parachutist after 3 5.
After 3 2, her parachute opens and her further motion 13 resisted by a force of

magnitude (20v4+ 60v* )N
b Find the terminal speed of the parachutist,

Solution:

A
xm 200 N
.f*. vims

y 60¢

R F =¢a
Elg — 20w = &la

SEe—20v = 6[]E
o

separating the variables

1de = &0 ;dv
SBE— 20w

¢ = 4-L1n 588200
20

TWhen f=0v=10
N=4A-3n588 = 4=21n588

Hence
(588 )
z=31n588—31n(588—20v}=31n| EEE |
| 588 —20v |
When £=3
3=31n'ﬂ"=:.1n|'ﬂ'|=
| 588 —20v | | 588 —20v )
588 _ .
588 —20v
S88—20w = 588!
588 5
= ___(1-eh1=186
20( £

The velocity of the parachutist after 3515 18.6m s (3 5.£)
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h#

e (20v + 60v?) N
_+_ .“.'
Vimn s
g60eN ¥
Rl F =:ma

60g — (20v 4+ 60v*) = 60a

Atthe terminal speed a =10

588—20v—60v* =0

60v: +20v—588 =10

Only the positive root need be considered
: 2

v =20+ (20% +4 =60 «588) 547

120
The terminal speed of the parachutistis 297 m s ' (3s.£)
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Resisted motion of a particle movig in a straight line
Exercise B, Question 5

Question:

A particle P of mass e 15 projected vertically upwards with speed & from apoint 4 on

herizontal ground. The patticle P is subject to air resistance of magnitude mghv, where

v 15 the speed of P and k& 1z a positive constant.

a Find the greatest height above A reached by F.

Azsuming F has not reached the ground,

b find an expression for the speed of the particle £ seconds after it has reached its
greatest height.

Solution:
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v T P T
e H mekyv 4
.

A
E(ly F =ma
—rE — kY = i
v
= g =
E—E ax

Separating the variables

I I dv
1+ kv
1
_1 + kv — 1dv
Fig 1+
L
=l [1— ! dy
kJl o T+iv )

1 1
—gxr =—|v—=In{1+ 50 |+4
z% k[v e nf )

At x=0v=y

1 1 2. |
U:E[ﬂ '_Eln(l +£::u}} 1'-_r'1:;~fi=—E -1-F1n(]-1-ﬁm)

Hence

—_ ?'i“l\‘u'

1
—gx 1n(1+kv) ;e Fln(1+ﬁm)

ﬁ:

[ 14k
~ L= Ll 1)
gk 1+ kv
Atthe greatest height +=10

L 1 1
r=———In{l+ku) =—{dm — In{1+ ju:
ey { J gkg( { by,

The greatest height abowve 4 reached by F iz % e — (1 +dza
b4
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b +— greatest height
x

A
_LP

meky

® d
Y
mg

Rl F =a
mg —mghy = ma

v
-y =22
gl )d5

meparating the variables

1
di = e
Jg JHW

gt =ﬂ—£ln(]—£w}

When t=0v=10
D=A-lnl=4=0

Hence
1
P =——Ini{1-kv
g kn( )
—kgi = In(1-/i)
1-kv=¢"
1 %
=_il-"®
v ﬁ:( e
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Resisted motion of a particle movig in a straight line
Exercise B, Question 6

Question:

A particle of mass w15 projected vertically upwards from apoint 4 on horizontal

ground with speed . The particle reaches its greatest height above the ground at the
point 5

a Ignoring air resistance, find the distance A5

Instead of ignoring air resistance, it is modelled as a resisting force of magnitude
min”  where v 570 is the velocity of the particle and k iz a positive constant. Using
this model find

b the distance A5,

¢ the wotlk done by air resistance against the motion of the particle az it moves from
Ato B

Solution:
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a v =u1{2as
Atthe greatest height, w=10

0=u’-2gxAB
=¥
g

b
v
g mk?

Ly
|
X
-

A
R(lY F =ma
~img — v =
SR =vdv

1
x = A-—lnig+&*
il

At x=0v=u
1

1
I=dA— In{g+ky= A=—lnlg +
57 (g ] 57 (g )

Hence

1 5. 3 .1
= e e ey
il R a|

Atthe greatest height v=10 and x= A8

= £ - 1
. g ] 2k g |

In | 1+
e

¢ The work done by air resistance is the difference between the potential energies of
the particle at the greatest heights in partz a and b and 1z given by

o 1, [, &)
Mg X —— g ‘/—ln| 1+—
2g 2k g
2 233
1 I [
= mg E‘L——ln 1+—
2g 2k z
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Resisted motion of a particle movig in a straight line
Exercise B, Question 7

Question:

A patticle P of mass m is projected vertically downwards from a fized point & with

speed % where kiz a constant. At time ¢ seconds after projection, the displacement of

Ffrom O 1z x and the veloctty of P is v. The particle P iz subject to a resistance of
magnitude s,

a Show that v= i(276_"’).
2k

b Find x when £=%.

Solution:
a ()
}
v mkv
"
me

E(l) F =wma
g — kv =
v
O =
£ di

Separating the variables

Jldﬁ =J L dw
g —kv
1

¢ =A——lnlg— kv
e (g — &)

i o=kd—lnlg — k)
In(g —kv) = kd—kt

g—kv =e“*® e ®  where B=¢%

kv=g—FBe "
‘-Hhenf.=0,v=£
2k
g g_E
k-__z B::.B: et ]
2k & € 2 2
Hence
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b Fremparta

v=E=£(2—E y
de 2k

x='[%(2fe s

=%‘{2z+%e ’“\'|+B

When £=0,x=0
0==2_+38-—E
2k 2k
Hence
g £ R
r==f+—_(e" -1
k 2&1( )
Whenz=ﬁ
k&
a=Eind+E e —1)=2—gln2+i|"l—1"|
& 26 & 2% | 4
2g 3g
=280 "8
i e
=L (t6lmz-3
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Resisted motion of a particle movig in a straight line
Exercise B, Question 8

Question:

A particle P of mass e 12 projected with speed &F up arough plane inclined at an angle

30° to the horizontal. The coefficient of friction between F and the plane i3 % The
particle P is subject to an air resistance of magnitude ko, where v is the speed of P

and & iz a positive constant.
Find the distance P mowes before coming to rest.

Solution:
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E(™N\) R=mgcos3("
Friction 1z limiting

V3 N3 N3 &

F —LR——m cos30 = —mgx—="um
4 = 4 = 2 B =
k(.M F =:ma

—F —mgan 20° —min® =

B

1 v
—Zimg —— g —mk = v —
BT

Dividing throughout by s and multiplying throughout by 8

—7g -8 gyt
dx

Separating the variables

| . S—V:{dv
T2 +8ikv

1
r=A-—In(Tg+3k"
¥ (7g )
At x=0v=0
1 2 1 2
D=A——In +85U ) = A=—1In +3507
e (/g ) 58 (g )
Hence

x= ilnc?g + BT — ij:ln(“?g +8ivh)

‘ (Tg +8kT72 ) |
Tg+8k" |
When v= U
1. [ Fg+8kU%) 8L
x=—1n| s |=—1n| 1+
2k g :
T foo 8RR
The distance P mowves before coming to rest is —1n| 1+7— |
g |

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Resisted motion of a particlemovigin a straight line
Exercise C, Question 1

Question:

A car of mass 720 kg 15 moving along a straight horizontal road with the engine of the
car working at 30 kW, At time £ =0, the car paszes a point 4 moving with speed
12m s~ The total resistance to the motion of the car is 36v I, where vm 57! iz the

speed of the car at time £ seconds.
Find the time the car takes to double its speed.

Solution:

T20¢

30 kW =30 000%

Let the tractive force generated by the engine be & 11

P =
20000 =Fv=ﬁF=30000
v
Ei{—=) F =:ma
F—=36v =720
2id 000—36v =?20d—v
v di

20000 - 36v° —7201;%

Separating the variables

T2y
30 000- 361»12

£ =A-101n{30 000—36v2)
When £=0,v=12
01=A4-101n(30 000 -36 x12%) = A=101n 24216

Hence
[ 24816
t=101n 24 816—101n(30 000—36v2)=101n‘ T
\30000—361} )
When v=24
( 24816 ) (248160
£=101n —2|— - 985
30000—-36x24

9264 |
The time the car takes to double its speed 189,805 (3.4

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 4 Pagel of 2

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Resisted motion of a particle movig in a straight line
Exercise C, Question 2

Question:

A train of massz 2 iz moving along a straight horizontal track with itz engine wotking

at a constant rate of 16mkT/®  where & and I/ are constants. The resistance to the
motion of the train has magnitude pede, where v iz the speed of the train,
Find the time the train takes to increase itz speed from o 307

Solution:
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Let the tractive force generated by the engine be 7.

=M
16kl = By
. 16ricl?
At
Ei{—=) F =ima
2
16mk T/ RR—
¥
I&W—m=ﬁ
Vv df

k(1607 —v') = A
de

Separating the variables

v
= |2 o
,[ ,[16U2—v2 ‘

ke =A—%1n(]6U2—v2}
Let ¢ =0 when v=07
U:A—%ln(lsyf‘—zﬂ) :A:%maﬁzﬂ)
Hence

k= %111(15{;2) ~Mnaemt -

- 11n" 15Er |
ok | 1607 -V
When v=3U
(I e

T | 1677 -1 __,|=ﬁ . ‘7|

The time the train takes to increage its speed from Ito 30 15 %111 —
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Resisted motion of a particle movig in a straight line
Exercise C, Question 3

Question:

A wan of mass 1200 kg 15 mowing along a horizontal road with its engine working at a
constant rate of 40 kW, The resistance to motion ofthe van is of magnitude of 5v° I,

where vm s is the speed of the van. Find
a the terminal speed of the van,
b the distance the van travels while increasing its speed from 10m 57 to 15m 570

Solution:
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a vm s
e e

FN

Li rm—-—-=

Y 1200g

40 W =40000 W
Let the tractive force generated by the engine be 7 I,

F= Fy
40 000= Fy = F = 20000
Ri{—) F=un ’
40300 ~ 5 = 1200z

At the terminal speed a=10

0000 sy § o =000 = W 50
v

The terminal speed ofthe vanis 20m s b

b Equation # can be written
i

v dx
Dividing throughout by I and multiplying throughout by v

2000 —v°F = 24007 s

dx

Separating the variables
2

Jldx = 240Jv—dv
2000—1+7

xi= s 2;_01:1(8000 —v)

Let x=0 when +=10
0=A-80In (B000—-1000 )= A= 801n 7000

Hence

(7000 )
x=801n7000—801n(8000—v3)=801nl—3l
000 v
When v=15
(7000 (7000 )
x=801nl—3J=801nl J—;33.2
300015 4625

The distance the van travels while increasing its speed from 10m s to 15m s is

33.2m (35.£)
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Resisted motion of a particle movig in a straight line
Exercise C, Question 4

Question:

A car of mass m 15 moving along a straight horizontal road with its engine working at
2

. : } ) v
a constant rate 7° The resistance to the motion of the car is of magnitude E:_3 , where
v 15 the speed of the car and & 15 a positive constant.

Find the distance travelled by the car as its speed increases from t

kD KD
4 2

Solution:
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Let the tractive force generated by the engine be 7.

F=Fy
z
DP=poh==
v
Ei—) F = ra
D3Hv2 —mvd
v ook dx

Multiplying threughout by kv
KD =37 =iy L

dx
Separating the variables

2

v
Jl dxe = i Jm dv

BT bl oy
3

Let x=10 when v=%

il B mic (63 LF
0 =A——1n(k3D3 I | 4=
3 01 64 3 64

Hence

(63D \
il PN L

3| 64
When v= %

7D )

N & t g J

| A
mk® (638D 8 w9
] Xy |— In| =
3| 64 D] 3 |8

The distance travelled by the car as its speed increases from — to — 13

i (9]
—_—lnl| =
3018
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Resisted motion of a particle movig in a straight line
Exercise D, Question 1

Question:

A particle of mass s mowes in a straight line on a smooth horizental plane ina

medium which exerts a resistance of magnitude miv® | where v is the speed of the
patticle and & iz a positive constant. At time =0 the particle has speed IF

Find, in terms of k and I, the time at which the particle’s speed iz %U. [E]
Solution:
—
k2

. X T

E{—=) F =uma
— kv =
e i

ds

meparating the variables

Jkdf :—Jvzdv

1
v

O L LS
= ¥

At i=0v=0T
0:l+ﬂ=ﬁl:—l
o Ef

Hence
1/1 1)
f=— ——_|
iy U
3
When v==17
4
Y e S
k %U ] k‘.__BU U| 3kU

The time at which the particle's speed 1z EF T .
5 3k
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Resisted motion of a particlemovigin a straight line
Exercise D, Question 2

Question:

A small pebble of mass w2 15 placed in a viscous ligqud and sinks vertically frotm rest
through the liquid "When the speed of the particle is v the magnitude of the resistance

due to the liquid is modelled as mekv®, where k is a positive constant.
Find the speed of the pebble after it has fallen a distance D) through the liquid.  [E]

Solution:

mg

Rily F= ma
mg —mkv® = ma
cho

—'.i‘cpg =y —

g dx

Separating the variables

J‘ldxzj ¥ v
gk

1
i=A——Infg -’
o7 (g )

When x=0v=10

1 1
i, sty sty—visss
T T

x= ilng—iln(g—.»i:v:{) =i1n|{ £ |

2k 2k 2k | g—k* |
In ‘ g}:vz | = 2kx
\g—R"
Sjwz = i
z—
g—kvg—gem
v2=§(l—em)
When x=10

"g"i :uwl
v=‘ E‘ (1—e™*)2
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Resisted motion of a particlemovigin a straight line
Exercise D, Question 3

Question:

A car of mass 1000 kg is driven by an engine which generates a constant power of
12 kKW The only resistance to the car’s motion is air resistance of magnitude 100 N,

where vm 57" is the speed of the car.

Find the distance travelled as the car’s speed increases from Sms ' to 10m s, [E]

Solution:

rms!

1000g

125W =12 000 W

P =5

i _ 12000

v

E({—) F =ma

F—10v? = 1000z
12 000 dv

—10v* =1000v =
A dx
Dividing throughout by 10 and multiplying throughout by v

1200+ =100v3d_"
dx

Separating the variables

2
jldx=100jv—3dv
1200

® =A—$ln(1200—v3)
Tet x=0 when v=35

0 =A-—%ln(l200 -125) = A=£301r110?5

Hence
100 100 100 1075 )
x=—1n10?5——1n(1200-—v3)=—1n[—3
3 3 3\ 1200 - )
When v=10
100 1075 % 100 (1075)
r=—1In —3|=—1n — | =561
3 {1z200-107 ) 3 | 200 )

The distance travelled as the car's speed increases from Sms ' to 10m s

is56.1m (3 s.£).
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Resisted motion of a particle movig in a straight line
Exercise D, Question 4

Question:

A bullet B, of mass m kg, 1z fired wertically downwards inte a block of wood Fwhich
iz fized in the ground. The bullet enters W with speed U m 5™ and W offers a
resistance of magnitude we(14.8+ 5bv") I, where vm 57" is the speed of Band b isa

positive constant. The path of B in W remains vertical until B comes to rest after
travelling a distance o metres into
Find o in terms of & and T7. [E]

Solution:

}

.l.'+lll mi(14.8 + Sty N
— P@® 3 l
Vims
mg N
R(l) T
mg — m(14.8 +50v?) = g
e

9814 85" = v
dx

dv

—5(14+7) = v—
( ) o

separating the variables

1-:lx=—l Ljdv
50 1+8v

x:A—iln(nbvﬁj
108
At x=0v=0
0= A—L1n(1+buf*) = A=i1n(l+w2)
104 104k

1, [ 1+807%)
—ln‘
108 | 1+&7 |

1 1
= —In{1+207%) - —In{l+&%) =
A =i g T
When v=0x=4d
af:iln(nwf*)
108
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Resisted motion of a particle movig in a straight line
Exercise D, Question 5

Question:

A particle of mass #2 15 projected wertically upwards, with speed F, in a medium which
2

mg;ﬁ ., where v 15 the speed of the particle and
c

exerts a resisting force of magnitude

¢ 15 a positive constant
a Show that the greatest height attained abowe the point of projection iz
2 2
o B
—In|1+—|
2g c
b Find an expression, in terms of ¥, ¢ and g, for the time to reach this height. [E]

Solution:

me LA g

o

1t

e
g"c:2+v2 ‘| _vdv
| et dx

v
Igdx = _Cz_[c2+v2 dv

2
gx = A- %ln(cz +v2)
At x=0v=F

] 2
D:A—%In(c:‘ +P = A=%1n(¢2+fa’2)

Hence

2 2 PR e S YL

+
g;r=£—1n(r:2+I/'2]I—£—lr1|:.:'2 +v2)=c—ln 62 = |
2 2 2 e+t )
et e+

x =—1n| R

2g | ct+w

Atthe greatest height v=10
g? | 4

2 { 2y
c F .
= —1n| l— | as recuired.
2g | )

r=—1In
2g o
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i
g
C

"cg+v2'_dv
gl e? | dt

SER érating tﬁe variables

g 1
S l1de =— d
-

g A— larn:tan | E‘]
e ]

2
c A

When i =0v=F"

1 f
U=ﬂ——arc:tan| —
\ ¢

1 i
: \.__

A
|:~A=—arn:tan
) c

Hence

e £

At the greatest height v=10

gﬁ 1 i 4 I i )

—=—aru:tan| — ‘ =-£=—arctan‘ —|
\ ¢ ) \ ¢ )

7
& g

c] ¢ o,

. b S
The time taken to reach the greatest height 18 — arctan
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Resisted motion of a particle movig in a straight line
Exercise D, Question 6

Question:

A particle 15 projected vertically upwards with speed 7 in a medium in which the
resistance 15 proportional to the square of the speed. Given that I7 1z also the speed for
which the resistance offered by the medium 15 equal to the weight of the particle show
that

a the time of ascent 13 ﬂ
dg
Uﬂ
b the distance ascended iz 2—111 2. [E]
4

Solution:
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a Let the mass of the particle be a2
Let the resistance be kv?, where & i3 a constant of proportionality.
If IF 1z the speed for which the resistance is equal to the weight of the particle the

kUz=mg=t~k=%

Hence the resistance 12

A .

mg mgyvs oy

Uﬂ

{__J‘J
Y
R(TY F =:ma
—Hg — mgvz = mi
U2
g +v) _ v
e de

Separating the variables
1
di=-1"| ——4d
J“g J‘U3+v2 Y
gi = A=t xlarctan| B |
) \Y)

When f=0v=07

U=ﬂ—Uarctan1:-ﬁ=Uarctanl=%
Hence
4
Eﬁ=——Uarctan|—
aLf I |
=" —Z arctan —|
g g

Let the time of ascent be T
When t=T,v=10
= E — E arctan ()

dg g

T

—, as required
4g

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4

b Equation # inpart a can be written as
gl v dv
— W Pl e =v_
o dx

sepatrating the variables

Equation = in part a can be written as
gl %) dv
f— PPl e 5 =v_
o dx

separating the variables

dr=-U| =24
,[g ,[U3+1F k
]
gx = 3—%111({52 +v%)

When x=0v=0I7

a 2
0=5- %quuﬂj — A= %mzzﬂ)

Hence
2 2
gr = %m(ztﬂ)— U?m(zﬂ +v4)
x u x nd U_zlnrziaﬂ
zg (U7 +V)

Let the total .distance ascended be &
When k=M, v=0
S S

H=—lnl == |==—In 2 as fequired
2z LT 1 28
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Resisted motion of a particle movig in a straight line
Exercise D, Question 7

Question:

Attime £, a particle P, of mass 2, moving in a straight line has speed v, The only force

acting iz a resistance of magnitude mﬁ:(f/f +2v") |, where & is a positive constant and

My 15 the speed of P when £ =0.

a chow that, as v reduces from F to %PE,P travels a distance 1;1—;:

: S : i
h Ezxpress the time F takes to cover this distance in the form e giving the walue of
0
A to two decimal places. [E]

Solution:
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mg

Ei{—) F =ma
—mk(frf + 2V = ma

dv

—k(PE+ 2ty =v D

(¥ ) =

weparating the variables
Jk dzx = —me
b = A—%ln(v,f +2v%)
At x=0v=F,
0 ZH—%IH(K}E +2F = A= %111(3&;2)
Hence

1 1
= Zln(BE«f) = Zm(p';* + 207

T F B N
r=tuf Z |
d | P+ 2
When v=lfrf]
2
2 z |
x=$ln 23&% : =$1n 33?'32
7 il 27
In2
L ired
= AE rECULTE
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b Equation # can be written as
dv
—kE +207) = -

separating the variables

Jﬁ:dﬁ=—J 21 2dv=—lI+dv
Vo +2v i o

Ik
"‘-2_,
1
o =5—-—x — arctan
B ES
L\ v2) 2
When £ =0,v=1F
) i y EV 3 y 2
U=B——arn:tan| L |=‘:-B=—arn:tan V2
a . 2
Hence

v,

(oY)
arctan v 2 — arc:tan| —_— ‘ ‘
\ " /)

V=

1
o
20

|

P 2
arctan V 2 — arctan

V ‘

1} 1]

i Tl (oY)
e —‘ arctarn 2—arn:tan| = | ‘
iyl 2 | | 2 | |

; A ;
This has the form — | as required, where
0

f,:?‘ Seran Z—arctan| o | ‘ =024 (2dp.)
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Resisted motion of a particle movig in a straight line
Exercise D, Question 8

Question:

A car of mass # 158 mowving along a straight horizontal read When displacement of the
car from a fized point O 15 x, its speed 15 v. The resistance to the motion of the car has
2

magnitude . where k15 a positive constant. The engine of the car 15 working at a

constant rate .
a Show that 3wn? ii_d: =3F— miv.

When 2=0, the speed of the car 18 half of its limiting speed.
b Find x interms of s, &, F and v

Solution:
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a P=Fv:-F=E

v

A=) F =ima

2
F_mﬁsv =
3

P ok’ dv
[ = m‘P —
v 3 dx
Multiplying throughout by 3v
3P — i = B Y

dx

1 dv

Sav =3P — i, as required

b The limiting speed is given by a = vii—i; =1

0=3F—min’ = v =2 |

Separating the variables in the answer to patt a

Jree= [

x= A—Eln(BP—mb;)

When x=0,v= s 3 o
mﬁ: 8??2}':
1. BP 217 )
D=A——1n‘ IPLTC b ——1n|
ko B
Hence
x=lln|I£ WL W
ls )k

fef Gip 9
* I1| 3P — o) J
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