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Relative mation
Exercise A, Question 1

Question:

The weloctty vectors of two particles I~ and (Y are v, and v respectively. Find the

velocity of P relative to O and the relative speed of ' to P in each of the following

CAZEs!
a v,=({5i+6)ms" v, =(#H—3)ms™
h v,=6&jm g v, =(—Zi+jim 5!

e vp=(5i+6—3msT, vy=({—6j+2kjms "

Solution:

a Pw,,-g=1,-},—vg=(5i+6j)—(4i—3j)=(i+9j]m3
Vsl = Vo =49 =32 m s
b vy =V vy =6~ (2 +)=Qi+5)ms”
lg Vel = [pvgl =215y = V245 =29 m s
¢ pVp=Vr vp=(5it6i- F) (-6 k)
= (4i+12j-K)m s

eV =level _ pa +(—5)? =-f16 +144 + 25

=J185ms!
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Relative mation
Exercise A, Question 2

Question:

A man iz driving due notrth at 40 km h™"' along a straight read when he notices that the

wind appears to be coming from NE0"W with a speed of 40 km h™'. Find the actual
wvelocity of the wind.

Solution:

Vi, =A40%km b due N
wVa =40km bl from NEOTW
WV = Vi — Vi = V™ pVie T Vig
Diraw the vector A
W N

.. 607
,/H_'

"-|.

Vector A is equilateral so | v, [=40 km h™' in direction MNEO'E
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Relative mation
Exercise A, Question 3

Question:

The velocity of 4 relative to Bis (21 4+ 3jims™"

(—1i-+471m 7. Find the velocity of A relative to O

and the welocity of B relative to O i

Solution:

and V. = vy —vg

Qs s
e 4 B} adding

AVE T Vo =V, — Vo= Vi
Hence, ,v.=(2i+3)+(-i+4)=G+7ms"
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Relative mation
Exercise A, Question 4

Question:

A man who canrow at 4 km h™! in still water rows with his boat steering in the

direction N20°E . There is a current of 2 h™! flowing due E. With what speed and
in what direction does the boat actually mowe?

Solution:

2V 18 dkm bl in N20°E
v is 2km bt due E
MY =V Ve = Vi = Ve T Vi

Draw the vector A:
by cosine rule,

Vol = 4° +2% = 2xd x2cos110°

| = Y20~ 16 cos110" =5.05km h*

by sine rule
sin A _ sin 110°
2 5.047

{01107
S S 1| kit |=21.9"
5047 |

The boat moves at 5.05km h ! in N41.9° E
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Relative mation
Exercise A, Question 5

Question:

A woman is walking along aroad with a speed of 4 km h™'. The rain iz falling
vertically at 7 km h™'. At what angle to the vertical should she hold her umbrella?

Solution:

Vi 1z dlkmh 'herizontally (—)
vy is 7hkm b vertically (1)

2V =V p—Vy Draw the vector A:

tanHzi;%H:EQ.?'

=
Angle 15 2977 $ 4
Umbrella
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Relative mation
Exercise A, Question 6

Question:

A bird can fly in still air at 100km h™'. The wind blows at 90km h™" frem Wa'S,
where tan &= % The bird wishes to return to its nest which iz due E of 1ts prezent

position. In which direction, relative to the air, should it fly?

Solution:
Mag Dir
AV | 100 ?
X 24 From o W of 5 (tan o= ;)
Vg i due E

L T S e B, e
Draw the vector A: (Draw vy FIBST, since we have both 1ts magnitude and

direction)

sin ) sinor

50 100

Sl = ey
0 s

=8 = 3065

Hence, the bird should fly on a bearing of 12268 or 3268 S of E.
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Relative mation
Exercise A, Question 7

Question:

Two cars are moving at the same speed. The first iz mowing 3E while the other

appears to be approaching it from the east Find the direction in which the second car
1z moving.

Solution:

Vi # =E o ¥iim Vg e ¥y

r b At r
4V ! From E =V, 1,1+21,1

r 7
v, i !

Draw the vector A
Triangle is 1s03celes

Direction of v, 13 5W
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Relative mation
Exercise A, Question 8

Question:

A ship has to travel 20 kun due E. If the speed of the ship in still water is Skm h™! and
if there is a current of 3km h™! in the direction N30°E | find how long it will take.

Solution:
lag Dir
Vg 7 E
sV 2 ? sV =V — Vi

= Vg =Vt 3V

vie | 3 | M30E

JI"-'; +
|
I
|
|

S“;” =Sm60u=3-sinﬁ=%=:~ﬁ=31.3"
= ¢ =180" — (60" +31.3")=88.7"

v =345 - 235005887 =34 - 30¢c0s 887"
|ve| =5772km b

e T
5772

= 3h 2B minutes (nearest minute)
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Relative mation
Exercise A, Question 9

Question:

An aeroplane can fly at 600 km h™! in still air. It has to fly to an airport which iz SW
of its current position. There is a wind of 90km h™' blowing from N20°W .

a “What course should the aeroplane set?
b What is the ground speed of the aeroplane?

Solution:
Mag Dir
V. | 800 7
v, 80 | From IN20°W
= 7 oW

vy 15 the velocity of the plane relative to the air.
VATV TV,
= VTV trVy
a Draw the vector A: %
ginfl sin 657
a0 &00
_ Ban gy
60 w4
|

—» sin B

— G=7817
Course is <S52.8°W AT 6000 (pv)

b 3rd angle of vector A
=180"—(62" +7.813)
=107 187"
| vz _ &00
5in107.187  sin65
s e 6005@10?.18?" _ 632 46,
sin B5°

ie. ground speed of aeroplane is 632 km h! (nearest ke h 1)
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Relative mation
Exercise A, Question 10

Question:

A river flows at 2.5 m ™! A fish swims from a point Pto a peint (2 which is directly

upstream from P, and then back to 2 with speed 6.5m s7' relative to the water. A

second fish, in the same time and with the same relative speed as the first fish, swims
to the point & on the bank directly opposite to F and back to F. Find the ratio PO PR

Solution:
R
: vg =25
: lpvel =6.5
— i 25 FVp = Vy — ¥,
I = V= pVypt v,
: |
P o
Fizh 1
t :| PQ l‘]:@
PBoles+25) ¢
- | Y "|=@
B Les_gs] 4
Totalnmez_Q+£=@
4 36
Fish 2 (Pto &)
Mag | Dir
Vg 2.5 —
Vg 6.5 7
Vg i 1

|vp =65 -25 =6

| vy |= & for Ko Palse. tetal tme=——=—

Ve
%=ﬁ=}PQ:Pﬂ=12:13
36 3

50,
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Relative mation
Exercise A, Question 11

Question:

A man is cruising in a boat which is capable of a speed of 10km h™" in still water. He
1z heading towards a matker buov which 13 NE of his position and & km away. The
current is running at a speed of 3kmh™' due E.

a What course should he set?
b How long will take to reach the buoy?

Solution:

Ve 3 due E

MV T Vi Ve

v NE | = v, =v,+ Ve

san B zinds

3 10
. 3.2
sinf ==
20
=08 =1224T
L
Course 15 I (90 - 6-45"E
te MN{(E2T733ME
e MN328°E
|vae| 10
sn{@+45")  sndd
vy, |= w=]1.8936_..
sin 457
tne = > =30 minutes (nearest minute)
11.8936
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Relative mation
Exercise A, Question 12

Question:

A river flows at a speed . A boat 15 rowed with speed v relative to the river. The
width of the river 15 w and the boat 15 to reach the opposite bank at a distance &

: W . _ : .
downstream. Show that, if T <V <k, there are two directions in which the
w4
boat may be steered.
Solution:
| d Mag | Dir
v th —
T T - i -
| "4
- v el
" : o | £
ol V= Va— V¥
0. BV 2 Vi
i il

SNy = Vit Vi
Draw wector A

Two possible positions for a vector of
lengthvif u =v=ucost

: W
From top diagram, cos = —

N

as required.
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Relative mation
Exercise A, Question 13

Question:

A ocar iz moving due W oand the wind appears, to the driver, to be coming from a
direction IGO0 When he drives due E at the same speed the wind appears to be

coming from a direction M20°E  If he now travels due 3 at the same speed, find the
apparent direction of the wind.

Solution:
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Scenario 1 Scenario 2
Mag | Dir | Mag | Dir
Vo oo due W Vi i due E
WV T From N60"W WV o 7 From MN30°E
Vg T 7 Vi ¥ 7

nvi
]
|
1
I

L ]
< B0F

LS
-\C )
]

Mow, put the two triangles together, bearing in mind that the resultant, in both cases, 1s

v Le will be a common side:

Using angle in a semi-circle 15 907 property | v [Fu (radivs of circle). Then BAFA 15

equilateral. Hence, direction of wind is on a bearing of 120°0330°E)

SCenario 3
Mag Dur
Vo i due =
WV 7
Vi i =230°E

PhysicsAndMathsTutor.com
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Draw wector A

w¥o = Vg~ Ve

Ny

30°
|
|
|
|
|
|

V”'

“ (v

— 30°
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Relative mation
Exercise A, Question 14

Question:

When a ship travels at 10km h™" due IV the wind appears to be coming from a
direction I40°E . When the speed is increased to 25 km h™' the wind appears to be
coming from a direction MN25°E | Find the true speed and direction of the wind.

Solution:
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Mag Dir MMag Dir
Ve 10 due I Ve 25 due I
w¥s | ' | From N40"E wVe | 7| M25°E
Vi 7 v Vi 7 7

We now put the two triangles together:

ln APOS, PO=15
o5 15

sin 25 sinlT

— OF = 24493

In AQRS,
| v = 24493 +10% - 2x24.493 x10 cos 40"
| Vi |=18.02km b

In AQRS,
sin . sin 40°
10 18.02
: 10 s1n 40°
=sntd= ———
18.02
= /=209

- Speed of wind iz 180km b ! from NE0.9E
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Relative motion
Exercise A, Question 15

Question:

A woman cycles due M at 40 km h™! and the wind seems to be blowing from the East.

When she cycles due S at 50km h™!, the wind seems to be blowing from the South
East Find the true welocity of the wind.

Solution:
Iiag Dir Wlag Dir
Ve 40 due M Ve a0 due 3
w Ve 7 FromE WV ? | From 5E
Vi 7 7 Vi 7 7

wVo = Vg~ Vo= Vip = Vot Vo

w¥c¢

50 v,

40 v,

We now put the two wector triangles together using the common side (v)

w¥e

F 5 o

OPS = 45 From APQS)
= PQ =90

40 | vy = JA07 4907

= 10497 =98 5km b !

R
tan B = %
40
50 = A =66.0°

5

. Velocity of wind is 98.5km h™* from S66°E
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Relative mation
Exercise A, Question 16

Question:

When a motorcyclist travels along a straight road at 48 km h™" due I, the wind seems

to be blowing from a direction MN40°E . When he returns along the same road at the
same speed, the wind seems to be blowing from a direction 330°E . Find the true
speed and direction of the wind.

Solution:
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Ilag D Idag Diir
Vi 48 due I W 48 due =5
WV b From WV 5 ! From 520°E
N40°E
Vi 7 7 Vi 7 7

48

—"
130°*
Putting the two triangles together, using the commeon side (vy)
Let QSR =0
So @SP=180"-0
In APOR, _PQ = _QR =— i
sndl®  sin320° @in 1100
i P 2B s R 2RI e
sin 110° sin 1107

In APQS, PO? =482 + 05? =248 x0OS cos(180° =@) @

In AQSR, OR* = 482 + 05? = 2x48 xS cos O

@

O+ @: PO +0OR = 2x(482 +05Y)

gince coz (180" =0)=—cos O

F] 2
>QS=|VW|=.J65'5? 42-51.08 _ g3
=34 0km b
AQRS ain g ain d0° e gt B 51.08 ain 40°
5108 3401 34,01
=f =749

- Velocity of wind is 34.0km b from S74.9°E
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Relative mation
Exercise B, Question 1

Question:

At 1020 am. an asroplane has posttion vector (— 1001 +2207) ki and is moving with
constant velocity (300i +4003km h™'. At 10.45 am. a cargo plane has position
vector (—60i4+355j) km and is moving with constant velocity (4001 +300jkm h™1.

a Show that the planes will crash if they maintain these velocities,
b Find the time at which the crash will occur.
¢ Find the position vector of the point at which the crazh takes place.

Solution:

o =100 17300 F=25)
a position vector of asroplane at 1045 = 590 |+£ 400 |=| 390 |
Attime 2 hoafter 1045 am: .. : .. - :
[=25) (300}
+t
| 320 1 400)
[—60Y (4007
T = +t
|- 355:): L300
3 3 { 35) +£"—10CI" _" 35-100¢ )
A58 AT~ l=n5]™. Y0 | ~35+100¢ |
Hence, ,v.=0 when
35
fo=
100
= 21minutes
b Theycollide at 11.06 am.
[ —25) 2, 35 (300% [ 80
c r,= —_— =
& | 320 | 100 400 | | 450_]

They collide at the point with position vector (801 +460j )l
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Relative mation
Exercise B, Question 2

Question:

Hiker A is 3 ke due W of hiker & Hiker 4 walles due I at Slon bt Hilker B starts at
the same time and walks at 7lm h~!.

a In what direction should & walk in order to meet A7
h How long will it take to do 507

Solution:

Fiz A (i e consider motion relative to A)

1 3em i In welocity A,
(V) cosf=2
44 .
3 km =6 =444

a Bshould walle 44 4°%

b v =T =S
3 3 6 1

1‘1T. g e B o L I S P
1t & \@ 2\}@ T

= 367 minutes
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Relative mation
Exercise B, Question 3

Question:

A batsman strikes a cricket ball at 15m 57! on a bearing of 260°. & fielder is standing

45 m from the batsman on a bearing of 245", He runs at 6 m s~ to intercept the ball.

a Find the direction in which the fielder should run in erder to intercept the ball as

euickly as possible.

b Find the titne, to 1 decimal place, that it takes him to do so.

Solution:

e T LT T

(—vg)

s Direction of vy 15 (65" —40.327E
1e. N24TE

Fixz the ball

{ie. consider motion
relative to the ball)
Tsing sine rule on
wector A

sint anly

15 )
s Sanls
2

g =40 32° (assuming f1is acute)
Brould be 1807 —40.32° (see below)

There are 2 possible directions for vp,

as shown 15 the diagram; the EH one will
give the shortest interception time,

b Third angle in the vector A 15 180° {15 + &) =124 65

|7 Vel _ &
sin 12468 sinls
fein 124 68

=|.va =
7Vl sin 15°
—19.0637..
G - W
M T 19,0637 s(ldp)
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Relative mation
Exercise B, Question 4

Question:

A destrover, moving at 48 ki h~!in a direction M30°E | observes, at 12 noon, a cargo

ship which is steaming due N at 20 km h™'. The destroyer intercepts the cargo ship at
1245 p. Find

a the distance of the carge ship from the destrover at 12 noon,
b the bearing of the carge ship from the destroyer at 12 noon

Solution:

a Fix the carge ship (1.e consider motion relative to the cargo ship)
Le apply a vector of magnitude 20 due 5 to both,
by cosine rule,

vl = 20° +48° — 2% 20 %48 cos 307
|pVel =32.268km b
Distance = 0,75 x 32 268
=24 2km

20

sinf sin 30° : 10
= — 3if1 =na =
20 32268 32.268
= 0=18.05%

s Bearing 15 (307 +60=48T
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Relative mation
Exercise B, Question 5

Question:

A speedboat moving at 75 km h™! wishes to intercept a vacht which is moving at
20km h™! in a direction 040° . Initially the speedbeat is 10 km from the vacht on a
bearing of 1507,

a Find the course that the speedboat should set in order to intercept the yacht
b Find how long the journey will take.

Solution:
a \ Fizx the vacht (i.e. consider the
motion relative to the yacht)
anllld®  sinf
Y o 73 20
4 Aanlll _ ne—6=14512
[ \':':| 2 15
" Third angle of wector A 13
; 1807 1107 - 14 512" =55 488"
i Course 15 M15.5"W
20
L A I -
sin 52488 #n 110
10 ;
= b =9 Tminutes {1dp.
65.7667 SR
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Relative mation
Exercise B, Question 6

Question:

A lifeboat sets out from a harbour at 10,10 a.m. to go to the assistance of a dinghy
which is, at that time, 5 kkm due = of the harbour and drifting at 8km b due W. The

lifeboat can travel at 20 km b~ Find the course that it should set in order to reach the

vacht as quickly as possible and find the time when it arrives.

Solution:

Fix the dinghy (ie. consider the motion relative to the dinghy)

(=vp) cosH=i= 04
2 20
4 =0 =664
A" -G =23 58

20 (v Course 15 22367 W

|vo| =+f20°-8" =.f336

i ~Time = i =164 minutes.

1 ' A 336
.—E ————————— - s Arrives at 1026 am.

5 km
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Relative mation
Exercise B, Question 7

Question:

A gunner in a bomber, which is flying N50°E at 320m ™! wishes to fire at a fighter

plane which is flying S60°W at 360m s~'. Ifthe gun fires its shell at 1000m 7', in
what direction should the gun be aimed when the fighter 15 due E of the bomber?

Solution:

Fix the fighter by applying a vector 360m s ' N&0"E
Then ;vp+ ,vy = Vg

LE. Vp—Vep+ 4Vp= Vg

e e i

- ———————-h-'.r‘:

1000
(5VR)

360cos 60" +320c0s 507 1000510 8=10

: 180+ 320 cos 50°
=zanf =
1000

=0 =227 =29 - =677

Direction of gun s 3675 E
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Relative mation
Exercise C, Question 1

Question:

The position vectors and velocity vectors of two ships P and O at 9 am. are as follows
r, = (2i4+jikm v, =(H+{kmh™

r, = (—i—4j)km vy =(1li+3)km k™

Azsuming that these velocities remain constant, find

a the least distance between F and (' in the subsequent motion,
h the time at which this least separation occurs.

Solution:

(9 (3
a Ip= ‘ . .|+ﬁ‘ : I|,.thrs after 9a.m.

1, = | :31 ‘ +i | 131:] , & hrs after Pa.m.

| (3-8
|52 |

=:-|P1'Q|2= (3-8 jz +[5—2£)2=Xsa3r

(3 ().
AT ‘ 5 |+‘f" 2 | 3

% =-16(3-8: )-4(2—2)=0 fora minimum
= 1d-32+5-% =10

= 17 =344
1

= )
2

aandb X, =(-17+4* =17
- clozest distance is Jl_? km at 930 am
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Relative mation
Exercise C, Question 2

Question:

The position vectors and velocity wvectors of two ships P and ( at certain times are as

follows
r, = (i+4jdkm  v,=@i+8kmh™ atSam
r, = (205km vy=(%i—2kmh™ atBam.

Assuming that these welocities retnain constant, find
a the least distance between F and ' in the subsequent motion,
b the time at which this least separation occurs,

Solution:

At hours after 9 a.m.,
1+4z

=3 4‘ |8H4+8.:|
[0 ) 949
27| 20|+<HU| |_| 18-2
gl o
P = 144100 | PV~ | 10 | {Differentiating with respect to )

Closestwhen My P\Q—U
—8-35¢
| Sarteef{10)°
| —14+10z ) | 10
40+ 25t —140 +100¢ =0
125% =100
£ =05h (48 minutes)

50, ;I = |_14+8|_| i |=~|PIQ|_6 P +28 =645

a .. Least distance between Fand s 6\1’_ 5km
b ThiS occurs at 948 am.
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Relative mation
Exercise C, Question 3

Question:

The position vectors and welocity vectors of two ships P and ( at certain times are as
followes

r, = (Si—jikm v,=(HA+Fkmb’  a3pm
r, = (3i+3km v, = (21 + 3 km bt at 2 p.m.
Azzsuming that these wvelocities remain constant, find

a the least distance between P and (0 in the subsequent motion,
b the time at which thiz least separation occurs,

Solution:

At # hours after 2 pom.

(8) (3 (8+%)
v —1__.|+£|._. 7"‘ -1+ |
(3] (2) (5+2¢)
'y = 1| kiE +1)|.__ 3 | = 4+
[ 4342 ) (1)
7o sra ,|:’P Vo =|, 4 |
(43+e) (1) o
| Iy || 4 |= 0 for closest approach
1B ht— 204160 =0
17 =17
i=1
Then L1, :|-‘ _41 ‘I‘:" sl = ~17 ke

Least distance is Jﬁ km atd pom
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Relative motion
Exercise C, Question 4

Question:

The position vectors and velocity vectors of two ships P and O at 3 p.m. are as follows
rp = (3i—5km vy = (151 +14j)km h!

r, = (1354 5km anl§.=|:3i—10j)1-:_n:1h_1

Lssuming that these velocities remain constant,

a find the least distance between F and (' in the subsequent motion,

ship () has guns with arange of up to 5 kem.
b Find the length of time for which ship P is within the range of ship &5 guns.

Solution:

At hours after 3 p.m 3

o -+ [ 3+15¢)
‘P_‘,__—5| | | 5+14z|
: d ( (1343
IQ_‘.__ﬁ__. |__—m| |5—10.c__.
(—10+12¢
o e
#e ‘—m+24.c‘ A |,__24
—10+12¢)
| | | |— for closest approach
—0uepae] fou
120+ 144 — 240+ 576¢ = 0
TF20¢ = 360
1
£=_
2
a Then, ,r, —‘ |=~|_,1Q|mm 20 =25 km
b Need |prgl=5
=|; Ql =25 /
e 2 ” 2o
= (126 —100% + (24 —10)* < 25 A .
= 1442 =240z +100 +576:2 — 430z +100— 25 < 0 -
= 720 720 +175 20 T

= 144* — 144 +35 < 0
=(l2e=T)lx-5)=0
5 7
12 12
~Length of time =1—£=lhour
12 12 6

1e. 10 minutes
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Relative mation
Exercise C, Question 5

Question:

The position vectors and velocity vectors of two ships P and (2 at certain times are as
tollowrs

rp, = (—2i+3jkm ¥, =(12i—4j)km h! at 245pm.
r, = {fi 4770 km Vo= {2i— 143 0km bt at 2 p.m.
Azsuming that these velocities remain constant,

a find the least distance between P and ¢ in the subzequent motion.

=hip () has guns with arange of up to 2 km.
b Find the length of time for which ship P 12 within the range of ship 07z guns.

Solution:

PhysicsAndMathsTutor.com
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At fhours after 245 pom.,

R AT R A v
rp = ‘ 2 |+f'| —4 |_ | 34 |
8y (1) 2 n_" 7%+2g |
rp= ‘ 7 |+‘I _Z__“,_ 14 | Thaosl_ s
- R G R
r —9%+10: " 10
. = S —
Sl e B ‘m|
.2
(o1 410 0%
2 . |=D for closest approach
—7%+10§ G
=b;95+1005—:75+1005 =10
2006 =170
-
20
Then Prg=|l |=‘"|pl'g|mm ‘J"Ekm

b IMeed |ag=2
=gl <4

i 1\2 i 1\2
=|10e-9-| +{10:-7-| <4
! 2)

= 1002 —190f +90.25+ 1002 1508 +56.25—-4=10

= 2006 - 340t +142.5<0

340 £4J(340)7 — 4x 200 x142.5

Eootegiven by = 400
w3040 15 e 19
400 20 20
B apat
20 20

SLength of time = i = l h =12 minutes
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Relative mation
Exercise D, Question 1

Question:

Two straight roads cross at right angles. A woman leaves the cross-roads and walks
due Eat 4.5 km h™'. At the same time another woman leaves a point 10 km due S of
the cross-roads and walks due M at 6 km h™".

a After how long will they be closest together?
b How far apart will they then be?

Solution:
N Fix first woman
' (ie. apply a velocity 4.5km h* due Wio both)
N » tan H = E = E
4.5 km-! ;A it & 4
_“_..._i. b
: 6
6 km-! 10 km
: W
¥
a N 15 closest approach position,
o w, i =10cosfl =8 km
» |.1.'|
T e
45 462 15 1D
10 km S Clesest after 1 hr 4 minutes

b wN=10sn6=10 -§=6km
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Relative mation
Exercise D, Question 2

Question:

Two trains are travelling on ratllway lines which cross at right angles. The first train 1s
travelling at 45 km h™' and the second is travelling at 108km h~'.

a Find their relative speed.

The slower train passes the point where the lines cross one minute before the faster
traif.

b Find the shortest distance between the trains.

Solution:
? 108 4 n¥R =V TV
‘. 45
T, h
L 45 108
Vr x
~Relative speed = |3.2 vrl|
= 45" +108°
=117kmh*
b At:=0: \s . 45 T isshortest distance
% 1
7r, = 198 ! oSl e 2 =
&0 N ! ki 12
=1l.6km kY st = 0,692 kun (3 5.£)
!
N

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Pagel of 1

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Relative motion
Exercise D, Question 3

Question:

At 10 am. anaircraft 4 15 300km N50°E of another aircraft B Aircraft 4 15 flying at
200%m h™" in the direction 70" W and aircraft B iz flying at 600 km h™" in the

direction M10"W
a Find the least distance between the aircraft in the subsequent motion.
b Find the time when they are closest to each other.

Solution:
N Fiz A (i.e. consider motion relative to A)
200 f Lpply a vector 300 S70°E to both:
. by cos rule,
|v [ = 600* +800% — 2 % 600 x800 cos 60°
000 ? = 520000
|2Vl =100~4"§
N
'
I
I
I

60°

00

BV A

10°

B
sin O _ sin GO°
600 100-52

_ 3\@ Third angle is
A= J52 1807 —60° — 46 1" =73.9°
g =46 1° Direction of zv, 18 HE3.5°E

M1z the point of closest approach,
AN=3005in135% =72 1km (3]
BN=300cos13.9" =201.21...
_ 28121

100452

Time h =04038.

= 24 2 minutes
Least distance between then 15 72.1 km at 1024 {nearest minute)
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Relative mation
Exercise D, Question 4

Question:

A ship Fsteams at 20 kan h™' on a bearing of 015", Another ship (O steams at
12km h™" on abearing of 330°.

a Find the velocity of O relative to P
At 12 noon (s D km due E of P I they maintain thewr velocities,
b find the shortest distance between the ships.

Solution:

= 544 — 2402
|pvel =143kmh
sin B sind5° . 128045
= =an = ——m8 —
12 14.303... 14.303..
=0 =34
o =180° —45 —36.4° =986

'
l gVl = 20° +12% — 2% 20 x12cos 45
I
I
I
I

-~ Direction of v, 1s on abearing (180" +51.4° } Le 231.4°

b At noon:
A iz the point of closest approach

I* 5km I
P « 0 Shortest distance
31.4° between Fand 3 = PN = Scos51 4°
=3 12km

oVp
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Relative mation
Exercise D, Question 5

Question:

At a particular instant a liner 12 1 km MW of a tanker. The liner 15 moving at
18km h™"! due E and the tanker is moving at 15km b~ NE.

a Find the shortest distance between the ships.
b Find the interval of time that passes until they are at the point of closest approach.

Solution:
L 18 km h-! Fiz the tanker
~ ) 450 iie apply a vector
. ¢N ) of 15km h™! SW to both)
Yo s 15 km h!
| km “\'I';::P“J/
.
by cos rule,
| v =18 +15% =2 %18 x15c0s 45°
= 549 — 2702

Iovs| =12.9 (291)

sin H sin 45° ) 15810 45°
=3 g=— =

sin
15 12,5251 12 5251

f#=55"

L M1z the point of closest approach.
T =1an 10" km
=0.174 km
LN
lzvrl
_ leesld b

T 12929
=4 & minutes

Time =
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Relative motion
Exercise E, Question 1

Question:

X and ¥ are two yachts and ¥ is sailing at a constant speed of 15km h ™" in a direction
30°E At 2 pm. Fisdkm due E of X Giventhat Firavels at a constant speed of

12km b7t
a show that it 15 not possible for Tto intercept X
b find the course that ¥ should set in order to get as close as possible to &,

¢ find the shortest distance between the vachts,
d find the time when thev are closest

Solution:

Fiz X (ie. consider

motion relative to X

Since 15an 60" =12,
impossible for Fto catch A

= @ =3487
socourseds 630" =487 W of I
Course for Fis N6 87°W

¢ Mis the point of closest approach.
XN =60 (90" — 8 )=0 30" =687
SAN =45in 687" =048 km
N¥ _ drosh 87" _ deos b 877 b
Vel 155122 g

= 26.5 minutes

d Time=

Time iz 2.26%p.m.
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Relative mation
Exercise E, Question 2

Question:

Two atrcraft P and O are flying at the same altitude. At 12 noon aircraft (1s Skm due 50 400
S of mircraft P, and is flying at a constant 300m s inthe direction N&0"E . If aircraft Flaiara
Fflies at a constant speed of 200m 7%, find

a the direction in which it must fly 1n order to pass as close to aircraft () as possible,
b the distance between the planes when they are closest,
¢ the time when they are closest.

azsible,

Solution:

At noon,
Fiz () (i e consider motion relative to O

by applying a vector of magnitude 300m 5!
in S60°W direction.

M1z the point of closest approach,

cosH=@=}-H=48.]9'
300

a Bearing of
v, =60 +6

= 108 (nearest degree)

b Angle between ,v, and PR = 60" — (30° - 6) = 6 -30°

=181%
S Closest approach, A = 5an18.1%°
=1.56 km
¢ Time= 234
P""Q|
_ SrpeslB 197 %1000 Scoesld 197 <1000
3007 — 200° 10043

= 21.25 (after 12 noon)
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Relative mation
Exercise E, Question 3

Question:

At 3pm boat O iz due Eofboat Band B0 =52km . Boat C iz travelling due M at a

constant speed of 13km h™'. Given that boat B travels at 12km h™", find

a the course that & should setin order to get as cloge as possible to O

b the shortest distance between the boats,

¢ the time when this occurs,

d the distance from the closest position of the boats to the initial position of &

Solution:

13 Fiz O (1.6 consider motion relative to £
2Vo=A1F —12% =5kmh

; 12 :
C cos= —= B0 =2262
13

13 Direction of B M 22.6°E .

i

b Angle between v, and BU=30"-30"-&) =0
.. Least distance, ON=52sinf8=2km

BN _ 52ces22.62

lzvel 3

=05%h

= 57 & minutes

¢ Time=

coTime 15 358 pom. (nearest minute)
d Distance moved by

B=12x096
=11.52 km
=115k (3sf)
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Relative mation
Exercise E, Question 4

Question:

A fielder is placed at a distance of 30 tm from a batsman and on a bearing of 2507 The
batstnan hits the ball at 17m 7' in the direction 70" W . Given that the fielder runs
at 8m s~ from the moment the ball is struck, and ignoring any change in the speed of
the ball, find

a how close the fielder gets to the ball,

b the titne, from the instant when the ball was strucl, that it tales the fielder to get to
the closest position

Solution:

Fix the ball,

by applying a wector of
magnitude 17 m 2 Yin
direction S70°E .

I 1z the point of closest
approach.

Cos H=E=:-H=61.93"
17

o Bearing of s course iz

3607 — (70— 61,93 )= 351.9%
=352°(35.£)

a Angle BEN =407 — (30" —6)

=g-50"=113%
coClosest distance, SN =30an119F =62 m
g FN 30cos11.93"  30ces11.93
b Time= = =
relative speed Mﬁ_?ﬂ _ge 13
=Zcosll B3

=196s
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Relative mation
Exercise E, Question 5

Question:

At 10 am. afrigate # 1z 16 km due E of a cruiser O The cruiser 15 mowing at a
constant speed of 40km h™' onabearing of 030° and the frigate iz moving at a
constant speed of 20km h™'. Find

a the course that & should set in order to get as close as possible to O

b the closest distance between them,

¢ the time when this occurs.

The guns on the frigate have arange of up to 10 km.

d Find the length of titne for which O iz within the range of ship &’z guns.

The guns on the cruizer have arange of up to 9 km.

e Find the length of time for which 7 15 within the range of ship C%s guns.

Solution:
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40

ipe

1 16 km

Page2 of 2

Fiz O ie consider
motion
relative to &

b . Frigate zails an a bearing of 330°
M1z the point of closest approach.

. COSH=E=1
F 40 2
= =&l

CEN = 90" — (90" — ) — 30" =0 - 30" = 30°
SO closest approach =163:n 30" =8 km

. Timeo T _ 16cos30 _ W3 o_41
e vel Jaor-z0f 1012 5 2
_2y
5
= 24 minutes
Clogestat 10,24 am.
d ¢
PO =2PN = 2+f10° — 8*
=12 km
_ 12
Time=—"_h=03464h
1012
= 20 .8 minutes
- : 2:10% — 92
e Similarly, ime = ————
10-/12
=1E=0.25]6...h
L

=151 minutes
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Relative mation
Exercise F, Question 1

Question:

Particles P, ¢ and A move in a plane with constant velocities, At time £=10 the
position vectors of F, 0 and R, relative to a fized origin O, are {14 3j)km, (%1 4 9)km

and (61-+13j)km respectively. The velocity of Rrelative to P is (7i—107)km h™" and
the velocity of R relative to @ is (1 —12))km h™".

Find the welocity of () relative to P

=how that P and (! do not collide.

Find the shortest distance between & and

Find the time taken to reach the position of closest approach.
=how that & and & do collide.

Find the distance between P and R when thiz collizion cccurs.

Lo T - B — T B — - 1]

Solution:
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a RVP=VR—VP=[J_F:U‘] I
soaslll s

gVr =V~ Ve = 'i‘*'z _.‘”'P) —(¥g "'Q:'
F 7N F 9\ (-0

B | 10 | o | =15 | B | 7 ‘
pVe=(—21+2))km b :

(1) (9

b r; =|. 3.| andrg=| 5 | ati=10

. _ - l'l, 9"\ (1) (-8)
g _‘ 9| +|L_ 3| ¥ | —6__,|
SINCE [V # kQ?, Fand & will not collide,

¢ Attime £,
TR 8y () (8-
ets _|l 6 JHQ"‘” _| 6__,‘”[. 2 |_| 6+2t |

Closest when

ol p Ve =10
(8- 2\ [—2)
2] 2 |7°
642t 2
—l6+4de+124+4: =0
2t =4
.ﬁ=lhr
2

m.z:%,gr_pz[;]:;|Q1~P|=?ém
d lh
2
() (9) (3
LS 0’12_19_|,_.13__,‘_|,_.9__,|_|,_. 4 |

(=9 .
gVa= "aVg =‘ 12 |=3(1‘R—1‘Q) ccollision occurs
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f Collision when £ = E

. [ I 6 W ! 1 "l I ? "
Rl*”_}l13_,|_|,.3_,|[+‘f'|,.—10_,|
o BT,
L sy 1 7)
5_5"‘*1‘”_,_m.,|+§|,.—10_,|
i 22"]
BRI
|20 310

|27z = %dl A0 =§«J221 =9 91 km
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Relative mation
Exercise F, Question 2

Question:

A ship is steaming due Eat 10km h™'. A destrover is 5 km due & ofthe ship and
wishes to intercept it. If the destrover can travel at 25km h™!,

a in which dwection will it trawvel,
b how long will it take?

Solution:

a Fix the ship.
sinH=E: 04 =0=23§
25

The destrover should steer MN23.6°E

; 5 5 1
b Time = = = h
N2 o107 sfsEo2f 21

=0.218h

= 12 1minutes
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Relative mation
Exercise F, Question 3

Question:

Two trains 5 and T are moving at constant speed, Sat 50%km h™ MW and T at a speed
vimh™! due W Ifthe velocity of & relative 715 HE in direction,

a show thatitis 50km h™' in magnitude,

h find the value of' v
Ifthe speeds of 5 and T are interchanged,
¢ find the velocity of 5 relative to T in magnitude and direction.

Solution:

a g Vp = Vy—Vpo Wector A g isosceles,
|s v | =20

b oov=5042

(—vy)
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Relative mation
Exercise F, Question 4

Question:

A ship is travelling due Eat 15km h™" and is 10 km MW of a submarine. The

submarine submerges immediately and travels at 10 km h™" NE underwater.

a =how that when it crosses the ship’s track, it 15 nearly 1 km behind.
b Find the nearest distance to which it has approached the ship.

Solution:
a N ’}/
s 15 [ e
- T T (e e - -
'\.\ “.-’/
\‘\. !,-
» -
Y ‘..r
S .
10 % 4371 450 10
L
LY
b
____________ S

Time for sub to cross ship’s track =E =1h

Distance travelled East=10sn 45 = 5-\."5 o 707 kem
In1h, ship travels 15 km.  .distance of ship from sub=15-10coz 45" — 5\.@

15— 10—.,.'5 =~1km 1e sub iz approxzimately 1 km behind
b Fix ship; & 1z the point of closest approach
cosine rule;

Ship

= 32515042
: lgavd =10.624
sin ) sindd
10 10,624
= H=4177
2o,
o =180" 135" -6
=327

solesest approach = 10sin o = 0,571 kun
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Relative mation
Exercise F, Question 5

Question:

A ship A is moving at 14km h™" due E and a ship B is movingat Skmh~ ona

bearing of 0407 At 2 pm., A iz Skm due 5 of B If the limit of wisibility 18 12 lom, for
how long after 2 pom. 15 B visible to A7

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Page2 of 2

Fiz B 1e consider

|
| 8 maotion relative to 5.
, 40° 2 2, o2 g
|aval" =14 +8° — 214 =« Bcos 50
i = 260 - 224 oz 50°
3/ | v =10771km bt
/&
B
L
8 ¥ 5km E
|
vy i
i g 14 50° =; Yaeity
ik
|
S |
B
sine rule
sin ) sin 50°
s 10,771
=0 =34678
Displacement A
since sn 124678
B 5 12
: Ssin 124 &7
=no=—
5 12
= o= 20.04°
; ) _ 12
124.678° Tsin35.284  sin124.678
=d =584288
STime= el h =47 minutes

|4zl
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Relative mation
Exercise F, Question 6

Question:

A ship P is steaming on a bearing of 225° at a constant speed of 8km h™'. 4 second

ship (' 12 sighted, 3 km SE of F, steaming due W at a constant speed. After a certain

time, 1z sighted 1 km due 3 of P, Find

a the time taken, frotn the instant when (' is first sighted, to the instant when (0 iz due
W oof P,

b the distance the ships are then apart,

¢ the velocity of O relative to P,

Solution:
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o
- -
it =

=10-32
RO =24
St sind5
2.4
6=17.14
Velocity A
27.86° L 45°
) .
| ¢ | love _

Fix P.

RO® =1 +3 -2 x1x3c0s45"

8

s 45°

107.135°

Displacement A

_.U

PS 4539

sin® 50135
a 22.0 minutes
b 1.89km

¢ 121kmh? onabearing 298

= FP5=18%km

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

s 27 86°

=|,ve=12.1

s _ 3
sin135  sin (45 -0)
08 = 351n13f

sin 27.865
= 4530
Time = 4.539
12.1
= 0.375h

~ 22 .5 minutes
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Relative mation
Exercise F, Question 7

Question:

A zide road running MW joins a main road which runs due M. Two cars, A and B, each
travelling at 20 km h™", are approaching the junction between the two roads. Ata

particular instant, A 15 on the side road at a distance of 3 km from the junction and & 1z
on the main road at a distance of 2 km from the junction Given that the speeds of the
cars remain constant, find

a how close to one another they get,

b the distance of 4 from the junction when this ccours.

Solution:

N - Fix B (apply 20km h ! due I to both)
since welocity A s 1sosceles,

vl = 405in 22.5" =15.307 kmn b

1
B H=E(1BU"—45° )=67.5"
A is the point of closest approach.

2 km

AR = F $2% 23K 2c0s 45 =13-6,2
AB =21247%6 Let/dE =«

2 AB
sin ot = L:a o=4172676 .
2124786

5o, BAN = 0 —a=2577%
so, BN = ABsin 25777 =0.924km

AN BNcos25.773"
LVl 15.307

= 005435

Time =

s Distance of A from J = 3-(20x.05435.)

=1.91km (35.£)
a 0.924 km
b 1.91km
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Relative motion
Exercise F, Question 8

Question:

A ship is moving due W at 40 lan h™! and the wind appears to blow frem §7.5° west
of south. The ship then steams due 3 at the same speed and the wind then appears to
blow from 22.53° east of south. Find

a the true speed of the wind,
b the true direction of the wind.

Solution:
Scenario | Scenario 2
Mag Dir Mag Dir
v 40 due W Vi 40 due &
w¥e | 7 | From S67.5 W wVs | 7 | From 822 5°E
Vi ¥ 7 Vi 7 7
Ve = Vg~ Vg = Vi =V Ty vV,
I
I
: J/ 22.5°
I i
| 2250 40

40
Putting the two triangles together:

Sg§13 =457+ 225 =675
85,B=225 = 8BS, =90
MAABC 13 150sceles and

AGR = %(360“ 13 =112%

~CAB = %'-\6?.5“ =3375°

2 Direction of wind 15 M56.25° W (b)

58, = 4032 = 5§ B=4042 cos 675 = 216478

_|VW|B _ ?1'64?8, vy | =14.9km b ()
fn 225 #n3375
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Relative mation
Exercise F, Question 9

Question:

An aeroplane, which can fly at 160%km h™" in still air, starts from the point A to fly to

the point & which is 400 km NE of A. If there is a wind of 40 km h™" blowing from

the north, find
a the direction in which the aeroplane must fly,
b the time taken to reach B

400 km

AV = VYV~ Vy

Solution:
N Mag D
T AV 160 7
I
: B vy 7 HE
: Vi 40 FromI
|
|
|
|

=V S Vet Vy

A
sin @ sn135°
40 160
SinH = l /E =E
4 2 8
w =80 =10182"

=45 —f =34 818

a Aeroplane must fly N34 8°E

|.1.r-A| _ .]60 - VA|=16_051nt:=]29.2kmh 1
sinct sin 135 sin 135
400

b Time=——h =30%h
1292

= Zh &minutes (nearest minute)
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Exercise F, Question 10

Question:

A man can swim at a speed & relative to the water in a river which iz flowing with

. o . & .
speed v, Assuming that & = v, prove that it will talee him ——= times as longto

switn a certain distance o upstream and back az it will to swim the same distance & and
kack in a direction perpendicular to the current, assuming that & iz less than the width
of the river.

Solution:
- I
—_—
- i
1 Downstrean : £ =
i+
e
back : &, =
BV
. d d fw—v+u+v)
Total itne = + = T
Bty -y S S
2l
w? —y?
i
T 3
X =au —v
P
L=
x 1w —v
. 2l
~Total Time = =
1 BV
. . Zefu 2d
~Ratioof times = ——+
= Juz_vz
T e
T o L
w—v
1 :
= ——— az required
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Elastic collisionsin two dimensions
Exercise A, Question 1

Question:

A smooth sphere 5 15 mowing on a smooth horizontal plane with speed & when it
collides with a smooth fized vertical wall. At the instant of collision the direction of

motion of 5 makes an angle of tan'lg with the wall. The coefficient of restitution

between 5 and the wall 12 %

Find the speed of 5 immediately after the collision

Solution:

E Tveosor=u %

o ) 201 3 1
law of restitution « Vainor = Xu K== — Xy X— =1 X—
5 3 3 5
squaring and adding,
vz =M2|I E-’—l I‘:uz «E
V25 20 25
1uny17
v e
o

ORI ERSREE._=
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Elastic collisionsin two dimensions
Exercise A, Question 2

Question:

A zmooth sphere & is mowving on a smooth horizontal plane with speed & when it
collidez with a smaooth fized vertical wall. At the instant of collision the direction of

motion of & makes an angle of 30° with the wall. Immediately after the collision the
speed of 5 i3 %u .

Find the coefficient of restitution between 5 and the wall.

Solution:

ET ?;ucosr.f=u cos 307

o T . : .
lawr of restitution «» —sin o = gz s1n 30

squaring and adding:

7

L

7

z

'L 4% (3 e®)
? 4 ‘,__ZJFT_J
? £=3+@2

I / 16

P 1, 1
2 T

T v
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Elastic collisionsin two dimensions
Exercise A, Question 3

Question:

A zmooth sphere & is mowving on a smooth horizontal plane with speed & when it
collides with a smooth fized wertical wall. At the instant of collision the direction of

motion of & makes an angle of tan_lé with the wall. The coefficient of restitution

between S and the wall 1z %

Find the speed of 5 immediately after the collision

Solution:

/ E T veosar=u E

i

/ law of restitution -*—>:vsint£=e-u-—=—-u-i=u-—

i 35 013 13
- ? squaring and adding,

R T W

? S .__]69+169__.| . 168

? e E\f'ﬁu
u? 13

L,

&

i

%
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Elastic collisionsin two dimensions
Exercise A, Question 4

Question:

A zmooth sphere & is mowving on a smooth horizontal plane with speed & when it
collides with a smeoth fized vertical wall. At the instant of collision the direction of

motion of ¥ makes an angle of tan ™' 2 with the wall. Immediately after the collision
the speed of & iz %u .

Find the coefficient of restitution between & and the wall.

Solution:

L ]:%cosu=u/—
4

N

law of restitution «x —sin o =gu /E

souaring and adding:

 AAANAAANNAANANNN
Ed
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Elastic collisionsin two dimensions
Exercise A, Question 5

Question:

A emall emooth ball is falling vertically. The ball strikes a smooth plane which iz
inclined at an angle 207 to the horizontal. Immediately before striking the plane the
ball has speed S8ms™'. The coefficient of restitution between the ball and the plane

iz i_l Find the exact walue of the speed of the ball immediately after the impact

Solution:

Eefore the impact The component of velocity parallel to the

slope =8an 20° =4 '%=4

Perpendicular to the slope;
v=g¢ xBcos 30 =% <3 §=\."§

Therefore the speed imme diately after

impact = y/4° +~J§2 =\fﬁm gt

H\.i_|‘|_ i

After the impact

Bsin30y
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Elastic collisionsin two dimensions
Exercise A, Question 6

Question:

A zmall smocth ball 15 falling vertically, The ball strikes a smooth plane which iz
inclined at an angle 207 to the horizontal. Immediately before striking the plane the
ball has speed 10m s~ The coefficient of restitution between the ball and the plane

iz % Find the speed, to 3 significant figures, of the ball immediately after the impact.

Solution:

Before the impact The component of velocity parallel to the
slope =10s1n 20°
Perpendicular to the slope:
2
5
Therefore the speed imme diately after

impact = J(lﬂsin 2009 4+ (4 cos 2007

=./25826.. =508ms"

After the impact

10sin20°
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Elastic collisionsin two dimensions
Exercise A, Question 7

Question:

A zmall smoocth ball of maszs 750 g iz falling vertically, The ball strikes a smooth plane
which 15 inclined at an angle 45° to the horizontal. Immediately before striking the
plane the ball has speed 5\.@ m s~'. The coefficient of restitution between the ball and

the plane iz é— Find

a the speed, to 3 significant figures, of the ball immediately after the impact,
b the magnitude of the impulse received by the ball as it strikes the plane.
Solution:

EBefore the impact After the impact

Y HCOSa

Hsine

Hsine

a The component of welocity parallel to the

slope =msinoe= 5~J§sin 45° =5\."§ /L=5

2

Perpendicular to the slope:
V=g Xiucos = % /5\."5 cosdd”

1 1 ]
=_/5\E . AT
2 2

<2

Therefore the speed imme diately after

inpact =+f5 +2.5° =43125 =550 m ¢ !

b The impulse 1z perpendicular to the surface:

3(5 Ve s 5
Pl e |=_-—=5_625Ns
41 2 ) 4 2
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Elastic collisionsin two dimensions
Exercise A, Question 8

Question:

A emall emoocth ball is falling vertically. The ball strikes a smooth plane which iz

inclined at an angle o to the horizontal, whete tan o= % Immediately before striking

the plane the ball has speed 7.5m 57! Immediately after the impact the ball has speed
1

Sms.
Find the coefficient of restitution to 2 significant figures, between the ball and the
plane.
Solution:
Eefore the impact After the impact

” HCOS &

SN

Hsine

L gy BB DR ey

; g =036
The component of velocity parallel to the

slope=usinor="775 -§=4.5
Perpendicular to the slope:
v=guoosti =g x7.5 -i=6e
Combining the two components:

5% =4 5 + 361
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Elastic collisionsin two dimensions
Exercise A, Question 9

Question:

A ozmall smecth ball of mazs 200 g iz moving in the xy-plane and collides with a
smooth fized wertic al wall which contains the y-axizs. The velocity of the ball just

before impact is (51— 3jim s~ The coefficient of restitution between the sphere and
the wall is 2. Find

a the welocity of the ball immediately after the impact,
b the kinetic energy lost as a result of the impact.

Solution:

a Suppose that the velocity of the ball
immediately after the impact 15 pi+gj

T-3=¢
% — == /5:_
P=e 5
g0 w=—251-3j
Lomdonnammag
b K.E.before=5-g-(5 +321 =136

E.E.after = %/%/(2_52 +#)=6.1
KE.lost=136-61=757

AR
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Elastic collisionsin two dimensions
Exercise A, Question 10

Question:

A emall emooth ball of mass 1 kg iz moving in the xy-plane and collides with a smooth
fized wertical wall which contains the x-axis The velocity of the ball just before

impact is (31 4+6jim s'. The coefficient of restitution between the sphere and the wall
is 1 Find

a the speed of the ball immediately after the impact,
b the kinetic energy lost as a result of the impact.

Solution:

LI

pi+ qj

3i+6j

a Suppose that the velocity of the ball
immediately after the impact is pi1+4)

« 3= p (parallel to the wall)
T —4 =% <6 =2 (perpendicular to the wall)
Speed =+f3* 422 =\."'1_3m sk,

b E.E beforeimpart = % <1%(3* + 6% )=22.5, K E. after impact = — x1x13=6.5

[

EElest =225-65=1617
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Elastic collisionsin two dimensions
Exercise A, Question 11

Question:

A emall emooth ball of mass 2 kg iz mowving in the xy-plane and collides with a smooth
fized wertical wall which contains the line y»= x . The welocity of the ball just before

impact iz (41+2)9m s~'. The coefficient of re stitution between the sphere and the wall
is 1 Find
a the welocity of the ball immediately after the impact,

b the kinetic energy lost as a result of the impact.

Solution:

suppose that v=a+h
where a 12 parallel to the wall and h
1z perpendicular to the wall.

1 PSS : .
T 1470 iz a unit vector in
2
the direction of the wall.
1., .. .
—=(—147) 15 a unit vector

NE

perpendicular to the wall,

1 1
o {(4i+2j).ﬁ(i+j)}ﬁ(i+j)=a
1

= Lo /iz(i+j):3i+3j

N2
'\%{(4i+2j}.

L(l_}}i
2 e
1

#—= (=2 :

\E E(_l +.])

(—1+73)

(=i +) =b

il = ] =

S e ST S
3 2 3 &
1

=5

1 (64 100 164
b K.E.before=§-2-(42+22}=20,K.E.aﬂ:er= 2'|?+T i

EE lost = 20—E=E
9 9
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Elastic collisionsin two dimensions
Exercise A, Question 12

Question:

A smooth snooker ball strikes a smooth cushion with speed 8ms™" at an angle of 45°
to the cushion. Given that the coefficient of restitution between the ball and the

cushion iz % find the magnitude and direction of the velocity of the ball after the

impact.

Solution:

' no change parallel to the cushion
Boosdd” =veooso = 4«;"5

e Teing the law of restitution

82

E <Ban 45" =wvsin o ZT

Seuaring and adding:
¢ y 2
v = (4427 +‘ % =3712,v=6.09

2
Dividing: taner=—2=== o =tan 0.4
4z 5

Velocity is 6.09ms ™ at 21.8" to the cushion.
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Elastic collisionsin two dimensions
Exercise A, Question 13

Question:

A smooth snocker ball strikes a smooth cushion with speed xm 571 at an angle of 50°

to the cushion. The coefficient of restitution between the ball and the cushion 15 2.
a Show that the angle between the cushion and the rebound direction 15 independent
of .

b Find the value of ¢ given that the ball rebounds at right angles to 1tz original
direction

Solution:

a 1:no change parallel to the cushion

| ucosdl =voosor

Hms

e« TTzing the law of restitution, ¢ xusin 50" =veino

S vaner  esin o0°
Dividing: =

veoosed  xcos S’
= tan o = gtan 307, which iz independent of the value of u
b If o=40%hen tan 407 = ¢ tan 50°
a5
tan 507
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Elastic collisionsin two dimensions
Exercise A, Question 14

Question:

A smooth billiard ball strikes a smooth cushion at an angle of tan_I% to the cushion

The kall rebounds at an angle of tan'lé to the cushion Find
a the fraction of the kinetic energy of the ball lost in the collizsion,
b the coefficient of restitution between the ball and the cushion

Solution:

a 1:no change parallel to the cushion

Ims UX— = VX—
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Exercise A, Question 15

Question:

Two wertical walls meet at right angles at the corner of a room. A small smooth disc
slides across the floor and bounces off each wall in turn. Just before the first impact

the disc is moving with speed wm s~ at an acute angle & to the wall. The coefficient

of restitution between the disc and the wall 15 2. Find
a the direction of the motion of the disc after the second collision,
b the speed of the dizc after the second collizsion.

Solution:

a First collision:

["exusin o= vsin
epooI=veos 3
second collision:
I: veos(90— ) =vsin f=wcos B
xgxven (30— =gvcozs f=wsin B

gcos i 2
== tan H= LR

sin 3 tan 3
e 1
gtan of tat

= B =90" —x, 5o the path 1z parallel to
the original path but in the opposite direction

b esusino =vsin i =wcos 8= wcos(?0" —c) = wain o

speed after second collision =w=au
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Elastic collisionsin two dimensions
Exercise A, Question 16

Question:

A small smooth sphere of mass m is moving with velocity (51— 2j)m =" when it hits

a smooth wall. It rebounds from the wall with velocity (214 2jim ™. Find

a the magnitude and direction of the impulse received by the sphere,
b the coefficient of restitution between the sphere and the wall.

Solution:

1 [

(5i-2jims

(2i 4 2j)m s

a I=mv—rpm =m{(2+ 20— (01 —27)}
=m(—31+43)
The impulse has magnitude Se s in
the direction parallel to the unit vector

1
— (3 +4§).
5( 1)

b Component of {31 —27) in the direction of the impulse
=[(51— 2j)%(—3i+4j)]%(—3i +450 = % % (—15— 8)%(—3i+4j)

o i
= T xX=(—3i+4j
5 5( 1+47)

Component of (21 + 2j) in the direction of the impulse
=[(21+27) - (=3 +4j)]l (—Si+4p= 1 (—6 —i—B]ll (=31 +43)
5 5 3 5
2 1
= —x—{-31+4)
s X3+

law of restitution

2 x]
i = W —
] 5
8=

23
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Elastic collisonsin two dimensions
Exercise A, Question 17

Question:

& small smooth sphere of mass 2 kg is moving with velocity (214 3j)m ¢~ when it
hits a smooth wall. Tt rebounds from the wall with velocity (31 —jim ="' Find

a the magnitude and direction of the impulse received by the sphere,
b the coefficient of restitution between the sphere and the wall,
¢ the kinetic energy lost by the sphere in the collision,

Solution:

(3i-jms™

(20 + 3jym s

a I=mv—mpm=m{{G1—7)—(Z1+23)}
= 20141}
The impulse has magnitude

2417 Ns in

the direction parallel to the unit vector
1

—=(1-4j)

17

b Component of (21+3)) in the direction of the impulse =

1
—_ 4 —d3 =
~'ﬁ?(l ])].J,_ 1= .J_ .J,_(l

Component of (31—3) in the direction of the 1mpulse =

[(2i+3). (2-12) 4j)=%/%(i—4j)

1 1 7 1
3 i), _r T 344 47y = T
[(3-1) —ﬁil ])]_ﬁ i-41= J_( +4) —(1 1= ﬁ o (1—43)
lawr of restitution = ——=<=¢ /ﬂ g= 7

7 J77 10
¢ E.E. just before the impact = % x2x (2% +39) =13

K.E. just after the impact = %/2 x(3 +1 =10
EE.lest =13-10=37J
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Elastic collisionsin two dimensions
Exercise A, Question 18

Question:

Tweo smooth vertical wallz stand on a stnooth horizontal floor and intersect at an angle
of 307, A particle is projected along the floor with speed zm s at 45° to one of the

walls and towards the intersection of the walls. The coefficient of restitution between

the particle and each wall iz 1 Findthe speed of the particle after one impact with

N

each wall.

Solution:

For the first impact:

. oy
wcosdd = ——==vcosor
NE
: 1 1 :
eusnds = ——x—=van

V32

By dividing, tanor = % =30 and F=60°
At

Seuaring and adding, v =2+ ="
i ; : 2 6 &

For the second impact:

I
veos 6l =§=wcosH

NG

gvsin G0 =V/—/—=E=WSiIIH
Nl

Souaring and adding,

2 2
2_|'rvl"| +|'rv"| _Vz Hz '\EH 1

HW
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Elastic collisionsin two dimensions
Exercise B, Question 1

Question:

A smooth sphere A, of mass 2 kg and moving with speed 6 m s™" collides obliquely
with a smooth sphere B of mass 4 kg Tust before the impact 5 15 stationary and the

velocity of A makes an angle of 10° with the lines of centres of the two spheres. The
coefficient of restitution between the spheres iz ;— Find the magnitudes and directions

of the velocities of A and 5 immediately after the impact.

Solution:

Before Farallel to the line of centres

conservation of momentum:
2xbooslll =dw—2v, 2w—v=>6ces 10°
law of restitution:

6m st
6 sin 10¥ 1
w+v=§ «6eosll® =3cos 10°

Alter T = 3w =9cos 10", w=3cos 10", v=0

& ,-":\

So, after the impact, A has velocity §3in10° =1.04m s perpendicular to the line of

centres, and B has velocity 3cos10" =2.95m s ! parallel to the line of centres
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Elastic collisionsin two dimensions
Exercise B, Question 2

Question:

A smooth sphere A, of mass 4 kg and moving with speed 4 m s~ collides obliquely
with a smooth sphere & of mass 2 kg Tust before the impact & iz stationary and the
velocity of 4 makes an angle of 307 with the lines of centres ofthe two spheres. The

coefficient of restitution between the spheres is % Find the magnitudes and directions

of the velocities of A and B immediately after the impact.

Solution:

Perpendicular to the line of
_ centres, cotmponent of the
velocity of 4 iz

4ain 30" =2m s

Beforeg -cememmmnns

4ms-!

Farallel to the line of centres:

4 xdos30 = dv+ 2w, 43 = 2v+w

aw’

w—y = % x4 oog 307, Zw—Cpr= 2=

4 xin 300

LY [ e e—

=53W——J_ 16{
_10wf
=

B has speed %m s ! along the line of centres.

100 ||2Cl 9 1
~ = _ = m s atanangle
2?

3«!’_‘

Ahaz speed

o+ m,j"

1 i I—tan 1|I |_ 46 17 to the line of centres
ﬁ
[ 0=
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Elastic collisonsin two dimensions
Exercise B, Question 3

Question:

& smooth sphere A, of mass 3 kg and moving with speed 5m s collides obliquely
with a smooth sphere B of mass 4 kg Just before the impact 5 15 stationary and the
velocity of A makes an angle of 45" with the lines of centres ofthe two spheres. The

coefficient of restitution between the spheres iz ;— Find the magnitudes and directions

of the welocties of 4 and & immediately after the impact.

Solution:

Smst

S5sn 45

Perpendicular to the line of centres, component of the velocity of A 1=

57y

Jsmnds"="—ms
2

Parallel to the line of centres:
3x5cosds =3+ dw

Ww—y =%/5cos45',3w—3v=@
s :45\.?5,”?:45\5
| 28
1042 52
and v=—m— = —
28 14

542

B has speed % m s " aleng the line of centres

; Y ¥
A has speed 5\5 ‘ +‘ 5J§ ‘ = 5ﬁ
SRRy 2

————— 3 atan
| 4% 14 7
angle of tan 1| ey |=ta.n ! % =tan 7 =81.5" to the line of centres
| v
14 ]
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Elastic collisionsin two dimensions
Exercise B, Question 4

Question:

A emall emooth sphere A of mass m and a emall smooth sphere & of the same radius
but mass 2 collide. At the instant of impact, 5 1z stationary and the velocity of A
makes an angle & with the line of centres. The direction of motion of A 15 turned

through 20° by the impact. The coefficient of restitution between the spheres iz 2,

Show that

tan25'=2é_1.

Solution:

vsin @ ”\'

4 sin 45

A vsin @

Components perpendicular to the line of centres are unchanged For 4, the component
perpendicular to the line of centres is vain 6

Parallel to the line of centres:

conservation of momentum = movcos B = Zeny —my,

lawr of restitution
= +v, =evcost

= voost = 2gveos —w ) —w, = Zeveoos B3,

_ veoos (e —1)

e *

1 wanf  3Zvan# 1 Ztan®
tan @ ¥, _vcosH(Eg—lj’”tanH_ 2o —1

¥y

ot P

= tan (R0 —6) =
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Elastic collisionsin two dimensions
Exercise B, Question 5

Question:

Two smooth spheres A and B are
identical and are mowving with equal
speeds on a smooth horizontal surface.
In the instant before impact, A 1z
moving in a direction perpendicular to
the line of centres of the spheres, and &
1z moving along the line of centres, as

shown in the diagram The coefficient of restitution between the spheres is % Find the

speeds and directions of motion of the spheres after the collision

Solution:

vms!

Components perpendicular to the line of centres are unchanged.
Conzervation of momentutn: v =pp g, +ang, Y=V, Vg
law of restitution:

2
Vg~V ==V

3

= 2w, =%vv

Ahas speed oy

1 ¥ Y
tn ¢ and is moving at

tan

)

= tan 1% =50.2" to the line of centres.

. _ . . 1
B is moving along the line of centres with speed gvm gl
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Elastic collisonsin two dimensions
Exercise B, Question 6

Question:

& smooth sphere A collides obliquely with an identical stnooth sphere B Just before
the impact £ 1s stationary and the velocity of A makes an angle of « with the lines of
centres of the two spheres. The coefficient of restitution between the spheres is

e (g=1) Immediately after the collision the velocity of A makes an angle of 3 with

the line of centres.

a Show that tan 5= AL

l—2
b Hence show that in the collision the direction of motion of A turns through an angle
(142 itan o ]

2tan‘a+1—a

equal to tan ™" [

Solution:

Before ------=-----

SN £

Perpendicular to the line of centres, component of welocity of 4 is wsin o Parallel to
the line of centres:
conservation of momentum: mucos X =pe+pnd, LCOSE=V+wW

law of restitution; w—v = gucos, 80 2y =Hoos e —aucos o =ucos o 1—g)
wsino _ dusino  2tando

= tah I|'_]': = =
v wooscl—g) 1—¢

b The path of A has been deflected through an angle equalto [ —o.

. Etmtf_tan”
R tan 3 — tan o _ _1-e . 2tan o —(1—g)tan o
' I+tancttan f,, 2tand -2+ 2tan’ o
1-e
_ (I+eitano
2tan’ or+1—e
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Exercise B, Question 7

Question:

3 ms!

A small smooth sphere A of mass 2 kg collides with a small smooth sphere B of mass
1kg Tust before the impact 4 is moving with a speed of 3m ™' in a direction at 45°

to the line of centres and B is moving with speed 2m s at 60° to the line of centres,

as shown in the diagram. The coefficient of restitution between the spheres 13 % ;

Find
a the kinetic energy lost in the impact,
b the magnitude of the impulse exerted by 4 on B

Solution:

Mo change in the components of velocity perpendicular to the line of centres. Parallel
to the line of centres:

conservation of momentum: 122 cos 60" — 2% 3cos 45" =2v—w=1— 3@@

lawr of restitution: v+w = ?2 (Beosdd + 2cos b0
3 2
e

2.2 EBJ_

solving the simultaneous equations gives Sv=2— —— v=—— =—0.590 and

3
19,52 2408 Bl B0
303 9 3 9

a E.E lostin the impact

:% x2x((3cos45)* —0.590%) +% x1x((2cos60°) —2.06°) = 2,537

b Impulze on B =1{w+ 2cosb0) =306 Nz
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Elastic collisonsin two dimensions
Exercise B, Question 8

Question:

A small smooth sphere A collides with an
identical small smooth sphere B Just before
the umpact A is moving with a speed of

3-u'r2._’m s in a direction at 457 to the line of

centres and B is moving with speed Sm s at

14
3

,-Hmki_\ ﬂmkgl

................... defeccnccagpeninsschonnancans

. |
~ fan~' -
Y

W2 ms 5 ms-!

tan " = to the line of centres, as shown in the diagram.

The coefficient of restitution between the spheres 1z % Find

a the speeds of both spheres imme diately after the impact,
b the fraction of the kinetic energy lost in the impact.

Solution:

32 sin 45°

After the collision the components of velocity perpendicular to the line of centres are
3m s and 4m s (Mo change in this direction
Parallel to the line of centres:

conservation of momentutm: 2 = 3\.'5 cosds —pp S ; =pnw—mv =1

k]

I
law of restitution; v+w=§‘ 3\-@ cosdS +5x= | =4

o

so v=w=2
a speedof 4 =./2%+7 =-V'{1_3ms 1
speed of B =~22 +4% = \f20=25ms?
m 4

b Total EE. just before impact :% B (3@)2 +% <o 5 e

Total KE. ost aterimpact = xomx (fT5)" +--om (25 = 2222
Fraction of E.E lost = 45-33 = E
43 43
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Exercise B, Question 9

Question:

& emooth sphere A of mass 2 kg iz mowing on a smooth horizontal surface with
velocity (41 —Jim 570, Another smooth sphere & of mass 4 kg and the same radius as

Ais moving on the same surface with velocity (21 4+7)m 7', The spheres collide when

thewr line of centres 15 parallel to 3. The coefficient of restitution between the spheres 1s

;—. Find the velocities of both spheres after the impact.

Solution:
Y |
_li _J ¥ -.'
N
20+
il
Before After

Line of centres parallel to j = no change in the components of velocity parallel to 1

Conservation of momentum: —2x144x1=2xs—4 =2

law of restitution: s+ =%(] +e+t=1

s—2f=1
35 =13
g=1,t=10

velocity of A is di+jm s’

velocity of Bis Zims !
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Elastic collisionsin two dimensions
Exercise B, Question 10

Question:

& emooth sphere A of mass 3 kg iz mowing on a smooth horizontal surface with
velocity (143m 5!, Another smooth sphere B of mass 1 kg and the same radius as

. The spheres collide

Ais moving on the same surface with velocity (—i +2jm s~}

when their line of centres 1z parallel to 1 The coefficient of restitution between the

spheres 13 % Find the speeds of both spheres after the impact.

Solution:
/i xk\/’ﬁ K
Before
/ M ““‘x 2
T~
i+ 1j III.' S _]'j
AT TS
3 2j
ARSr  oeee. w\ ‘/ .\% ............

Line of centres parallel te 1 = no change in the components of velocity parallel to j

conservation of momentum: 2x1—1xd =1xw—-23xv=-1

law of restitution: v +w= %(4 +1,dv +4w =15

dw—12v=—4
16w =19
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Exercise B, Question 11

Question:

& emooth sphere A of mase 1 kg iz mowing on a smooth horizontal surface with
velocity (214 3))m s~ Ancther smooth sphere B of mass 2 kg and the same radius as

Ais mowing on the same surface with velocity (—i4j)ms . The spheres collide when
ther line of centres 1z parallel to 1. The coefficient of restitution between the spheres 1z

%. Find the kinetic energy lost in the impact.

Solution:

Before

After

Line of centres parallel to 1 = no change in the components of velocity parallel to j
conservation of momentum: 1x2 - 2x1=2xw-1xv=1

lawr of restitution: v +w= g (2+1)

2w—v= U,3w=g,w = E
5 il
sy & Components of
5 / velocity unchanged
f P i PSR parallel to
1 [ 6 1 (3 48
EE lost=—x1 ‘ 22—| _‘ ‘+_-2- 12—‘ _| ‘:_:1.921 i=allEK.E lost
2 \5) | 2 Ladl Js 425 _
TS ot . parallel to 1.
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Question:

Two small smooth spheres 4 and B have equal radii. The mass of 4 iz s kg and the
tass of B iz 2m kg The spheres are mowving on a smooth horizontal plane and they

collide. Immediately before the collision the velocity of A is (214 5))m s~' and the
velocity of Bis (31 —J)m 5! Immediately after the collision the velocity of 4 is
(%4 2j)m 7' Find

a the welocity of B immediately after the collision,

b aunit vector parallel to the line of centres ofthe spheres at the instant of the
collision

Solution:

a Conservation of moementum = mZ2i+5)) + 2m(Gi— ) = w5+ 2)) + 2y
2V =12 +2x3 -3 +)0-2x1-21=5+]
5001

s Moo
s

b Tmpulse on A= m((3 +25) — (20 + 50 = m(i— 3}

= line of centres parallel to L(i— 3

J1o
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Exercise B, Question 13

Question:

Two small smaooth spheres A and B have equal radii. The mass of 4 1z 5me kg and the
mass of B is e kg The spheres are moving on a smooth horizental plane and they

collide. Immediately before the collision the velocity of 4 is (3 —5] m ™" and the
velocity of Bis (414 )im s~'. Immediately after the collision the velocity of A is
(41 —43m s ', Find

a the speed of B imme diately after the collision,

b the kinetic energy lost in the collision

Solution:

a Conservation of momentum = 33— 550+l +3) = Smeldi — 450 + v
v =1{3x3 44 -2 430+ 14532 =1-2)

Speed of B is of1* +27 =\Em gt

b EKElest= B?M((B2 +55— (4 +4°0 +§((42 +1%)-5)

ro | E

(3034 —32) +(17-5)) = %(6+12}=9m1
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Exercise B, Question 14

Question:

Two small smaooth spheres A and B have equal radii. The mass of 4 1z 2 kg and the
tnass of B iz me kg The spheres are moving on a smooth horizontal plane and they
collide. Immediately before the collision the velocity of A is (214 5))m s~ and the

velocity of Bis (21— 2))m st Immediately after the collizion the velocity of 4 iz
(3i+4j)m 7' Find

a the welocity of B immediately after the collision,

b the coefficient of restitution between the two spheres.

Solution:

a Conservation of momentum = Zre(21 + 030 +m(21 — 210 = 2m(51 +47) + v
VA2 H24 2 -2 +j2 x5 -2 2= =0
b 51z brought to a halt in the collision = the line of centres must be parallel to the
original direction of motion of &, 16 ?2 a-1
I this direction,

speed of A before = ((4 +5j}.?2 i-3)= ?2(2— N=-3=

B N:
2

speed of A after = (3i+4j).?2(i—j) =?2(3_4;. _d

E. B 7z
2
2

speed of B before = 2\.!5
speed of Bafter =0

| &

1
=

Therefore the impact law gives =g =

3%+2J§

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Elastic collisionsin two dimensions
Exercise B, Question 15

Question:

A emooth uniform sphere A, moving on a
smooth horizontal table, collides with an
identical sphere & which is at rest on the
table When the spheres collide the line
joining their centres makes an angle of
45" with the direction of motion of 4, as
shown in the diagram. The coefficient of

restitution between the spheres 1z . The direction of motion of 4 1z deflected through

an angle @ by the collision. Show that tanf = ]3+E.
—
Solution:
;\'# A %\_ r/ - E]---\__

|II 457 ", I'.'I

\ ;.:-.'--"' 'I'- : )
! Lo /
¢ % - —
'\'5{' ", :

> >

wsin 45 I L W
N/

Parallel to the line of centres, using conservation of meomentutn and the law of

restitution gives mucos 45" =mv+rov and w—v=eucosdd”

By subtracting
2v =ucosdd (1—g)

, _uN2(l-e)
4
b = wsin 45 _ 2
(unf2(1-9) | 1-¢
e
Loy
f s g tanc—tan 43 1, ~_Z-l4+e _l+e
I+tancrtands” |, 2 1-e+2 3-s
1-¢2
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Exercise B, Question 16

Question:

V13 ms!

VS ms-!

Two stmooth uniform spheres 4 and B of equal radius have masses 2 kg and 1 kg
respectively. They are moving on a smooth horizontal plane when they collide,

Immediately before the collision the speed of 4 15 -.,I"E m s”! and the speed of B is

Jl_Bm 57! When they collide the line joining their centres makes an angle & with the

direction of motion of 4 and an angle S with the direction of motion of B, where
tan o =% and tan & = % as shown in the diagram abowe. The coefficient of restitution

between A and B 13 é—

Find the speed of each sphere after the collision

Solution:

W3 sin

Y13 sin 8

Before collision, components of velocity of 4 are 1m s perpendicular to the lines of
centres and 2 m s parallel to the line. The components of the velocity of B are

Zm s ! perpendicular to the line, and 2m s ! parallel to it
conservation of momentum: 22— 1x2=1xw—2xv, 2 =w— 2v
lawr of restitution: wH+v=e2(2+2),w+v=42=2

solving the simultaneous equations = w=2,v=10

= speed of A is 1m 5! and speed of Bis /3% +2° =~Jr]_3m 57!
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Question:

A smooth uniform sphere B 15 at rest on a smooth horizontal plane, when it 15 struck
by an identical sphere A mowing on the plane. Immediately before the impact, the line
of motion of the centre of A iz tangential to the sphere B, as shown in the diagram

abowe, The coefficient of restitution between the spheres is ;— The direction of motion

of A 1 turned through an angle 8 by the impact.

33

Show that tan d = T

Solution:

PhysicsAndMathsTutor.com
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e SI0

L 11

: : . 1
Tangent perpendicular to radive = sino ==

Initial components of velocity of 4 are wcosz o parallel to the line of centres, and
sgin o perpendicular to the line of centres.

i otnentutn = M cos of = B+ Bt
WCOSCl =vV+wWw

impact = w—v = eau cos
subtracting gives

i 1‘|
uu:osu|1—§| ﬂfﬁ/l 5
2V Smcostf—enmcoscf V= ! L= 22
2 2 8
B
i 5111 0F 2 4
= tan (6 +o) = = Gl S
v (uB) B
)
Aol |i|
tan 8= tan(f+e)—tanct _ 3 3 _ 3] _B\E
I+ten(f+ojtance 4 1 |"3+4‘-| 7
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Exercise C, Question 1

Question:

A smooth sphere & 15 movwing on a smooth horizontal plane with speed & when it
collides with a smooth fized wertical wall. At the instant of collision the direction of

motion of & makes an angle of 45" with the wall. Immediately after the collizion the

speed of 51z %1:; . Find the coefficient of restitution between 5 and the wall.

Solution:

EANANANANANNANNN\Y

© Pearson Education Ltd 2C
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law of restitution « ?sm o = g1 sin 45

squaring and adding:
16 L1 &)
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W
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Elastic collisionsin two dimensions
Exercise C, Question 2

Question:

A zmall smeocth ball of mass %kg 1z falling wertically. The ball strikes a smoeoth plane

which iz inclined at an angle o to the horizontal, where tan o = 15—2 . Immediately

before striking the plane the ball has speed 5.2m 571, The coefficient of restitution
between ball and plane iz 41—1 Find

a the speed, to 3 significant figures, of the ball immediately after the impact,
b the magnitude of the impulse received by the ball as it strikes the plane.

Solution:

EBefore the collision:
a Considering the component of velocity
parallel to the plane:
3

Hsn=52x_—_=2

HCTREE

sz

Perpendicular to the plane:

12

v =eu cost.f=lx5.2 x—=12
4 13

speed = 422 +1 28 =f544=233m 5!

After the collision:

b Tmpulse =%(1_2--- (—4.8)) =3 15

ITE3 11174
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Exercise C, Question 3

Question:

A zmall smecth ball of maze 500 g iz moving in the xy-plane and collides with a
stmooth fized vertic al wall which containz the line x4y =23 The velocity of the ball

just before impact is (—4i — 2j)ms ™. The coefficient of restitution between the sphere
and the wall is ~. Find

a the welocity of the ball immediately after the imparct,
b the kinetic energy lost az a result of the impact.

Solution:

PhysicsAndMathsTutor.com
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a Suppose that v=a+b where a is parallel to
the wall and b iz perpendicular to the wall,

% {—1+]) 1z a unit vector parallel to the

wall and % 1477 15 a unit vector perpendicular to the wall.

" a= &4r—m15§&d+n j;&d+ﬁ

= @=2)x )=+

S g(m—myJﬁ+nkr@+ﬂ
1

=2 J%4$Jﬁﬂ)
=26+)
So v=E(-it)+=(1+))==1 +§j

b EE beforeimpact = l x l ,

2 2
PP G LY

KE: a.ﬂ:erimpact—l/l/|l|+|é| =
bl B s [

EE lost= 5—%—3 75T
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Elastic collisionsin two dimensions
Exercise C, Question 4

Question:

A small smooth sphere of mass m is moving with velocity (614 3 m s~ when it hits
a smooth wall. It rebounds from the wall with velocity (21 —2jm s~ Find

a the magnitude and direction of the impulse received by the sphere,
b the coefficient of restitution between the sphere and the wall.

Solution:

(61 - 3jhm s
(2i-2j)ms
I
a 1I=wmv—prpm
=m{{21— 27)— (61 + 370}
=mi{—Hh- 5]}
The impulse has magnitude mafl6+25= m«fdﬁ M inthe direction parallel to the
. 1
unit vector ——={—1—577.
7
b Component of (61 +327) parallel to the impulse
1 1
=[{f1+3)) —— (-] x—— (- -3}
7 7
1 1
= (=24 -19) ¥ —=(—h— 53]
I Ry
Component of (21— 27) parallel to the impulse
1 1
=[{a-2)) ——=(-h-3)] x——=(—h -3y
N V41
1 1
= (B 4+10) = (=1 =57
I 7

law of restitution
20 ” 39

RS RRNT]
2

39

g =
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Elastic collisionsin two dimensions
Exercise C, Question 5

Question:

Two small smooth spheres 4 and B have equal radii. The mass of 4 1z 4pe kg and the
tnass of B iz me kg The spheres are moving on a smooth horizontal plane and they
collide. Immediately before the collision the velocity of A is (214 3)m s~ and the
velocity of Bis (31 —j)m 571 Immediately after the collision the velocity of 4 is
(34 2j)m 7", Find

a the welocity of B immediately after the collision,

b aunit vector parallel to the line of centres of the spheres at the instant of the
collision

Solution:

a Conservation of momentum =
dpa(20 + 310 + (B — ) =dm( 5+ 2)) + mrv
V=14 %2+ 1 %3 -4 5D+ Jdx3-1x1-4=x 2 =-1+3]
b Impulse on A=4dm{Z1+2) - (21+ 30 =dml— )

2. . : .
= ?(1—]} iz a unit vector parallel to the line of centres.
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Exercise C, Question 6

Question:

A smooth uniform sphere B 15 at rest on a smooth horizontal plane, when it 15 struck
by an 1dentical sphere A mowing on the plane. Immediately before the impact, the line
of motion ofthe centre of 4 iz tangential to the sphere B, as shown in the diagram

abowe, The coefficient of restitution between the spheres is % The direction of motion

of A 1z turned through an angle & by the impact.

s

Show that & =tan

Solution:

PhysicsAndMathsTutor.com
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74! Tangent perpendicular to radiug

. 1
= o =—

Initial components of velocity of A are
gooz o parallel to the line of centres, and
gein ¢ perpendicular to the line of centres.

Momentum = wa cos O = mv + wow where v 15 the welocity of 4 along the line

MCOSOE = v4w of centres and w the velocity of B along the
Tmpact =W —v = en cosa linﬁ.o.fc:antres immediately after the
collision
ucoszf‘ll—é] u/ﬁfl V@
subtracting gives 2v = L Cosof — U COSO, V= : L= 2 3K
2 5 12
3
111 O &
= tan (6 +) = A 2/ = — =23
v (w3 ‘ 3
125
i 6_ 1 ]

1
RS tan (B +of) —tan o 2’\5_;’?-; _|ﬁ‘_ 5 S\E

1+tan(f + o) tan o 1+2J§/i (1+2) 33 @

LEN]

H=tan1¥
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Elastic collisionsin two dimensions
Exercise C, Question 7

Question:

A emooth uniform sphere A, moving on a smooth horizontal table, collides with a
second identical sphere B which is at rest on the table. "When the spheres collide the
line joining their centres makes an angle of o with the direction of motion of A, as
shown in the diagram abowe The direction of motion of A 15 deflected through an

angle £ by the collision. Given that a=tan'1% and that the coefficient of restitution

between the spheres is e,
& +6e

show that tan #= )
17 —8g

Solution:
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N

e
7
¥ W
& sanr

Parallel to the line of centres, using conservation of momentum and the impact law
gives
B COS O = pO +Ew
and w—v= eucosc
By subtracting,
2v =wcost = 1—g)
_du(l-e)  Zu(l-eg)
TTo T s
& S0 Of
f2ull—e)n
=5
3
2(1—g)

= tan (@ +0) =

3
o g0 JE A —tana _ 21-e) 4 12-6(1-2) 6+6e
a_tl e o e} ey
1+ tani & + o) tan o 14 3 E a(l-e1+9 17 -8e
4

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Pagel of 1

Solutionbank M4
Edexcel AS and A Level Modular Mathematics

Elastic collisonsin two dimensions
Exercise C, Question 8

Question:

V2 ms-!
Two smooth uniform spheres 4 and B of equal radius have masses 2 kg and 2 kg
respectively. They are moving on a smooth horizontal plane when they collide.
Immediately before the collision the speed of A is ﬁm 57! and the speed of B is

2.5 ms ", When they collide the line joining their centres makes an angle e with the

direction of motion of 4 and an angle 3 with the direction of motion of 5, where

tan e =1 and tan 5= 2 as shown in the diagram. The coefficient of restitution

3
between A and & 15 %

Find the speed of each sphere after the collision.

Solution:

V2 sina

Before the collision, the components of the velocity of A are 1m 5! perpendicular to
the line of centres and 1m s parallel to the line.

The components of the velocity of Bare 1.5m 5 * perpendicular to the line, and

2m s ! parallel to it.

Congervation of momentum: 2x1-3%2 =3xw— 23w —4 = 3w— 2v

Law of restitution: w+v=e(l+2), w+v=32=2

Solving the simultanecus equations —4 = 3w—2v and 4 =2w+2v

= w=0pr=2

= speed of A is +f1° +2° =~J§m s ! and speed of Bis 1.5m s
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Elastic collisionsin two dimensions
Exercise C, Question 9

Question:

A red ball is stationary on arectangular billiard table SASC Tt i3 then struck by a
white ball of equal mass and equal radius moving with wvelocity 2 (—21 4 8)) where 1

and j are unit vectors parallel to G4 and OO respectively. After the impact the welocity
of the red ball is parallel to the vector (—1+4j) and the welocity of the white ball 1z

parallel to the vector (214430 . Prove that the coefficient of restitution between the

two balls 15 %

Solution:

5 =i+ j) r (20 + 4j)

(=2 + 8j)

Ceonservation of momentum:
w(—214+8)) = s(—1+3) +riZ1+4
= -2u=-—cg+lrand Bu=zs+4r
Adding = fu=6r r=u.s=49u
Line of centres 1z parallel to —1 +j (as this is the direction of the impulse on the red

ball).

In the direction of the line of centres
(=21 +8) (-i+1) _ 1042 5

component of (—21+5)) iz - 2
| (1433 ] 2

component of (21 +4§) iz % =+/2 and component of (—1+j) iz «1'5

sousing law of restitution:
4:;«,.5—:;@ =g x 51;«,.5, 3\.'E= 5\.@@
2

g2 = —

5
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Elastic collisionsin two dimensions
Exercise C, Question 10

Question:

2u

Two uniform spheres, each of mass m and radius @, collide when mowing ona
horizontal plane. Before the impact the spheres are moving with speeds 2u and 2, as
shown i the diagram.

The centres of the spheres are mowving on parallel paths distance %ﬂ apatt.

The coefficient of restitution between the spheres is % Find the speeds of the spheres

just after the impact, and show that the angle between their paths s then equal to
-114

tan 7

Solution:
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N/

N/

EBefore impact the balls are mowing at angle o to
the line of centres.

=sin "~ =sin IE
momentm:
12
duH— At —=viw=— )
=
Before
law of restitution: g >-
3 Bu du )y G
wop=_| - |=_
41 5 51 5
Adding:
B = B
5 2
1280 3w Su
—1 PP LU
5 2 10

Bl 36 225 G
speedsare n, |—+—=u,]—=—
o 25 o 2

9 9 w29 329
and u, |-+ —=u = i
425 100 10

s
= 4
Directions relative to the line of centres are tan % =tan 1§ and
10
i 3 hl
1l 5 1_ 2 '
tan o tan 3 so the angle between the paths is
2
4 2 )
2z 5 [ 20—60 14
tan” 34 52 | J_ an
it 15+8 23
3 5
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Resisted motion of a particle movig in a straight line
Exercise A, Question 1

Question:

A particle P of mass 2.5 kg moves in a straight horizontal line, When the speed of F iz

vin 57", the resultant force acting on F is a resistance of magnitude 10v M. Find the

time £ takes to slow down from 24 ms ' to ms b

Solution:
WIS
10y N —-
t
=it} ¥ Im [ 2
25eg N

Ei—=) F=1ma

10w = 2.5E

di

Separating the variables

jw =—Jldv
he

4 =A-Inv
When =0, v=24
OD=A-In24d = A=1n24
Hence

df=ln2d-Inv

1 [24]
i = =In| —

4 v
When v=16
I=$1n4(:e 0.347

Ftakes %1114 s(=034735,3dp) to slow from 24m s  to 6ms™.
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Resisted motion of a particle movig in a straight line
Exercise A, Question 2

Question:

A particle F of mass 0.8 kg 1s moving along the axis & in the direction of
x-increasing, When the speed of Pis vm s, the resultant force acting on P is a

resistance of magnitude 0.4v* N Initially P is at O and is moving with speed
12m s~} Find the distance P moves before its speed is halved.

Solution:

vms

04N | p
| -~——@

)

yO.8g N

Ei{—=) F =xa

e U.Bvﬁ
dx

Separating the variables
JAl dr = —EJAl dhv
v
x =A-2lnwv

At x=0, v=12
D=A-2lnl2= A=2Inl2

Hence

x=21n12—21nv=21n[E]
W

When v=106

r=2In2

The distance P mowves before 1tz speed 15 halved 1s 2ln2m =13%m (3s1L)
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Resisted motion of a particle movig in a straight line
Exercise A, Question 3

Question:

A particle P of mass 0.5 kg moves 1in a straight horizontal line against a resistance of
magnitude (44 0.5, where vm 57" is the speed of P at time £ seconds. When
¢=0,F is at apoint A moving with speed 12m ™' The particle P comes to rest at the

point £ Find
a the tune Ftakes to move from A to &,
b the distance A5

Solution:
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a ' vms
’ EE—
[\1 + ”‘5'.] I"- I .P
-

Al .
- ¥ m —h-|

0.5z N

Ei—) F=1:ma
—(4+05) = 0.5E
ot

Separating the variables

Ildﬁ=—j ! v
g+

£ =A-In(B+v)
TWhen (=0, v=12
0=A-1n20=A=1In20

Hence
20
z=1n20—1n(8+v}=1n[ ]
2+
When v=10

£=1n[§J=ln2.5
]

The time taken for Fto move from Ato Bz ln25:=09%16z (3dp)

b E{—=) F=:a

055 = 05p2
dx

Sepatrating the variables

Jldx=—j LA,
34w
v =8+v—8=1_ 8

B+ 34w g+
Hence

(-

x=A-v+ElnlE+v)
At x=0v=12
0=A-12+3ln20= A=12-8ln 20
Hence x=12—v—(Bln 20-Eln(E+v))

= 12—v—81n[ 20 ]

B+
When v=10
x=12-8ln25

AB =(12-8ln25m =4.67m (3:£)
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Resisted motion of a particle movig in a straight line
Exercise A, Question 4

Question:

A particle of mass 2 is projected along a rough herizontal plane with velocity wm s™'

The coefficient of friction between the particle and the plane 15 @ When the particle
is moving with speed vm 57, it is also subject to an air resistance of magnitude

lemgv” | where k is a constant. Find the distance the particle moves before coming to

rest.
Solution:
Ry
gkt =
-1 ¥
me
R(T) R=mg

Az friction 15 limiting
F = uR=umg
E(—) F =ia
- F —longv® = ma

d
—upg—ipet = ﬁévd—:

separating the variables

i
e 4
jg j#+kv2 4

1 2
r=A-—lInly +iv
g e (i )

At x=0v=u

1 a 1 2
O=Ad——Iniy+iu") = d=—Inly +iu
S (4 ) o0 (i )

Hence
1 1 Jd®
%= —— (n +he?) —In(u +i) = —In | £255
kg Chg | u+h
When v=10
1 [,u +MJ
r=——-1In
2kg %
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Resisted motion of a particle movig in a straight line
Exercise A, Question 5

Question:

L particle P of mass a2 12 mowving along the axis Ox inthe direction of x-increasing. At
time ¢ seconds, the velocity of P iz v, The only force acting on P is a resistance of
magnitude kia® +v*). Attime =0, P iz at O and its speed is I/, At time

£=T,v=lU
2

a Zhow that T=—

| ]
arctan |— |—atctan [ — || .
i e 2ot

s

b Find the distance travelled by F as its speed 15 reduced from I to le.

Solution:
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a

—_—
: P
0 *
g
Ei{—) F =
—kla® +v) = mE
ds
Separating the variablﬁs
JEar
i = ﬁ—— arn:tan
ak
When t=0vw=07
0 =A—Ear|:tan| = ‘ = A=Earctan| = |
ak \ ) ak

Hence

e Y om w
:=—arctan| o |——arn:tan‘ i |
@k ak

When £=T,v=%U

4
2

s E;;1rc:tanl E |—Earctan
s ]

[

r= E{arc:tan|f E ﬁ‘— arctan |r E ” as required
i | 2a )

b E({— F = ma
_ R sy

Separating the variables

Jldx:—m
e

x= A—ﬁln(cx2 +v*)
2k

When x=0v=0L7

0=d- Dl + 0% = A= Dinga® + U
2k 2k

Hence
f 2+U2 A

2= n(@® + U4 - S lala® v = in | S

2k 2k 2k | at+v
When v=%U

m I @t +0 I . [ dat+40% )
r=—In e e e ﬁ|

2k a2+IU2 2k | da”+U
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Resisted motion of a particlemovigin a straight line
Exercise A, Question 6

Question:

A lorry of mazs 2000 kg travels along a straight horizontal read. The engine of the
lorry produces a constant driving force of magnitude 10 000 N At time ¢ seconds, the

speed ofthe lorry is vm 57!, As the lorry moves, the total resistance to the metion of
the lorry 15 of magnitude (40004-500w) 1. The lorry starts from rest. Find

a vinterms of z,

b the terminal speed of the lorry.

Solution:

a Vs

(4000 + 500v) N 10 000 N
—_—

Ei{—) F =ma
10000 = {40004+ 500v) = 20002

E000— 500y = 2000%

Dividing throughout by 500
12— =‘4E
df

Separating the variables

Jldﬁ =4J ] dv
12—v

t = A—4ln(12—v)

fa i ] B—%,Where B=14

T ¥ 1
8l L z
2 2
12—v=¢ *=ee*=C%e * where U =¢
Hence
i
v=12—-C¢ *

When i=0v=10
0=12-C=0C =12
Hence
rd

3
v=12]1-¢ J
h

|

¥

b As¢—sooe? —0andv—12
The terminal speed of the lorry is 12m s '

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 4

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Resisted motion of a particle movig in a straight line
Exercise B, Question 1

Question:

A particle P of mass 0.8 kg is projected vertically upwards with velocity 30m 57!
from a point A on horizontal ground. Air resistance 15 modelled as a force of
magnitude 0.02v°H | where vm 57" is the velocity of P.

Find the greatest height above 4 attained by P

Solution:

VIS T P o
0.8¢ N H 0.02v N

xm

'

H
R(T) F =ma
—0.8g-0.02v* = 0.8a

—7.84 0027 = O.BvE
dx

Separating the variables

Jl dx = —O.SJ‘;E dv
7.84+0.02v

r=4A- & In{7 84 +D.02v2}
0.04
At x=0v=30
0=A-20In(7 84 +18) = A=201n 25 54
Hence
x=201n 2584 —-201n(7 84 +U.02v2)
= 20111' Lélg |
L 784 +0.02v" |
Atthe greatest height, v=10
[ 25840
x=201n| ‘ 23.9
24

The greatést heig-ht abowve A attained by P13 239 m (3 5.1).

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Mechanics 4

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Resisted motion of a particle movig in a straight line
Exercise B, Question 2

Question:

A particle P of mass 1.5 kg is released from rest at time £ =0 and falls wvertically
through a liguid. The liquid resists the motion of P with a force of magnitude v M

where vm 57! is the speed of P at time ¢ seconds.

Find the value of f when the speed of Pis 2ms™h.

Solution:

|
xm T_-:H. N
i r@® vms!

| Y
.rl,:\g
E(ly F=sma
log—ov=15%
e

147 -5v=15—
di

Separating the variables

1de=15 ;dv
147 =5v

t= A—%ln(m.?—ﬁv}

When £=0, »v=10
D=A-03In1d47 = A=03n147

Hence
£ =0.3n14.7—0.310(14.7 - 5%
e i |

| 14.7— 50 |

When v=2
[ HEE

= U.31n| e |=0.3425 (3s5.E)
| 14.7-10 )
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Resisted motion of a particle movig in a straight line
Exercise B, Question 3

Question:

A ozmall ball B of mass s is projected upwards from horizontal ground with speed .
Air resistance is modelled as a force of magnitude miv, where vm s is the velocity
of P attime ¢ seconds.

1+2)

a Show that the greatest height abowe the ground reached by B 1s Ei—’%ln
g

b Find the time taken to reach this height

Solution:

PhysicsAndMathsTutor.com
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E(lY F =ma
—mg — kv =

— —kv:v_
8 T

Separating the variables

Jldx=—J LA
g +iv

=_ljmdv
k g+ikv
. |1— £ |dv
kJ\ g+iv)
1 =4 Wil
x =Ad-—|v-—Zln(g+iv)|l=4——+=1In({g+iv
ﬁ:{ﬁ:(g )} ;c;?{g)
At x=0v=u

¥ F ¥ g
D=d-—+=Inlgt+tim)=4=——=In{g +iu
ok & ) Bk £ )

Hence

x —L;iln(g + i) —k%ln(g +kv)}

BV
E ok
1 g+ |
i g+
At the greatest height, v=10 -
g +hu

E

i —v)— %ln |

e

| = %— %ln[ 1+% | as required
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dy
h —g-h=—
g de

Separating the variables

Jldﬁ=—J : i
g +iv

(= B—%ln(g +iv

When f=0v=u
U=B—%ln(g +£:u)=‘,~3=%ln(g+£m)

Hence

1 1 1, ([ g+
i=—Inlg+im) —=Inlg+ivi=—In

s (2 ) i (g ) k | g+§':v__,
At the greatest height, v=10
.f:lln[ il '|=11n" il |

k| g E A &
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Resisted motion of a particle movig in a straight line
Exercise B, Question 4

Question:

A parachutist of masz 60 kg falls vertically from rest from a fizxed balloon For the first
3z of her motion, her fall 1z resisted by air resistance of magnitude 20w where

-1 - .
vin &~ i her velocity,

a Find the velocity of the parachutist after 3 5.
After 3 2, her parachute opens and her further motion 13 resisted by a force of

magnitude (20v4+ 60v* )N
b Find the terminal speed of the parachutist,

Solution:

A
xm 200 N
.f*. vims

y 60¢

R F =¢a
Elg — 20w = &la

SEe—20v = 6[]E
o

separating the variables

1de = &0 ;dv
SBE— 20w

¢ = 4-L1n 588200
20

TWhen f=0v=10
N=4A-3n588 = 4=21n588

Hence
(588 )
z=31n588—31n(588—20v}=31n| EEE |
| 588 —20v |
When £=3
3=31n'ﬂ"=:.1n|'ﬂ'|=
| 588 —20v | | 588 —20v )
588 _ .
588 —20v
S88—20w = 588!
588 5
= ___(1-eh1=186
20( £

The velocity of the parachutist after 3515 18.6m s (3 5.£)
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h#

e (20v + 60v?) N
_+_ .“.'
Vimn s
g60eN ¥
Rl F =:ma

60g — (20v 4+ 60v*) = 60a

Atthe terminal speed a =10

588—20v—60v* =0

60v: +20v—588 =10

Only the positive root need be considered
: 2

v =20+ (20% +4 =60 «588) 547

120
The terminal speed of the parachutistis 297 m s ' (3s.£)
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Resisted motion of a particle movig in a straight line
Exercise B, Question 5

Question:

A particle P of mass e 15 projected vertically upwards with speed & from apoint 4 on

herizontal ground. The patticle P is subject to air resistance of magnitude mghv, where

v 15 the speed of P and k& 1z a positive constant.

a Find the greatest height above A reached by F.

Azsuming F has not reached the ground,

b find an expression for the speed of the particle £ seconds after it has reached its
greatest height.

Solution:
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v T P T
e H mekyv 4
.

A
E(ly F =ma
—rE — kY = i
v
= g =
E—E ax

Separating the variables

I I dv
1+ kv
1
_1 + kv — 1dv
Fig 1+
L
=l [1— ! dy
kJl o T+iv )

1 1
—gxr =—|v—=In{1+ 50 |+4
z% k[v e nf )

At x=0v=y

1 1 2. |
U:E[ﬂ '_Eln(l +£::u}} 1'-_r'1:;~fi=—E -1-F1n(]-1-ﬁm)

Hence

—_ ?'i“l\‘u'

1
—gx 1n(1+kv) ;e Fln(1+ﬁm)

ﬁ:

[ 14k
~ L= Ll 1)
gk 1+ kv
Atthe greatest height +=10

L 1 1
r=———In{l+ku) =—{dm — In{1+ ju:
ey { J gkg( { by,

The greatest height abowve 4 reached by F iz % e — (1 +dza
b4
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b +— greatest height
x

A
_LP

meky

® d
Y
mg

Rl F =a
mg —mghy = ma

v
-y =22
gl )d5

meparating the variables

1
di = e
Jg JHW

gt =ﬂ—£ln(]—£w}

When t=0v=10
D=A-lnl=4=0

Hence
1
P =——Ini{1-kv
g kn( )
—kgi = In(1-/i)
1-kv=¢"
1 %
=_il-"®
v ﬁ:( e
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Resisted motion of a particle movig in a straight line
Exercise B, Question 6

Question:

A particle of mass w15 projected vertically upwards from apoint 4 on horizontal

ground with speed . The particle reaches its greatest height above the ground at the
point 5

a Ignoring air resistance, find the distance A5

Instead of ignoring air resistance, it is modelled as a resisting force of magnitude
min”  where v 570 is the velocity of the particle and k iz a positive constant. Using
this model find

b the distance A5,

¢ the wotlk done by air resistance against the motion of the particle az it moves from
Ato B

Solution:
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a v =u1{2as
Atthe greatest height, w=10

0=u’-2gxAB
=¥
g

b
v
g mk?

Ly
|
X
-

A
R(lY F =ma
~img — v =
SR =vdv

1
x = A-—lnig+&*
il

At x=0v=u
1

1
I=dA— In{g+ky= A=—lnlg +
57 (g ] 57 (g )

Hence

1 5. 3 .1
= e e ey
il R a|

Atthe greatest height v=10 and x= A8

= £ - 1
. g ] 2k g |

In | 1+
e

¢ The work done by air resistance is the difference between the potential energies of
the particle at the greatest heights in partz a and b and 1z given by

o 1, [, &)
Mg X —— g ‘/—ln| 1+—
2g 2k g
2 233
1 I [
= mg E‘L——ln 1+—
2g 2k z
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Resisted motion of a particle movig in a straight line
Exercise B, Question 7

Question:

A patticle P of mass m is projected vertically downwards from a fized point & with

speed % where kiz a constant. At time ¢ seconds after projection, the displacement of

Ffrom O 1z x and the veloctty of P is v. The particle P iz subject to a resistance of
magnitude s,

a Show that v= i(276_"’).
2k

b Find x when £=%.

Solution:
a ()
}
v mkv
"
me

E(l) F =wma
g — kv =
v
O =
£ di

Separating the variables

Jldﬁ =J L dw
g —kv
1

¢ =A——lnlg— kv
e (g — &)

i o=kd—lnlg — k)
In(g —kv) = kd—kt

g—kv =e“*® e ®  where B=¢%

kv=g—FBe "
‘-Hhenf.=0,v=£
2k
g g_E
k-__z B::.B: et ]
2k & € 2 2
Hence
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b Fremparta

v=E=£(2—E y
de 2k

x='[%(2fe s

=%‘{2z+%e ’“\'|+B

When £=0,x=0
0==2_+38-—E
2k 2k
Hence
g £ R
r==f+—_(e" -1
k 2&1( )
Whenz=ﬁ
k&
a=Eind+E e —1)=2—gln2+i|"l—1"|
& 26 & 2% | 4
2g 3g
=280 "8
i e
=L (t6lmz-3
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Resisted motion of a particle movig in a straight line
Exercise B, Question 8

Question:

A particle P of mass e 12 projected with speed &F up arough plane inclined at an angle

30° to the horizontal. The coefficient of friction between F and the plane i3 % The
particle P is subject to an air resistance of magnitude ko, where v is the speed of P

and & iz a positive constant.
Find the distance P mowes before coming to rest.

Solution:
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E(™N\) R=mgcos3("
Friction 1z limiting

V3 N3 N3 &

F —LR——m cos30 = —mgx—="um
4 = 4 = 2 B =
k(.M F =:ma

—F —mgan 20° —min® =

B

1 v
—Zimg —— g —mk = v —
BT

Dividing throughout by s and multiplying throughout by 8

—7g -8 gyt
dx

Separating the variables

| . S—V:{dv
T2 +8ikv

1
r=A-—In(Tg+3k"
¥ (7g )
At x=0v=0
1 2 1 2
D=A——In +85U ) = A=—1In +3507
e (/g ) 58 (g )
Hence

x= ilnc?g + BT — ij:ln(“?g +8ivh)

‘ (Tg +8kT72 ) |
Tg+8k" |
When v= U
1. [ Fg+8kU%) 8L
x=—1n| s |=—1n| 1+
2k g :
T foo 8RR
The distance P mowves before coming to rest is —1n| 1+7— |
g |
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Resisted motion of a particlemovigin a straight line
Exercise C, Question 1

Question:

A car of mass 720 kg 15 moving along a straight horizontal road with the engine of the
car working at 30 kW, At time £ =0, the car paszes a point 4 moving with speed
12m s~ The total resistance to the motion of the car is 36v I, where vm 57! iz the

speed of the car at time £ seconds.
Find the time the car takes to double its speed.

Solution:

T20¢

30 kW =30 000%

Let the tractive force generated by the engine be & 11

P =
20000 =Fv=ﬁF=30000
v
Ei{—=) F =:ma
F—=36v =720
2id 000—36v =?20d—v
v di

20000 - 36v° —7201;%

Separating the variables

T2y
30 000- 361»12

£ =A-101n{30 000—36v2)
When £=0,v=12
01=A4-101n(30 000 -36 x12%) = A=101n 24216

Hence
[ 24816
t=101n 24 816—101n(30 000—36v2)=101n‘ T
\30000—361} )
When v=24
( 24816 ) (248160
£=101n —2|— - 985
30000—-36x24

9264 |
The time the car takes to double its speed 189,805 (3.4
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Resisted motion of a particle movig in a straight line
Exercise C, Question 2

Question:

A train of massz 2 iz moving along a straight horizontal track with itz engine wotking

at a constant rate of 16mkT/®  where & and I/ are constants. The resistance to the
motion of the train has magnitude pede, where v iz the speed of the train,
Find the time the train takes to increase itz speed from o 307

Solution:
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Let the tractive force generated by the engine be 7.

=M
16kl = By
. 16ricl?
At
Ei{—=) F =ima
2
16mk T/ RR—
¥
I&W—m=ﬁ
Vv df

k(1607 —v') = A
de

Separating the variables

v
= |2 o
,[ ,[16U2—v2 ‘

ke =A—%1n(]6U2—v2}
Let ¢ =0 when v=07
U:A—%ln(lsyf‘—zﬂ) :A:%maﬁzﬂ)
Hence

k= %111(15{;2) ~Mnaemt -

- 11n" 15Er |
ok | 1607 -V
When v=3U
(I e

T | 1677 -1 __,|=ﬁ . ‘7|

The time the train takes to increage its speed from Ito 30 15 %111 —
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Resisted motion of a particle movig in a straight line
Exercise C, Question 3

Question:

A wan of mass 1200 kg 15 mowing along a horizontal road with its engine working at a
constant rate of 40 kW, The resistance to motion ofthe van is of magnitude of 5v° I,

where vm s is the speed of the van. Find
a the terminal speed of the van,
b the distance the van travels while increasing its speed from 10m 57 to 15m 570

Solution:
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a vm s
e e

FN

Li rm—-—-=

Y 1200g

40 W =40000 W
Let the tractive force generated by the engine be 7 I,

F= Fy
40 000= Fy = F = 20000
Ri{—) F=un ’
40300 ~ 5 = 1200z

At the terminal speed a=10

0000 sy § o =000 = W 50
v

The terminal speed ofthe vanis 20m s b

b Equation # can be written
i

v dx
Dividing throughout by I and multiplying throughout by v

2000 —v°F = 24007 s

dx

Separating the variables
2

Jldx = 240Jv—dv
2000—1+7

xi= s 2;_01:1(8000 —v)

Let x=0 when +=10
0=A-80In (B000—-1000 )= A= 801n 7000

Hence

(7000 )
x=801n7000—801n(8000—v3)=801nl—3l
000 v
When v=15
(7000 (7000 )
x=801nl—3J=801nl J—;33.2
300015 4625

The distance the van travels while increasing its speed from 10m s to 15m s is

33.2m (35.£)

© Pearson Education Ltd 2C
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Resisted motion of a particle movig in a straight line
Exercise C, Question 4

Question:

A car of mass m 15 moving along a straight horizontal road with its engine working at
2

. : } ) v
a constant rate 7° The resistance to the motion of the car is of magnitude E:_3 , where
v 15 the speed of the car and & 15 a positive constant.

Find the distance travelled by the car as its speed increases from t

kD KD
4 2

Solution:

PhysicsAndMathsTutor.com
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Let the tractive force generated by the engine be 7.

F=Fy
z
DP=poh==
v
Ei—) F = ra
D3Hv2 —mvd
v ook dx

Multiplying threughout by kv
KD =37 =iy L

dx
Separating the variables

2

v
Jl dxe = i Jm dv

BT bl oy
3

Let x=10 when v=%

il B mic (63 LF
0 =A——1n(k3D3 I | 4=
3 01 64 3 64

Hence

(63D \
il PN L

3| 64
When v= %

7D )

N & t g J

| A
mk® (638D 8 w9
] Xy |— In| =
3| 64 D] 3 |8

The distance travelled by the car as its speed increases from — to — 13

i (9]
—_—lnl| =
3018

© Pearson Education Ltd 2C
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Resisted motion of a particle movig in a straight line
Exercise D, Question 1

Question:

A particle of mass s mowes in a straight line on a smooth horizental plane ina

medium which exerts a resistance of magnitude miv® | where v is the speed of the
patticle and & iz a positive constant. At time =0 the particle has speed IF

Find, in terms of k and I, the time at which the particle’s speed iz %U. [E]
Solution:
—
k2

. X T

E{—=) F =uma
— kv =
e i

ds

meparating the variables

Jkdf :—Jvzdv

1
v

O L LS
= ¥

At i=0v=0T
0:l+ﬂ=ﬁl:—l
o Ef

Hence
1/1 1)
f=— ——_|
iy U
3
When v==17
4
Y e S
k %U ] k‘.__BU U| 3kU

The time at which the particle's speed 1z EF T .
5 3k
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Resisted motion of a particlemovigin a straight line
Exercise D, Question 2

Question:

A small pebble of mass w2 15 placed in a viscous ligqud and sinks vertically frotm rest
through the liquid "When the speed of the particle is v the magnitude of the resistance

due to the liquid is modelled as mekv®, where k is a positive constant.
Find the speed of the pebble after it has fallen a distance D) through the liquid.  [E]

Solution:

mg

Rily F= ma
mg —mkv® = ma
cho

—'.i‘cpg =y —

g dx

Separating the variables

J‘ldxzj ¥ v
gk

1
i=A——Infg -’
o7 (g )

When x=0v=10

1 1
i, sty sty—visss
T T

x= ilng—iln(g—.»i:v:{) =i1n|{ £ |

2k 2k 2k | g—k* |
In ‘ g}:vz | = 2kx
\g—R"
Sjwz = i
z—
g—kvg—gem
v2=§(l—em)
When x=10

"g"i :uwl
v=‘ E‘ (1—e™*)2

© Pearson Education Ltd 2C
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Resisted motion of a particlemovigin a straight line
Exercise D, Question 3

Question:

A car of mass 1000 kg is driven by an engine which generates a constant power of
12 kKW The only resistance to the car’s motion is air resistance of magnitude 100 N,

where vm 57" is the speed of the car.

Find the distance travelled as the car’s speed increases from Sms ' to 10m s, [E]

Solution:

rms!

1000g

125W =12 000 W

P =5

i _ 12000

v

E({—) F =ma

F—10v? = 1000z
12 000 dv

—10v* =1000v =
A dx
Dividing throughout by 10 and multiplying throughout by v

1200+ =100v3d_"
dx

Separating the variables

2
jldx=100jv—3dv
1200

® =A—$ln(1200—v3)
Tet x=0 when v=35

0 =A-—%ln(l200 -125) = A=£301r110?5

Hence
100 100 100 1075 )
x=—1n10?5——1n(1200-—v3)=—1n[—3
3 3 3\ 1200 - )
When v=10
100 1075 % 100 (1075)
r=—1In —3|=—1n — | =561
3 {1z200-107 ) 3 | 200 )

The distance travelled as the car's speed increases from Sms ' to 10m s

is56.1m (3 s.£).
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Resisted motion of a particle movig in a straight line
Exercise D, Question 4

Question:

A bullet B, of mass m kg, 1z fired wertically downwards inte a block of wood Fwhich
iz fized in the ground. The bullet enters W with speed U m 5™ and W offers a
resistance of magnitude we(14.8+ 5bv") I, where vm 57" is the speed of Band b isa

positive constant. The path of B in W remains vertical until B comes to rest after
travelling a distance o metres into
Find o in terms of & and T7. [E]

Solution:

}

.l.'+lll mi(14.8 + Sty N
— P@® 3 l
Vims
mg N
R(l) T
mg — m(14.8 +50v?) = g
e

9814 85" = v
dx

dv

—5(14+7) = v—
( ) o

separating the variables

1-:lx=—l Ljdv
50 1+8v

x:A—iln(nbvﬁj
108
At x=0v=0
0= A—L1n(1+buf*) = A=i1n(l+w2)
104 104k

1, [ 1+807%)
—ln‘
108 | 1+&7 |

1 1
= —In{1+207%) - —In{l+&%) =
A =i g T
When v=0x=4d
af:iln(nwf*)
108

© Pearson Education Ltd 2C
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Resisted motion of a particle movig in a straight line
Exercise D, Question 5

Question:

A particle of mass #2 15 projected wertically upwards, with speed F, in a medium which
2

mg;ﬁ ., where v 15 the speed of the particle and
c

exerts a resisting force of magnitude

¢ 15 a positive constant
a Show that the greatest height attained abowe the point of projection iz
2 2
o B
—In|1+—|
2g c
b Find an expression, in terms of ¥, ¢ and g, for the time to reach this height. [E]

Solution:

me LA g

o

1t

e
g"c:2+v2 ‘| _vdv
| et dx

v
Igdx = _Cz_[c2+v2 dv

2
gx = A- %ln(cz +v2)
At x=0v=F

] 2
D:A—%In(c:‘ +P = A=%1n(¢2+fa’2)

Hence

2 2 PR e S YL

+
g;r=£—1n(r:2+I/'2]I—£—lr1|:.:'2 +v2)=c—ln 62 = |
2 2 2 e+t )
et e+

x =—1n| R

2g | ct+w

Atthe greatest height v=10
g? | 4

2 { 2y
c F .
= —1n| l— | as recuired.
2g | )

r=—1In
2g o

PhysicsAndMathsTutor.com
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i
g
C

"cg+v2'_dv
gl e? | dt

SER érating tﬁe variables

g 1
S l1de =— d
-

g A— larn:tan | E‘]
e ]

2
c A

When i =0v=F"

1 f
U=ﬂ——arc:tan| —
\ ¢

1 i
: \.__

A
|:~A=—arn:tan
) c

Hence

e £

At the greatest height v=10

gﬁ 1 i 4 I i )

—=—aru:tan| — ‘ =-£=—arctan‘ —|
\ ¢ ) \ ¢ )

7
& g

c] ¢ o,

. b S
The time taken to reach the greatest height 18 — arctan

© Pearson Education Ltd 2C
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Resisted motion of a particle movig in a straight line
Exercise D, Question 6

Question:

A particle 15 projected vertically upwards with speed 7 in a medium in which the
resistance 15 proportional to the square of the speed. Given that I7 1z also the speed for
which the resistance offered by the medium 15 equal to the weight of the particle show
that

a the time of ascent 13 ﬂ
dg
Uﬂ
b the distance ascended iz 2—111 2. [E]
4

Solution:
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a Let the mass of the particle be a2
Let the resistance be kv?, where & i3 a constant of proportionality.
If IF 1z the speed for which the resistance is equal to the weight of the particle the

kUz=mg=t~k=%

Hence the resistance 12

A .

mg mgyvs oy

Uﬂ

{__J‘J
Y
R(TY F =:ma
—Hg — mgvz = mi
U2
g +v) _ v
e de

Separating the variables
1
di=-1"| ——4d
J“g J‘U3+v2 Y
gi = A=t xlarctan| B |
) \Y)

When f=0v=07

U=ﬂ—Uarctan1:-ﬁ=Uarctanl=%
Hence
4
Eﬁ=——Uarctan|—
aLf I |
=" —Z arctan —|
g g

Let the time of ascent be T
When t=T,v=10
= E — E arctan ()

dg g

T

—, as required
4g
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b Equation # inpart a can be written as
gl v dv
— W Pl e =v_
o dx

sepatrating the variables

Equation = in part a can be written as
gl %) dv
f— PPl e 5 =v_
o dx

separating the variables

dr=-U| =24
,[g ,[U3+1F k
]
gx = 3—%111({52 +v%)

When x=0v=0I7

a 2
0=5- %quuﬂj — A= %mzzﬂ)

Hence
2 2
gr = %m(ztﬂ)— U?m(zﬂ +v4)
x u x nd U_zlnrziaﬂ
zg (U7 +V)

Let the total .distance ascended be &
When k=M, v=0
S S

H=—lnl == |==—In 2 as fequired
2z LT 1 28
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Resisted motion of a particle movig in a straight line
Exercise D, Question 7

Question:

Attime £, a particle P, of mass 2, moving in a straight line has speed v, The only force

acting iz a resistance of magnitude mﬁ:(f/f +2v") |, where & is a positive constant and

My 15 the speed of P when £ =0.

a chow that, as v reduces from F to %PE,P travels a distance 1;1—;:

: S : i
h Ezxpress the time F takes to cover this distance in the form e giving the walue of
0
A to two decimal places. [E]

Solution:
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mg

Ei{—) F =ma
—mk(frf + 2V = ma

dv

—k(PE+ 2ty =v D

(¥ ) =

weparating the variables
Jk dzx = —me
b = A—%ln(v,f +2v%)
At x=0v=F,
0 ZH—%IH(K}E +2F = A= %111(3&;2)
Hence

1 1
= Zln(BE«f) = Zm(p';* + 207

T F B N
r=tuf Z |
d | P+ 2
When v=lfrf]
2
2 z |
x=$ln 23&% : =$1n 33?'32
7 il 27
In2
L ired
= AE rECULTE

PhysicsAndMathsTutor.com
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b Equation # can be written as
dv
—kE +207) = -

separating the variables

Jﬁ:dﬁ=—J 21 2dv=—lI+dv
Vo +2v i o

Ik
"‘-2_,
1
o =5—-—x — arctan
B ES
L\ v2) 2
When £ =0,v=1F
) i y EV 3 y 2
U=B——arn:tan| L |=‘:-B=—arn:tan V2
a . 2
Hence

v,

(oY)
arctan v 2 — arc:tan| —_— ‘ ‘
\ " /)

V=

1
o
20

|

P 2
arctan V 2 — arctan

V ‘

1} 1]

i Tl (oY)
e —‘ arctarn 2—arn:tan| = | ‘
iyl 2 | | 2 | |

; A ;
This has the form — | as required, where
0

f,:?‘ Seran Z—arctan| o | ‘ =024 (2dp.)
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Resisted motion of a particle movig in a straight line
Exercise D, Question 8

Question:

A car of mass # 158 mowving along a straight horizontal read When displacement of the
car from a fized point O 15 x, its speed 15 v. The resistance to the motion of the car has
2

magnitude . where k15 a positive constant. The engine of the car 15 working at a

constant rate .
a Show that 3wn? ii_d: =3F— miv.

When 2=0, the speed of the car 18 half of its limiting speed.
b Find x interms of s, &, F and v

Solution:

PhysicsAndMathsTutor.com
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a P=Fv:-F=E

v

A=) F =ima

2
F_mﬁsv =
3

P ok’ dv
[ = m‘P —
v 3 dx
Multiplying throughout by 3v
3P — i = B Y

dx

1 dv

Sav =3P — i, as required

b The limiting speed is given by a = vii—i; =1

0=3F—min’ = v =2 |

Separating the variables in the answer to patt a

Jree= [

x= A—Eln(BP—mb;)

When x=0,v= s 3 o
mﬁ: 8??2}':
1. BP 217 )
D=A——1n‘ IPLTC b ——1n|
ko B
Hence
x=lln|I£ WL W
ls )k

fef Gip 9
* I1| 3P — o) J
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Damped and for ced harmonic motion
Exercise A, Question 1

Question:

A particle P s moving in a straight line. Attime £, the displacement of P from a fized

point on the line 15 x. The motion of the particle 15 modelled by the differential

dx

equation —2-|-4E +Ex=10
di di

When i =0 Fis at rest at the point where x=2.
a Find x as a function of £

b Calculate the wvalue of x when 7= %

¢ State whether the motion 15 heawily, critically or lightly damped.

Solution:

a
a d—§+4E+8x=U
&

Auziliary equation: m® +dm +8= 04— Solve the equation using the
—4+(16-32) tethods of book FP2 chapter 5.

2
m=—212
General solution:

x = e #(Acos 2+ Bsin 2f) TTse the initial conditions given in the
e BB 2_£/ guestion to obtain values for 4 and 2.
F=-2eF(Acos2t+Bsin20) +e ¥ (—24sin 2 + 28 cos 26)
t=0,z=0=0==24+2F8
=4
sx o= 2e ¥ (cos 2t +sin )

M=

T 2%y T o
b t=2 x=2c7 cosz—'+sin2—
3 | 3 3

x = 000014,

Sx=00901 (3£
¢ Lightly damped

© Pearson Education Ltd 2C
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Damped and for ced harmonic motion
Exercise A, Question 2

Question:

A particle P15 mowing in a straight line. At time £, the displacement of P from a fized
point on the line 15 x. The motion of the particle 15 modelled by the differential
2
Eruation d—f-!—BE-HEx: 0
de ot
When =0 Fis at rest at the point where x =4
Find x as a function of £

Solution:

2
41 ke X Linvso
T de

Auziliary equation: m® +8m +12= (04— Solve the equation using the
(m+8im+2)=10 methods of book FP2 chapter 5.

mo=—-tor—2
General solution:
P (R

=0 x=4=4=4A+F 4— TIze the information given in the

i =—bde M _og guestion to obtain values for 4 and 5.

t=0,k=0 0=-6A4A-28

0=34A+8@
s2d =4 +—— Zolve equations O and @&
s el sl 8 sitnultaneously.

I T
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Damped and forced har monic motion
Exercise A, Question 3

Question:

A particle F s moving in a straight line. At time ¢, the displacement of P from a fixed
point on the line is x. The motion of the particle iz modelled by the differential
2

equation d—f + 2E +6x=0

o ds
When =0 Fisat rest at the point where x=1.
a Find x as a function of £,
The smallest value of £, =0, for which F iz instantanecusly at rest 1z T
b Find the value of T

Solution:

2
5 Sl Tpeney
i

Auziliary equation: P 2m+b=0 «—— Tlve the equation using the
_ 2424y methods of book FP2 Chapter 5.
- 2

m=—1%iV5

General solution:

x=e (AcosV %+ Bsin v 50

=0 x =1=1=4 —

Tze the initial conditions given in
£ =—e(AcosV o+ Fsin v E) the guestion to obtain values for 4

et (—AVSsin V5 + BV Sces 5y | B
t=0 & =0=0=—A+B5

B :L
._‘5

; 1 \
nx =e | cosy 5é+—5s1n W 5 |

b =0 ¢=T
.r 3 / 3

1 1
—=0=-—¢ -’\ Cos '-.5T+?sin ST ‘+e -’| —5sin 5T+?'-.5cc-s=. ST

r
g =0

seoosN ST — %sin VAT =W 5sin N 5T +cosv 5T =10

an v 5T =1
N ST = [ T
T=ro +«— 710

o omallest value of Tis ;5 or 1405 (3:16)
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Damped and for ced harmonic motion
Exercise A, Question 4

Question:

A particle P of mass m 15 attached to one end of a light elastic spring of natural length
! and modulus of elasticity 4mas’l , where w is a positive constant. The other end of
the spring is attached to a fized point 4 and F hangs in equilibrinom vertically below A,
Attime =0, Fis projected vertically downwards with speed . A resistance of
magnitude 4 | where v 1z the speed of P, acts on P The displacement of F
dewnwards from its equilibrium position at time £ 15 x.
2

a Show that d—i—i—-ﬂlwﬁ +4wix=0

dt de
b Find an expression for x in terms of 1, £ and w .
¢ Find the time at which F comes to instantaneous rest.

Solution:
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A
A=dmel

f

| 4 meai

B A equilibrium level

1
Y F

.

{ s
'
mg
a Inequilibrium: R{ 1) T=0mg
Hooke's Law:
_Ax
!
T = dmicn’e
!
cdmicite = mg @
When extension iz (e +x)
T Me+x) _ dmetl(e+ x)
{ {
F=wma:
mg—T —dmowx =mi

mg —dmw® (e + x ) dmwi = mx
mg —mg —4mo’ x — dmwi = mx —— Tse L

F+doi+dmir=10
¥]

or %+4m% +4atx=0

b Auxiliary equation; m® +4om +40* =0  4——— Now solve the differential
(m+2m) =0 equation using the methods of
m =2 (twice) book FP2 chapter 5
General solution: x={A+ 5f) g2
i=0,x=0=0=4
i =Be ™ - 2wBee "
i=0x=u=u=58

: i ~Diat
SE =ule

¢ F=ue ¥ _2cmte ™
=y e (1= 20u)
=0 1-2m=10
1

1_ =___
2
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Damped and for ced harmonic motion
Exercise A, Question 5

Question:

A particle P of mass s 15 attached to the mid-point of a light elastic string A8 of
natural length 2 and modulus of elasticity meg. The ends A and B of the string are

attached to fixed points on a smooth horizontal table with A5 =4a . The particle 15
released from rest at the point O where A, T and B lie in a straight line and AC = %cx :
Attime i the displacement of F from itz equilibrium position 1z x. The particle is

subject to a resisting force of magnitude sy where v is the speed of F and &= fi—g .

2
a Show that d—f+nE +atx=0.
df df

b Find an expression for x in terms of @, # and ¢,

Solution:
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|
|
. ! 5
mnx ' Tg
i

1
I
IP ?.
| A
B - - . - 2
: |
I T
| |
IL- 2a '-ll-'-— x —+ 2a—x -|
_ 2= =
N, A= HE +— Consider each half string
separately.
{=a
T = ? “ TTze Hooke's Law.
T, = mgle—x) i gl +x)
a @
F =

T =Ty —mnk = mx

mgla —x)  mgla+x)

— NI =X
@ a
2gx T
w2EE —nx =
c
.2
x+nx+—gx =10
]
Al sda
of ?+m—+n2x=0 ]

From the question, »#° = i
a

b Auziliary equation: m* fam +a° =0 4—

N (?22 —49@2)

Wow solve the differential

equation using the methods of
kook FP2 chapter 5

m_
2

_ —aEinv3
2

General solution:

M\Ea‘,+ﬁ'sin§£ |

x=¢g |ACOST

i

i=0 lea = %azﬂ

*+—— TIze the initial conditions given in
the question to obtain values for 4

1 %
J{’=—lm3 ™ ﬁcos&£+ﬁsin&£| and 5.
2 2 2 )
L 3
+g gz _mfﬂsin nfr+nf3cosﬂfr|
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et el B ANE
2 2
By 8
3 2
1
x=e i lacoan3+ - sinn£5|
0 ol 2
orx——e_m‘ s££+— \,-f_|
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Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise B, Question 1

Question:

A particle F s attached to end 4 of a light elastic spring A58 The end & of the spring 1z
oscillating. At time ¢ the displacement of F from a fizxed point 15 x. When £ =0 x=10

dx

e . : : . . .
and "l = — where & 15 a constant. Given that x satisfies the differential equation
£

d*x

? +%x=kcost, find x as a function of £,

Solution:

dg—x+9x T +— Solve the equation using the
ds? methods of book FP2 chapter 5.

Aumliary equation:
m+9=10

we =13
Complementary function:

x=_Acoz 3+ 5sin 3
FParticular integral:

tty x = pcost+gsint
X =—pzanf+goosi

E=—pcost—gsint

—prosi—gsini+(prost+gsins) =kcos! Substitute the above results in the

—-p+% =k differential equaticn.
_E \
£ = g Equating coefficients of cos £ ...

—g+5% =0g=0

Commplete solution: ‘\

x =Ac053ﬁ+Bsin3i+gcosé

oand of sin £

t=0x =Cl=t~|:|=_r*l+E .r‘l=—E
B 8

¥ =—-3Asn 3 +33cos3§—%sini

*— Tlze the initial conditions given in

.k Kk & the question to obtain values of A
Spl e and B

5 15

En = —gcos& +£sin3§ +E cosk

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise B, Question 2

Question:

A particle P of mass e lies at rest on a horizontal table attached to end A of a light
elastic spring A5 of natural length [ and modulus of elasticity 9mao®l . At time
t=0,A58 =] The end B of the spring iz now moved along the table in the direction
Af with constant speed ¥ The resistance to motion of & has magnitude S, where
vis the speed of P and w 1s a constant At time ¢ the extension of the spring 13 x and
the displacement of P from its 1nitial position is .

=how that

a x+y="F,

2
B g, S s
dr dr

¢ Find an expression for x in terms of £, w and

Solution:
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I 1 |
I | |
[ [ I +— Draw diagrams to show the
14 i ! | B R : :
f=0p , . initial situation and the
: : : situation at titne ¢ Wlark all
1 Gman | r ! B : distance s clearly.
F Ilq 'IP i I ) : =
e e 5 b= oy
I I—F—P—_I.' | |
I ] | |
1 | i a
- f4x - A= wl
: |
1
a y+{{+x)=1+V%
X+_}? =Vt @ \
: ix  Omo’] : ;
b Hocke's law: T = i = ; x Tse the diagrams to form this
5 equation.
T = S’ x

F=ma T—bmuwy =my 4

Immaea” x — ey = m 7

The displacement of F from itz
initial position 12 ¥, not x.

From @

SEESIE

i+y =10

90 x — Eme(V — £) = m(—%)

TUse @ to obtain ¥ and ¥ in

terms of x and x

¥ +6mi+9%m*x = bt
2
of d—j + 6t’r}£+9fr}2x = éeol”
ot dt
¢ Auziliary equation: #e* + 6w + 90 =0
(me+3) =0
m = —3m (twice)
Complementary function:
x=(A+BHe™"
Particular integral: try x=4k

+— Zolve the equation using the

methods of book FP2 Chapter 3

x=xz=0
Yk = 6wl
L
3
s Complete solution:
x=(d+Be g2t
el
I=[:|,x:[:]=‘-[j:ﬁ+£ +—— T3
iy
PR
3o

the question to obtain expressions
tor A and 2.

e the initial conditions given in

£ =B —3w(A+ B
(=0 x=0=0=8-3mA

B =3mA=-2F
x:|—&—2;‘?l‘ 3'I+g
30 3o
or x = ﬁ(l — e _ 3¢ o3
30
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Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise B, Question 3

Question:

A particle P of mass e i3 attached to end A of a light elastic spring A8 of natural
length 7 and modulus of elasticity S2ek®! . Initially the spring and the particle lie at rest
on a herizontal surface with A58 =7 The end & of the spring is then moved in a
straight line in the direction A8 with constant speed 7. Az F mowes on the surface it is
subject to a resistance of magnitude ek where v iz the speed of P Attime 2> 0,
the extension of the spring 15 x.
2

a Show that d—j‘Jrﬁ,t:E +6k*x =5kT7 .

ds ot
b Find an expression for x in termes of £,

Solution:

PhysicsAndMathsTutor.com
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t =0 A

a

: Mechanics 4

P ]
l

Page2 of 3

y+i+x1=1+0%

y+x=Uf @ 4g——

} P
Hooke's law: T= ?: 6?}3?: I
T =émix

F=ma T -DImy=rmi
Using @ yp+x=107
Fx=10
bkt — Sk — &) = ml—7)
¥+ 5kk 46kt s = 5k

2
ok g T ey
dt dt

Auziliary equation: m® +Sken+ 6k =

(m+3)m+ 25 =0

m=—3kor — 2k
Complementary function:
x=Ae™" 4 g

Particular integral: try x=a

¥ =%=0
c6kta =5ki7
507
a o« L0
6ic

Complete Solution: x=Ae™® + 8
f.=0,;rc=L'J=:-U=A+B+E o
&k

F=—3kde M — 2B ®

SRR RIE

b [Jf ——

Draw diagrams to show
the initial situation and the
situation at time £,

Let the distanice moved by
Ffrom its initial position
be v,

Ilark all distances clearly.

CUhtain a connection between ¥
atied the extension x.

+— Tze @ to obtain ¥ and ¥ in

terms of x and x.

(04— Mow solve the equation using the
methods of book FP2 Chapter 5.

EQFI_'_E

6k

t=0,x=0=0=-3k4-2k8

FA+2E =00
.‘,2ﬂ—3ﬂ+g= ]
3k
sl e, ST
3k 2k

*+—— Solve @ and @ simultaneously.

ZEE 3Ii1I‘—SLIr 2“4—%

SX e

3k 2k

© Pearson Education Ltd 2C
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Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise B, Question 4

Question:

A particle P of mass e 15 attached to one end of a light elastic string of natural length

a and meodulus of elasticity 16mpe°z . The other end of the string is attached to a fized
point A on the horizontal table on which F lies. At time £ =10, Pis at rest on the table

with AP=a . A force of magnitude mntae ™t 0, acting in the direction AF 13

applied to F. The motion of P i1z opposed by a resistance of magnitude 10, where v
1z the speed of P Attime £, £ = 0 the extension of the string 15 x.

2
a Show that d—i + 103 E—Hﬁﬁzgx =ntae™
de dt
b Find an expression for x in terms of £

Solution:
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mr

! ¥
10 epeex ! T mn-ac

A —
i L X .
:..-—-J—-—- X

-

" >
A= 16 mna

a Hooke's law: T=E

F+10nx+160r = nlae™

d*x

ot —2+IUHE+]6m2x =ntge ™
df ot

b Auziliary equation: w2 +10me +162° =0 — : m—
+2 LR =1 *+—| molve the equation using the
i methods of book FP2 Chapter 3.

m=—8um = —-2n

S Complementary function:
x=Ae™™ 4 B "
Particular integral: try x=he ™
x =-nke ™
¥ =ntke™
stk = 10n ke ™ 160k ™ = nlae ™
Tnlle ™ =n'qe™
@

I
7

Complete solution:

Gt amr @
x=de™ +Be™™ + 2™

(=0 x=0=0=4+5+ o i +— TJze the initial conditions given in
7 the question to obtain values for 4
F=—Gnde ™ _ oppet 2% o and B.

f=0,7=0 0=—3m-2n3—%

8A+28 +% =0 @
4+—— Solve equations T and &
a :
644—? =0 sitnultanecusly.

s

42
o S, B

42 7 &
Pl . A WL
42 é o
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Solutionbank M4
Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise B, Question 5

Question:

A particle P of mass 0.5 kg is attached to end 4 of a light elastic string A8 of natural
length 0.8 m and moduluz of elasticity 5 1. The particle and string lie on a smooth
horizontal plane with A5 =08m. Attime =0 a variable force & N 15 applied to the
end B of the string which then moves with a constant speed 5m s~ in the direction
AEB The particle mowes along the plane and iz subject to air resistance of magnitude
0.5v newtons, where vm 57" is the speed of P. At time ¢ seconds the displacement of

Ffrom its initial position 15 ¥ metres and the extension of the string 15 x metres.
=how that, while the string 15 taut,
a xty=3t,
2
b d—§+E+12.5x=5_
dt di
Find
¢ an expression for x interms of £,

d the exact distance travelled by F in the first © seconds,
e the exact value of F when f=1m.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Page2 of 3

0.5 m

t=0 Ao , B _

| \ <+ Draw diagrams to

| ' show all the

I & Lo - | :

) : i 4 ' distances at =10

r=¢ 05y : . ) i B .

: e b S5f— i — o §mg-l | @nd attimez

| . |

I : (0.8+x)m 1 : clearly.

l— } il H -

a y+(08+x)= U.8+5£.._._______________

x+y=5 @ TTze the diagrams to form this

equation

b Hoole's law: T=ﬂ = S—X =625
i 0.8

Fewma T—05p =055
6.25x-05y =05y
i+y =5 4= Use equation @.

x+3i =0
~6.25x—0.5(5— 1) = 0.5(—%)
F+i+125% =5

2
or X4 B 1052 =5
it d

¢ Auziliary equation: m* +m+12.5=0 4+——— Now solve the equation using the
methods of book FP2 Chapter 6.

—1+vi1—
s SN E50)
2
~1+7
m:
2

Complementary function iz

1, :
r=¢e 7 Acoszz+BsinEz
| 2 25

Particular itegral: try x= 3

=% =0
125k =5
5 2
s 5

General solution:

1 !
x = 2:| Acoszz+BsinEf. |+E
T2 275

2 2

t=0 x=0=0=A+"= A=—= #— Usze the initial conditions given in the
5 : i
: gquestion to obtain values for A and &2,
= —le §I|I ﬂcoszﬁ +Bsinzf. |
2 2 L
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+e? ——Asin§ﬁ+—5‘cos—.ﬁ
t=0,xz=0= U=—1A+%B
B el ol
7 35
2 f 7 : 2
x=g? | ——cos—f——sin—£ |[+—
30 5
2 |2 _ : _
d z=,-'r,x=§—e : E|(_D 4+— x 1z the extension of the string,
AT not the distance travelled by 2.
y=5f—-x
o fo
=5T-—+—e ?
5 35
25% . .
e F=T=— +— End 5 15 mowving at a constant
speed, so it 15 1n equilibrium.
25(2 2 5
= = | ———¢e
415 35

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise C, Question 1

Question:

A particle F of mass 0.5 kg 15 free to move horizontally inside a smooth cylindrical
tube. The particle 15 attached to one end of a light elastic spring of natural length 0.2 m
and modulus of elasticity 5 M. Attime £=10 the systetn 1z at rest with the spring at its
natural length. The other end of the spring is then forced to cscillate with simple
harmonic motion so that at time # seconds, £ > 0, itz displacement from its initial

position is ;—sin 2f metres and the displacement of P from its initial position i1z X

metres.
2

a Show that % +50x=10sin2t .

b Find an expression for x in termes of .

Solution:
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.F':-—i—ﬂ.lm — : -
0.5 ke ! : : ! 4+ Let the extension of the
: P — (0.2 + y)m —_— e e apd St
| o ! ! diagrams showing the
f= : ) | T i | situation when £ =10 and
S BN ) A at tirme £ seconds.
| it Y I |
L_ sin 2rm
=
A 5
a Hooke's law: T=Tx = _ 25y
F =
T =05x
25y =1025x

From the diagrams:

0z +lsin 28 =(024+x +— Usethe lengths shown in the
5 diagrams to form this equation.

1.
ity =—s1n 2
773
125 Es1n?£—x|=0.5x
 £+50x =10sin 2

2
or%+50x =1035in 2t

b Auziliary equation: m” +50=0 4 Now solve the differential
e S eruation using the methods of
= book FP2 Chapter 5.

Complementary function:

x=Acosd2i+Beind 2
Particular integral:

Tiy: x=Froos 2 +0sin &
¥ =—2Fan & +20cosdt
¥ =—4Fcos 2i -4 sin 2t
S Prosd — A0 sn 26+ 500F oo 28+ sin 2F)

= 103zin 2¢
m_ 5
=460 =10 ¢ ZEZE +— Equate coefficients of sin 2¢ and
Pop Cos 22

s Complete solution is

r=AcosdV2i+ Bsin 5 23+%sin2ﬁ

4— TIze the initial conditions given in

t=lnsl=alisd the question to obtain values for 4

7= 5V2Bcos5Y 2t + 1 cos 2t and 5.
23
i=0,x=0 |C]=5"~2.B-I-E
23
p=_Y2
23
o N2
X =—sn 2f——sin SV 2
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Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise C, Question 2

Question:

A particle P of mass 2 18 mowing in a straight line. At time ¢ the displacement of F
from a fized point & ofthe line 1z x. Given that x satisfies the differential equation
d*x dr 2 ;
—t2k—+2"x=0 where & and » are positive constants with £ < »,

a find an expression for x interms of &, 2 and &
b Write down the period of the motion

Solution:
2
a d—f+2ﬁcE +uix=0 4—— Solve the equation using the
methods of book FP2 Chapter 5.

Auziliary equation: #2° + 2l + 4" =10
—2k N (4k* —4a*)
2
m= —kEV(k—n")
O<kcn=ki—n <0
sm= =kt (2t -k
General solution:
x=e"(AcosV(n® =&+ Bsin (k)
Yy Peae S
Vi — k)
[Toucan write the general solution
i its alternative form
x=A'e ™ cosies +£)
where m="(x* —k%)

if wou prefer.]

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise C, Question 3

Question:

A particle P of mass 2 15 attached to one end of light elastic spring of natural length {

and modulus of elasticity 2mc®] . The other end of the spring is attached to a fized
point A and F 1z hanging in equilibrium with AP vertical

a Find the length of the spring.

The particle 15 now projected vertically downwards from its equilibrium position with
speed U7 A resistance of magnitude 2iedoe, where v 13 the speed of P, acts on F. At time
£,£> 0 the displacement of P from its equilibrium position i3 x.

2
b Show that &+ 2k 42k =0,
dr de

¢ Show that P 15 instantanecusly at rest when & = (# +%)4r .where n W
d Sketch the graph of x against £

Solution:

PhysicsAndMathsTutor.com
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------------------ equilibrium level

a Inequilibrivm: R(TT=mg
Hocke'slaw T = ? = 2mice

smg = 2mite @

2%

The length of the spring 15 § + Tiz

2mic’]
{
F=ma mg—T—2pwix = mx

g2k (x+e)—2kx = m¥
g-2kx—g—2ki =¥ e

b Hooke's law: T=

(x+e)

A= 2wk

P+ 2m+2ikis =0

2
or X ok Lot =0
e

¢ Auziliary equation: m® +2ken+2k° =0

From @ 2ke=¢g

oy 2R (4k* — 8k%) PR
2
0k 4 (=R
oy = 2R EN (AT
2
m = —k ki

An expression for x must be
found in order to answer patts ¢
and d. Tse the methods of boolk
FP2 chapter 5 to solve the
differential equation.

PhysicsAndMathsTutor.com
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Feneral selution:

x=e *(Acoskt + Bsin i)

=0 x=0=0=4 = TTze the mitial conditions given in
S sl g il the question to obtain expressions
. tor A and B
t=0,z=U= LU =Ek
s i
i
A= “Esinh
i

i o=-ke hEsinh‘+%e Ricoske

=0 Te"Gink-cosk)=0

anld =coskd
tam it =1
Fie =F—'+mr
4

i =|I’ n+l~l‘n,n =K
4.1

d Yy

+— From ¢, the maxima and

minima occur when
i Sm

- ak h=|rn+%\|,¢.

| 1 /—\ _
ﬂ L L | 2 1" \/‘J i i { &t
el LT : 2n in n
ak "'\:/T = = Multiplying sin &z by e

causes the amplitude to
decrease as £ increases.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise C, Question 4

Question:

L particle P of mass e 12 attached to one end of light elastic spring of natural length /
and modulus of elasticity sl . The other end of the spring is attached to the roof of a
stationary lift. The particle iz hanging in equilibrium with the spring vertical At time

£ =10 the Lift starts to move vertically upwards with constant speed U7 At time £, >0,
the displacement of F from its initial position 15 x.

By considering the extension in the spring,
2

a show that d—§+?22x =»'Tk,
i

b find an expression for x interms of ¢ and ».
Attime $ =T, the particle is instantaneously at rest. Find
¢ the smallest wvalue of T,

d the displacement of F from itz initial position at this time.

Solution:
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T e e
1 Ix
e e o o e a - L

mg

t=0 time ¢

a Let the extension in the spring at time ¢ be ».
I+y+xr=]4+e4+01%

y+x=e+lt @O
When =0, Pig in equilibrium

4— TIze the distances on the diagrams
to form thizs equation

R(hT=Me
. .
Hooke's Law: = f}—x= m;@ :
cpre =mg D
Attime £:
wtl
Hooke's law: T =
H =
F—mg =mi

2 e
BMATY g = WX

Tsing @O

i (2 +TE—x )—mg =

+— From ‘I

y=e+li-x

Tzing &

mg +mn Ut — pn

2 .
X—mg =mi 4— From @

Ft+utn =ntlk mite = mg

2
x
of ?+}22x =nlk
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b Auxiliary equation:
w4t =10

m ==tixn

Cotnplementary function:
x=Acosni+ Heinnt
Particular integral:

try x = Ct+ D
=
=0

s (CE+ D)= n'li
O=0U D=0

Complete solution:
x=Acosnt+Bann +1E
=0, x=0=4=0

F=8ncosni+ U

(=0, 7x=0=0=Fn+l/

o
~x o =Ui—"sanni
b

¢ = IBncosui+l/
x=0U-Ucosnt

=0 0=1-cosun

cosai =1
Ri=10 2T, ..
.am
coomallest Tis —
P!
d £=i=-x=U-2i—Esin2,¢
P noon
re 20 o
P

Fhas moved a distance 2
P

© Pearson Education Ltd 2C
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TTze the initial conditions given in

the question to obtain expressions
for 4 and B

From b
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Damped and for ced harmonic motion
Exercise C, Question 5

Question:

A particle P of mass 0.6 kg is attached to one end of light elastic spring of natural
length 0.5 m and modulus of elasticity 1.8 N The other end of the spring 13 attached to
a fized point & of the horizontal table on which P lies. Attime £=10_F 15 at the point

A, where O4=025m . The particle is then projected in the direction O4 with speed

6 m s~ The particle is subject to a resistance of magnitude 1.2v M, where vm 57" is

the speed of P, At titne £ seconds the extension in the spring is x metres,

2
a Show that d—f-I-EE-l-ﬁx:O.
i i

b Find x interms of £
¢ Find the value of ¢ the first time F comes to instantaneous rest.

Solution:
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2+ (@-24)

m:_
2

m=—-1%iV5

General solution:

x=e t(.r‘in:c-s WO+ Hain 55)
t=0xz=0=0=4

i=-e Bsin V5 +e V5B cos
t=0x=6=6="58

_ 6
.__'5
Sx=—etan o
._15
xi= —%e Tain V% +6e 7 cosy %

r=0= %sin VOE=rcos N Df

tan "15f= 5
I=Ltan 145
._\5
F=0.5144 .

H2eN 7 06kg
5 . p A=18HN
0.5 m ' E-..-.rm -
—ee
a Hooke's Law:
_Ax
{
T:&:B b
5
F=paa
T+12z=-06%
2bx+1.2x =-06x
F+2%+6x =10
2
ar d—2x+2E +6x =10
de ot
b Auziliary equation: me® +2m+6=0 <

solve the differential equation
using the methods of book FP2
Chapter 3.

i Sf

-~

TTze the initial conditions given in
the question to obtain values for 4
and B

e

Ffirst comes to instantaneous rest when £ =0514 s (3 5.1

© Pearson Education Ltd 2C
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Damped and for ced harmonic motion
Exercise C, Question 6

Question:

A particle P of mass s 15 attached to one end of each of two identical elastic strings of
natural length § and modulus of elasticity 2mg. The free ends of the strings are fized at
points A and B on a smooth horizontal plane where A8 =4 Attime f=0_F 15 at rest

at its equilibrium position. The particle 1z then projected along the line A8 with speed
{7 and mowes in a straight line. At time £ the displacement of P from its equilibrium

position i x. A resistance of magnitude see, where v is the speed of P and &= .J%

acts on P Both strings remain taut throughout the motion,
2

a  Show that d—f-l—kg-i-dlkzx:ﬂ .

ot ot

b Find an expression for x in terms of £7, k&, and £

Solution:
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I I
e
I I
mik % : T4 : P Ty
A ! + B
I I
] [}
1 I
1 1

a Hoolke s law: T=t—x

TA:2mg{f+x)’TB: 2mg i—x)
{ {
F=pu:
L= T, —wix =mx

Semg (1 — x)_ 2wz {f+x}_

ik = mx
! !
—4—mfx—mh =
5r'+h+4£ﬁ =
dx dx

of —e ke dktyi=10
ds

a2
where b = ,J?E

b Auxiliary equation: m® +ien +4k° =0
k(216K
m =
2
_ —kEik 15
2

e

General solution:

x=e *{Acos ;:‘715: +Bsink1715f.}

t=0x=0= 4=0
i3 k15 B Ei1s

i=-—"&28:n i+e @ Bros
2 2 2

=0,i=U=y=200
Bep i,

k15

U F kNS
LA = £ iin £

k15 2

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

A= 2ing

k 15
£

Page2 of 2



Heinemann Solutionbank: Mechanics 4 Pagel of 1

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Stability
Exercise A, Question 1

Question:

& pendulum is modelled as a uniform rod of mass m and length 27
attached to a particle of mass M. The pendulum is smoothly hinged at
one end to a fixed point 2, as shown in the figure.
a Express the potential energy of the system in terms of 8,
the angle which the pendulum makes with the vertical
through O
b Zhow that there are two positions of equilibrium and determine
whether they are stable or unstable.

My

Solution:

———————————————————— zero level for PE.

M bid

a Take the horizontal level through & as the zero level for potential energy — as & 15
fized

PE forrod =—mglcosd
DE for particle = —Mg 2/ cost
AV =—mglcos B -2Mgicos 6

b {;—Z= mgd sin B+ 2Mglsin 6

Put i—Z=U.Then sint=0=6=0uor m

2
jTVz =mglcos 0+ 2Mgl cost

2
when H=U,%=mgf+2ﬂ{g£:>0 oo Eeulibrium 13 stable at the point of

minimum potential energy, when 8=10.
2

When O=m, jﬁz =—mgl—2Mgl <0 . Equlibrivm iz unstable when 6=m.

(This 15 a point of maximum potential energy.)

© Pearson Education Ltd 2C
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Stability
Exercise A, Question 2

Question:

A emall emooth pulley iz fized at a distance & from a fixed smooth vertical wire. A
ring of mass 2 15 free to slide on the wire. It 1z attached to one end of a string which
passes over the pulley and carries a load of mass 4 hanging from the other end. The
angle between the sloping part of the string and the vertical 15 £,

Ev expressing the potential energy in terms of € find how far the ring 1z below the
pulley in the equilibrium position and determine whether the equilibrium 1z stable or
unstable.

Solution:

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Mechanics 4

zero level Tor PE.

dmg

Take the horizontal level through the pulley as the zero lewvel for potential energy as
the pulley is fixed
P E for ring = —2mgh

ora cotl D

Eut tanH=E,sc-}'3=
h tan @

So PE for ring = -2mgacoett
PE for load = ~4mg(! — x), where [ is the length of the string,

! b
But sinfi=—_s0 x=— of acosec
x sin

SPE forlead = <dmg(l —acosec &)
STotal PE. for system V' = —2mgacot & + dmgacosec O + & where & is constant

For equilibrium ﬁ =1
da
di 1
Eut 0 = 2mgacosec “H —dmgacosec Hoot 8 &

when c_iE- = cosec =0 or cottl = l cosec
46 2

But cosec 8 =0, for any value of 8

H
g, L0889 _ 1

sinfi Z2gind

cosf = l and H=—,
2

Eut & =acotH=% (from @O
Le thering iz a distance % below the pulley in the equilibrium position,

Differentiate equation @

4
m = —4mgacosec2h‘ cot B + dmgaces e’ +dmgacosech cot? @

Substitute 0 = i ,then as cot X i and cosec Lo i
NE 30453
d* _ —léwmga  Zdmga  omga

—= + + >
TN AN RN -

o There iz a position of stable equilibrivm when A=

The 0

%

© Pearson Education Ltd 2C
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Stability
Exercise A, Question 3

Question:

The diagram shows a uniform rod A8 of length 40 cm and
tnass 2w resting with its end 4 in contact with a smooth
vertical wall. The rod 12 supported by a smooth horizontal rod
which is fized parallel to the wall and a distance 3 cm from the

wall as shown in the figure. & particle of mass %m 1z attached ¥
to the rod at & Z
a Show that when A5 makes an angle & with the vertical the
potential energy 1z given by
F =06z cos§ —0.07 5z cot @ + constant .

b Find any positions of equilibrium and establish whether they
are stable or unstable.

Solution:
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Heinemann Solutionbank: Mechanics 4 Page2 of 2

a Take the horizontal level through the support rod as
the zero level for potential energy — as the support rod s fized

The P.E. for particle =%mg < HE

But AV =4X-AY
0.03

=0dcosd ———
tan &

SPE torparticle=02mg cosB —0.0152mg cot B
The P E. for the rod =—Z2mg «FZ
Bu FZ=AY¥-AZ
=00%cotB—02cosd
SPE forrod=-008mgcotd +0.dmgcosd
STotal PE =F=02mgcos 8 —00150mg oot — 0. 08mg cot@ + 0 dimgcos d

=0 émgcost—0075mgcotd

dF

b e = 0. 6mgsinf +0.075mgrosec’t
Put ﬁ= 0. Then
A6
D6sinf = O_'ij
sin”
En® @ = i
0.6
1
a8
sinf@ = l
2
S0 0= & and @ =% correspond to positions of equilibrium.
2
ij; =—0.6mgcosd —0.15mgrosecitcot 6
T
when # =;,%=—%mg = sounstable
& do 10
g2
when & =1,d—z’=%mg =0 so stable
& da 10

© Pearson Education Ltd 2C
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Stability
Exercise A, Question 4

Question:

Tweo uniferm smooth heavy rods, each of mass A B

and length 2, are smoothly jointed together at 5.

They are placed symmetrically in a vertical plane,

over a fized sphere of radins @ as shown.

a Show that when the rods make an angle #
with the horizontal the potential energy Fis
given by I =2Mgalzect —an f) +constant .

Hint: use the horizontal plane through the centre of the sphere as the zero lewel for the
potential energy.

b Show that the rods are in equilibrium if cos®@ =sin 8 and verify that # =060 iz
accurate as a solution to 2 2. £

Solution:
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Take the horizontal level through the centre
of the sphere & az the zero level for
potential energy. Let the rods touch the
sphere at points X and ¥

From geometry XOB=¥0B=08 {O:?B = OFB = 90" angle between tangent and
radius.)

g 8

=agsect

cozfl
Consider one of the rods. Let its mid-point be &
Then potential energy of rod= Mg =07

But 0 =0F-5Z
=gsect —agsin O
SPE of rod = MoglasecH—aan )
Asthere are two symmetric rods in the system
F=2MglgsecH—asinf)
[The constant here 15 zero but if you chose the base of the

sphere as the zero level for PLE. then you would have a
constant 2 Mga. |

b For equlibrium ﬁ=
46

Eut i—z = +iMgasecBtan 8 -2 Mgacos 8

1 sin G
%

cosfH cosf

LadMea =

= 2Mgacos

ssin® =cos’d
If 0.60 iz accurate to 2 o.f there should be a zign change when substituting 0,595
and 0,605 inte f{B)=sin®—cos" B

F(0.595) = =746x107 < 0
F(0.605)=0.012=0

sign change oo 06042 a solution accurate to 2 o f

© Pearson Education Ltd 2C
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Stability
Exercise A, Question 5

Question:

Four light rods each of length [ are freely hinged at their ends to
form a rhombus ASCD which iz suspended from point A,
A light spring of natural length ! and modulus of elasticity 10mg
connects the points A and
A particle of mass m 15 attached at point O and the rods A5 and D
Al each carry a particle of mass 2 at thewr mid-points. O mowves
freely in a vertical line through A and the angle between A5 and
the dewnward vertical 15 8.
a =how that the potential energy of the system 15 given by

V = mgl (20 cos® 0— 24cos @)+ constant .

b Find the values of 8 which correspond to positions of
equilibrium.
¢ Determine whether these walues correspond to stable or to unstable equilibrium.

mg

Solution:
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a A lewvel of zero potential energy.

Take the horizontal through A as the zero lewel for
potential energy.

Let the diagonals meet at X
From the izosceles AADC AADY iz right-angled

A =lcos = AT =X cosh

~ Extension x of the elastic string AT = 2icos 8 -1

The total P E. of the system 1z Fwhere
2
F=—lmg é cos B — Zmg é cos @ —mg (A +% ,HXT

I:EEEOSH—.EJE

Le. ¥ =—mglcos 8—mgl cos 8 —2mglcos B4+ 3mg ;

= —dmglcos B+ Smgldeos” B—4dcosB+1)

= mgl{20cos® 8 —24 cos §) + constant

b i_Z= mgl |-40cos Bsin 6 + 24 sin @ |

Fut {;—Z=U,then d3anB —-SsinBeesd) =0
1e BanB(3-5cosB)=10
sen B =00r cosH:%

SB =0 or 0,93 radians (2 2. £)

c Asg i—z = mgl [-20sin 20 + 24 sin 4|

2
% = mgl [-40cos 20 + 24 cos |

2
when &= U,% =—l6mgl =0 .. unstable equilibrium

2 —
when =097 % = mgi | —40 /—? +24 /E
da 25 3

128

= ?mgf = 0 cetable equilibrium,

© Pearson Education Ltd 2C
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Stability
Exercise A, Question 6

Question:

A light rod A8 of length 2a can turn freely in a vertical plane about a smooth fized
hinge at A A particle of mass s 15 attached at point 5 One end of a light elastic string,

of natural length %cx and modulus of elasticity mgnﬁ 1z also attached to the rod at 2.

The other end of the string iz attached to a fizxed point O at the same horizontal level as
A Giventhat OA=2a andthatthe angle between A5 and the horizontal 12 28,
a show that, provided the string remains taut, the potential energy of the system 1s

given by " =—2mgalsin 20 +;xﬁcos 26 4+ 243 5in )+ constant .

b Verify that there 1z a position of equilibrium in which & = % and determine the

stability of this equilibrium.

Solution:
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o ......lewel of zero potential energy,

P E. of particle = —mg * 2a sin 26

2
DE. of string = lmg\-@x— = lmgﬁi
2 3, 3 a

2
But from the 1sosceles triangle QA8 length
OB =2xBM =2xlasinf

my

coExmtension x=-<asin H—%I
1 3|
STotal PEF = —Zmgasin 26 +§ mgﬁa{dl sin H — E}

1el =—2mga|sin 2H—%J§‘I 16sin? 8 —12sin H+§ @

= —Zmga | sin EH—%\E‘I B—8rcos 268 —12sin H+§ |i|

= —Zmga|sin 26 +%ﬁcos 26 +2\."§sin H} +constant

dF 8
b ﬁ: —2mgcz[2cos ZH—g\Esin 28 +2J§cos H}

TodF T8 m m
When 8=— — = —Z2wmga| 2cos—— = 351n—+2-\f§cos—
& de 3 03 3 &

= —2mga [l-4+3]=0

-

This confirms that & =g gives aposition of equilibrium.

2
%=—2mg@{—4sin2H—§-,EcosEH—2-,."§sin H}

42
when H=%,%=—2mga|:—2\r—§ﬁ—£}=3—;ﬁmga>Cl

.~ this 15 a position of stable equilibrium.

© Pearson Education Ltd 2C
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Stability
Exercise A, Question 7

Question:

A small bead B of mass & s can slide on a smooth vertical circular wire with centre &
and radius @ which 1z fized in a vertical plane. 5 1s attached to one end of a light

elastic string of natural length %cx and modulus of elasticity 12z The other end of

the string is attached to a fized point A which iz vertically abowve the centre point & of
the circular wire.

The angle between the string A5 and the downward vertical at 4 15 €
a Show that the potential energy I of'the system is given by

V= Smga((8—k)cos* 6—12cos @)+ constant .

b Find the restrictions on & ifthere 15 only one point of equilibrium, where 8 =0,
¢ oubjectto these restrictions, determine the stability of this equilibrium.

Solution:
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Note BOY =28

{angle at centre = 2 x angle at
circumference)
Az AAOER 15 1s0sceles

zero level OBA=0AB =6

o 1 - N Rore = Also AB=2xAM , where M 15 the mid-
point of A8

so AB=2xacos=2acos fl
Let the extension in the string be x.

Then x=2Z2a cosH—B—a

kmg

The potential energy of the bead B = —jengacos 26

a 2 ‘.2
The potential energy of the stnng = 15 /12mgx—a =dmg a—| Z2cos @ —% |

2% s
2

) i 9 N
o Total potential energy ¥ =—longa cosEH+4mg¢z| deos* B—6cosh +Z |

Le. V7= —domgalZcoos’ 6 —1) +16mga cos® 0 — 2dmga cos 6+ Ymga
= 2mga((8— k) cos® 8 —12cos @) + constant

b i—z= g |—2(8—k) cosfein @ +12:1n0 |

Fut i—z =0  dmgasin |6 —(8-Kcos B |= 0

cain B =0grcosfl=——

B—k
Only one point of equilibrium if 2lie 2=k<8
&
c F: Smga I—Z(S—k}cos 28 4+12c0s 6 I
When 6 =10
&

S = e 28— k) +12]

= Zmga [2k-4]z 0ask =2

- Equilibrium 1s stable.

© Pearson Education Ltd 2C
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Exercise A, Question 8

Question:

A uniform rod A8 of length 24 and weight 21 iz freely pivoted to a fized support at
A A light elastic string of natural length & and modulus %W haz one end attached to B

and the other to a small ring which iz free to slide on a smooth horizontal straight wire
passing through a point at a height %2 abowe 4

a Show that when the rod makes an angle 8 with the upward vertical at.A and the
string iz vertical, the potential energy of the system iz
F=2Wacos@{cos@—1)+ constant .

b Find the positions of equilibrium and determine whether they are stable or unstable.

Solution:
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Q zero level for PLE.
F
PE of rod =21 (Ja—acoest)
Mo 1.3, s
PE of string = —=x=FF —
9 of string I
where ¢ +x =%z —2acosf
__________ T B SLAX=8a—Zacos B
4 i}
A =
21

sototal PE VM =-210 (8a —acosd )+ iﬁaz (B—Zcoszf f
i

1E V=—]89Wac+2115!?‘?;:::-::-3H+%J/]ﬂ’-’cx(rﬁﬁl—32::-::5H+4|:c:-s2 &)

= Wacos® 0 — 24Wa cos 0 + 21 Wa cos 0 +48Wa — 189
S =3WacosB{cos 8 — 1) +constant

b {;_i;zBWacosH(—sinH)_gmzsinH{msH_”

Fut i—z= 0, then 6 zcosfan@+3Fasnd =0

san B (l-ZcosB)=10

) ) 1
te. sin =0 or cosfi=—

SB=01 or 4
a
i =—6facos 20+ 3Facos 0
da
2
When 6=10 ki g —3Wa =0 .. unstable
Ela
2
=x Sle =9 < 0 .. unstable
46
o
8= — ﬂ= W +% =0 - stable
2 4¢ 2

© Pearson Education Ltd 2C
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Stability
Exercise A, Question 9

Question:

A light rod A5 can freely turn in a vertical plane about a smooth hinge at 4 and carries

a mass m hanging from B A light string of length 2a fastened to the rod at & passes

over a smooth peg at a point & vertically above A and carries a mass & at itz free end.

It AC=48=a,

a find the range of values of & for which equilibrium 1z possible with the rod inclined
to the vertical

b Given that equilibrium iz possible with the rod horizontal find the value of k.

¢ Ifthe rod is slightly disturbed when horizontal and in equilibrium, determine
whether it will return to the horizontal position or not. [E]

Solution:

PhysicsAndMathsTutor.com
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2@

CX =uasin E
P
~OH = 2a sinE
2
Agthe string has length 2a, k= 24 Zasin%

+mglacost—x)

i i H"."l
. Total P.E. V=+ﬁmg‘ a—| 2a—2a sinEJ
| LY

il

where x 15 constant.

. B
S = Llonga sin 3 + mga cos @ +constant

For equilibrium, ﬁ =0
46

%= bngacosg—mgasin £

& . B
= jpMga cos —— 2mga 51 —Cos —
® 2 5 2 2
0/ . 0B
= mgacos —| b —25in —
= 2|,_ 2_J
s Equilibrium when cos— =0 or when sm§=§ when cos§=D,H=E,

Le, notinclined to the vertical,

I - ;
cain —=— must have a solution

As Uﬁsin%il

Skl

PhysicsAndMathsTutor.com
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T

b When the rod 15 horizontal 6 = E
Sok—2 sin% =10 for equilibrium
e k=+2

2
H

£=— frigs sify ——pegacos O

dd 2 2

Substitute © =% and k=2

2
&V mga "

0

de? 2

~ounstable zo will not return to herizontal position

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

Four equal uniform rods, each of length 2a and each of mass M are rigidly joined
together to form a square frame. The frame hangs at rest in a vertical plane on two
pegs Fand () which are at the same level as each other.

If P=4 andthe pegs are each in contact with different rods, show that the potential

energy Featisfies the equation ¥ = 2mg(bein 20 —2asinf —2acoz ).

Find the three positions of equilibrium if &= \Ea and determine the stability of each
of thern

Solution:
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The horizontal through pointz F and O
1z the zero lewel for potential energy.
(The mid-point of PO will be vertically

abowe the centre of the square )
Label the square ASC 0
Let & be the angle between A5 and the
herizontal.
Let &, G,. G and G be the mid-points
of the four reds az shown,
BF=hcost
DPE =(e—boosh)

D

- Potential Energy of rod A8 =—-Mg(e—bcos 0 )sin B
=imilarly

BO=bsin® andso G0 =(bsinf—a)

- Fotential Energy of rod 50 = Mg (4sint —a Joosd
Potential Energy of rod CO=-Mg (Za—Absin 0 Joosf — Mgasn 0 and

Potential Energy of rod AD=-Mg(2a—bcos 0 )sin 08— Mgacost

- Total Potential Energy
Fo=—Mgasin O+ Mghoos Bsin 6

+ Mghcosfsin 0 —Mgacosfl
— Mgasin @ +MgbcosBsin -2 Mgacos 6
— 2Mgasin 8+ Mghein Bcoz— Mgacos 6
1e ¥ =—4Msaant +4dMghsinfcos —4Mgacost
= 2 Mgz [bsin 20 — 2asin @ — 2z cosd |
If b=+
Vo= 2~'{§Mga [sin 26— «J'Esin B — ﬁcos H]

i—z = 2~J§Mg¢z[2 Cos 2H—-¢Ecos H+~‘f§ sin H:I

Put ﬂ=|3
d6a

Then 2cos 20 —+2 (cosB—sinB)=0
s2lcos® 6 sin? H]—\E (cosB—anfB)=10

.'.'\.‘IEI:DOSH—Sin &) [\."E(cos f+sn H}—l:l =1

scosH=sinf or cosB+sinf =

&= &

I T
itetan@=1 or \Ecos‘ H—'z|

PhysicsAndMathsTutor.com
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1»3H=£ orcoslH—:]:l
4 4__. &
.‘,|‘1'=£ or H=£+1 or =—£+£
4 34 34
12 12
2
jTi=2«EMga[—4sin2H+u5sinH+ ECOSH]
n 4

when #= = d_ng ZﬁMga [-4+1+1] =—4\."§Mga <0 . unstable.

In 4

when 6= —5 = 220ga |2 +1]) = 64/2Mga = 0 .. stable.

+
2 def 2 2 2
= 6@Mgﬂ =0 .. stable

de
when H=-—1'—' £=2Q{§Mga +2+l—£+l 3

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 1

Question:

A river of width 40 m flows with uniform and constant speed between straight banks.

A swimmer crosses as quickly as possible and takes 30 5 to reach the other side. She 1z
carried 25 m downstream.

Find

a the speed of the river,

b the speed of the switnmer relative to the water. [E]

Solution:
25 =
wms™ 1 For the quickest crossing, the

SWIMMmEer must SWitmn on a course
rms which aims directly acrozs the

40 m river; that 1z the course which i

always perpendicular to the river

1 banles,
a Let the speed of the river be wm s %

R(—) speed = distance Az the course of the swimmer is

time perpendicular to the river bank,
_ 25 5 her only meotion parallel to the
W T2y & banl is due to the flow of the
5 river. Bhe moves 25 m
The speed of the riveris —m s ' downstream in 20 s,

b Let the speed of the swimmer relative to the water be vm s ',

BTy swase d1s.tanc:e
time :
Arcross the stream, the swimmer
40 4 // .
v=ﬁ=§ moves 40 min 30 s

; ; g, 4
The speed of the swimmer relative to the water is —ms .

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 2

Question:

At noon, aboat P is on a bearing of 120° from boat (! Boat P15 mowving due east at a
constant speed of 12km h™ Boat (0 is moving in a straight line with a constant speed

of 15km h™! on a course to intercept 2. Find the direction of motion of 0, giving vour

answer as a bearing.

Solution:

North

12 km h-!

15 km h-!

Taing the sine rule

sin® _ sin150°

12 15
in@ = 12210 150 _04
15

i = 24" to the nearest degree

[E]

Pagel of 1

Tou fizx P by introducing the wvelocity
that 1z “minus the velocity of . This
vector represents a velocity equal in
magnitude to the velocity of F butin
the cpposite direction

This wector represents the velocity
of (relative to P, vy =v, -V,
The diagram can be illustrated as

_"IFP

WF' = \-ru gt
Vo

Az { wants to mtercept &, jvp15in
direction (F.

¢ =130" —-150° -4

=§&" (nearest degree)
The direction of motion of (1, as a bearing,
1z 090"+ = 096" (nearest degree)

e

EBearings are measured from north,
clockwise, and are usually given to the
nearest degree or nearest tenth of a
degree.
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Review Exercise 1
Exercise A, Question 3

Question:

Points A and £ are directly opposite each other on the parallel banks of ariver. A
motorboat, which travels at 4 m s ™" relative to the water, crosses from A to 8 Given
that the distance A5 iz 400 m and that the river is flowing at 1.5m ™" parallel to the

banlcz, calculate

a the angle, to the nearest degree, between AL and the direction in which the boat 15
being steered,

b the speed, in m st to 2 significant figures, of the motorboat relative to the bank,
¢ the time, to the nearest second, taken by the motorboat to cross the river. [E]

Solution:

].5111:--'3

+— Az the motorboat goes directly
from A to B, the resultant of the
) velocity of the motorboat and the
4 m s-! g rmsl velocity of the river must be in

e the direction 4 5.

A

a Let the angle between A8 and the direction in
which the boat 15 being steered be 8.

tan @ = E =0375 = The triangle of velocities drawn in
4 the diagram i1z used to answer both
# = 21" (nearest degree) patts a and b. The mathematics
inwolved 15 elementary trigonometry
b Let vm s be the speed of the motorboat and Pythagoras' theorem.

relative to the bank
Tsing a Pythagoras relation

=415 =1375 «—
v =N1375=3"%
The speed of the moterboat relative to the bank iz 37 ms ™! (25.£)

R T distance 4+— The speed found in part b is the
speed effective speed with which the
A00) motorboat progresses from 4 to B and
= g g _
b donis i
= 108 s (nearest second) L '
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Review Exercise 1
Exercise A, Question 4

Question:

A boy enters a large horizontal field and sees a friend 100 m due north The friend is

walking in an easterly direction at a constant speed of 0.75m 57", The bov can walk at

- -1
a mazximum speed of Tm s™ .

Find the shortest time for the boy to intercept his friend and the bearing on which he

must travel to achieve this. [E]
Solution:
North & " For intﬁrceptioq, the welocity
Friend of the boy relative to the
This is the | Vs friend must be the direction of
direction l m s-! the line joining the initial
the boy \‘ b vms! position of the boy to the
st take. (5¥F) initial position of the friend.
g
0.75 m s-! Boy
¥ ‘\
Tou fiz the pozition of the friend by
Lzt the speed of the boy relative to the friend intreducing the velocity that is “minus
be vim s L the welocity of the friend’. This vector
2 =12 0752 =0.4375 represents a velocity equal in _
_ magnitude to the velocity of the friend
titnes = distance but in the epposite direction.
speed
100 :
=g —uenlalds This can be thought of as the
V0.4375 ‘relative distance”, 100 m, divided
cos @ = E:, g=414 by the “relative speed’,
1 V04375 ms L

The bearing iz 090" — 6 = MEB. &

EBearings are measured from north,
clockwize, and are usually given to the
nearest degree or nearest tenth of a
degree.

The zhortest time for the boy to intercept his friend
12 157 =z (nearest second), and the bearing on
which he must travel 18 049" (nearest degree).
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Review Exercise 1
Exercise A, Question 5

Question:

A cyclist P is cycling due north at a constant speed of 20 km h™' At 12 noon ancther

cyclist (3 is due west of . The speed of O is constant at 10km ™"

Find the course which { should set in order to pass as close to & as possible, giving
your answer ag a bearing, [E]

Solution:

North

) For the closest approach, the direction of
¢ P motion of () shown here by a vector with a
single arrow of magnitude 10km h™!, must
= T - ke perpendicular to the velocity of O
20 kaih relative to P, shown here by the vector with
a double arrow.
f #
.Ir 10 kmjh~!
xfﬂ’#
cos i = 1_ — l
2
f# = &0

The course O should set 15 D6C°

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

[f7 this question 1 ard § are horizontal unit vectors due sast and due north
respectively. ]

An aeroplane makes a journey from a point Fto point & which 15 due east of 2. The
witd welocity 18 wicos i 4sin ), where w 15 a positive constant. The velocity of the

aeroplane relative to the wind is wicos gi —sin j) , where v 15 a constant and v = w
Given that & and ¢ are both acute angles,

a show that vsing =wsind |
b find, in terme of v, w and @, the speed of the aeroplane relative to the ground. [E]

Solution:
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P\ - Q

Let v, bethe velocity of the aeroplane relative to the wind,
v, be the velocity of the wind and
v, bethe velocity of the aereplane relative to the ground

If x iz the speed of the aeroplane relative to the ground

Vo= +— Asthe aeroplane moves from M to (O, that is due
east, the velocity of the aeroplane 15 in the direction
of 1 The magnitude of the velocity 1z the speed x and

g0 W, = Al

oV =¥V, — VvV, W4— By definition, the velocity of A

vicosdi—sin ¢j )= xi—w(cos Bi+sin#j) relative to 5 is given by o
By 4¥z=v,—vy. The specification

Equating j components

I S for M4 requires you to know this

formula.

vaind = wsain @, as required

b Equating the 1 components
voos(h = x—wcos
x =vcosg+wcos
From patt a

sind = ok sin B+ The question asks you to find the speed in
v terms of v, w and 8, 20 you must eliminate
, elh weo ¢, Tou do thiz using the answer to part a
coszm=1—s1n2@=1——zs1n2h' H ; o :{g W R
v and the identity sin” ¢ +cos” g =1.
Hence
1
¢ 2 T

1)2

W2
x=v| 1——szin H| +wrcosH
1

= (vz —w sin ® H}§+wcos e
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Exercise A, Question 7

Question:

Boat A is sailing due east at a constant speed of 10km h™'. To an observer on A, the
wind appears to be blowing from due south. & second boat B 15 sailing due notth at a
constant speed of 14km h™'. To an observer on B, the wind appears to be blowing

from the south west The welocity of the wind relative to the Earth 12 constant and is
the same for both boats.

Find the welocity of the wind relative to the Earth, stating its magnitude and direction
(E]

Solution:
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N
J i
L_" E : V]
i 8
45
A
".n s
vg=14) 14
@
v, = 10i

10

velocity of the wind 1z
(101 + 24)m s . An alternative

solution using vectors is given
helow.

If you draw a diagram combining
the velocity vector triangles for the
velocity of the wind relative to 4
and the velocity of the wind relative
to B, then it is possible just to write
dewn, from the diagram, that the

Let v, be the velocity of the wind relative to the ground,

v, bethe velocity of 4 and

V4 be the welocity of the wind relative to 4.

Taking 1 and J as horizontal unit vectors due east and due north respectively

WVa = V-V, = A say
= v, —101=4j
v,=10i+4; @
Let v, bethe velocity of B and

o

From A, the wind appears to blow from
the south, so the velocity of the wind
relative to 4 iz a multiple of §.

Vg bethe welocity of the wind relative to 5.

W2 = Vp—V, = i+U],say
= v, —14)=pi+ yj
v,=m+(u+14d)y @

Equating the 1 components of @ and @
u=10

Hence

+— From 8, the wind appears to be

blowing from the south west, so the
velocity of the wind relative to B
must be parallel to 1+7 .

v, =10i+24] =

v, F=10°+24’ =676 = v, =V 676 =26

tanH=E=*:H-—-22.6"
24

Substituting 1 =10 into @,

The velocity of the wind relative to the Earth has magnitude 26 m s ' and iz ona

bearing 023 (nearest degree).
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Exercise A, Question 8

Question:

Ship A iz steaming on a bearing of 060" at 30km h™' and at 9 a.m. it is 20 km due

west of a second ship B Ship & steams in a straight line.
a Find the least speed of Bif it 15 to intercept A

Given that the speed of Bis 24 km h™?,
b find the earliest time at which 1t can intercept A [E]

Solution:
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A

rkmh!

i

30kmh™

Let the least speed be xkmh ™’

2 = tan 60
X
tzn 600 V3

The side representing the welocity
of B 1n the triangle of velocity will
have the least possible magnitude
when it 15 perpendicular to the side
representing the negative of the

velocity of 4,
8V 4
)
\60°
Vg

_Vr‘L

The least speed of B if it is to intercept.d is 104 3km bt

The diagram for part a must
be modified as the velocity of
£ 1z no longer perpendicular
to path of 4. In these
circumnstances, it 15 adwvisable
to draw a separate diagram.

b N
ykmh™
A o =30 .
W
24kmh™ "N 30 km h!

Tzing the sine rule

sing  gin 30°

30 24

., 3an 30" 5

SN = —=—

24 8

Working to 2 decimal places

th =38.68"-

w =180"-30° -38.68" =111.32

Let ykmh ' be the magnitude of the velocity

of B relative to 4.
Tzing the sine rule

¥ 24

sinl111.32°  sin 30°
y=4472

_ distance

time

There 15 a second solution where
it =141 32" but thiz would give a
smaller walue of v and a later time
of interception.

speed

You can think of this as the ‘relative
distance’, 20 km divided by the ‘relative

speed’, 44 72kmh L.

= 045x60min = 27 min

The earliest time at which B can intercept 4 13 9. 27 am. (nearest minute).
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Review Exercise 1
Exercise A, Question 9

Question:

A cyclist O is moving with a constant speed of 10m 57} due south. Cyclist D is

moving with a constant speed of 16m 7' on a bearing of 240°.

a Show that the magnitude of the velocity of O relative to Dis 14m s

At 2pm, Dizd km due east of O
b Find
i the shortest distance between O and D during the subsequent motion,
ii the time, to the nearest minute, at which this shertest distance ocours, [E]

Solution:
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. 4000 m
C

North

30

D

1Dms™! 16 ms™!

Letiand j be horizontal unit vectors due east and due north respectively.
Let vom s ' be the velocity of O and v, m s be the velocity of D,

v =—10]
vy = —16cos3071-165n 30°)  €——— Touresolve the velocity of D
=-8vV3i-8 along the directions of 1 and j.

The velocity of C relative to D iz given by
cVo= Ve~ Vp
=—10j— (-8V3i-8j )
=8V 3% —-2j
vl = (83 ) + (=2 F =192 +4 =196
|ovs| = V186=14

The magnitude of velocity of O relative to D'z 14m s, as required.

b 1

N
”—_—1-:
1

4000 m

£ 7 D

¥o

North

The shortest distance, 15 given by

the perpendicular from 22 to the

direction of the velocity of O
relative to 1)

Let the foot of the perpendicular from 2 to the direction of the welocity of O

relative to Dbe P Let DF =xm and CFP=ym .
From part a

aVp=08y31—2] 4
Hence
2

tan # = — H=8213"(34d
SA (3dp)

In ACED

—  =zanf

4000

Tou find the angle CF makes
with T2 using the vector form of
the relative velocity vou found in
patt a.

8y3

\u:

PhysicsAndMathsTutor.com

Page2 of 3



Heinemann Solutionbank: Mechanics 4

x =4000sn 8 213 =571m (nearest whole number)
The shortest distance between O and D during the subsequent motion is 571 m

inearest metre).

n In ACFD
2 = 058217
4000
¥ =4000cos 8. 215" =3959 (nearest whole number)
time = Sistance ] .. relative distance travelled
speed ime = .
relative speed
w959

5 =2835, to thenearest second.

_+—

= Sminutes (nearest minute) 583 ¢ = 283 b st

The titme, to the nearest minute, 15 2.05 pom.
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Review Exercise 1
Exercise A, Question 10

Question:

A boat is sailing north at a speed of 15km h™' To an observer on the boat the wind

appears to blow from a direction 0307,
The boat turns round and sails due south at the zame speed The welocity of the wind
relative to the Earth remains constant, but to an observer on the boat it now appears to

blow from 1207,

Find the welocity of the wind relative to the Earth. [E]
Solution:
N 4

it g

i

¥ .
B /30y

Letiand j be horizontal unit vectors due east and due north respectively.
Let vpkm b ' be the velocity of the boat,

vy lem bt be the velocity of the wind and
@V z km bl be the welocity of the wind relative to the boat.

If the welocity of the wind relative to the boat has magnitude xm s ' then

wVg = —xsin301— xcos 30%)
J3 Touresolve the relative velocity
TR i S ) i along the directionsz of 1 and J.
2 =
Also
wVa=Vp—Vy = Az the boat 1z mowing notrth, that
23 15 1n the direction of'J, at
it = 13 « 15kmh™?, v, =155
x 2% 3)
ww———i+f15——|jk _ .
2 | 2| Solwe this equation for vy
N
It g v
i . The boat now reverses its
30° direction and the wind appears to
come from a different direction.
Vg
L J
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Mow let the velocity of the wind relative to the boat have magnitude ym s .

wVy =—ycos 307 +ysin 30°)

=_y"~3i+£j
2 2
Alzo
wVeg = Vg — Vg
_}’\-3 B g
242 = v - (15)

v”’z_yggiﬂj.}_;_w.]j ® \

Equating the 1 components in equations O and &

b L IC

—iepe=t —1 = x=uy3
2 2 &
Equating the j components in equations T and @
Pfeaysa BN
2
Substituting x=y v 3
Ve 5 0
2 2

R R
Substituting y =15 into @

1983 15,
i)

2 2

Vi =—

+— Touagain resolve the relative
velocity along the directions of i
and j.

4+— Asthe boat 1z movwing south, that
1z in the direction of —j, at

15kmb?, v, =—15.

Tou now have two equations for
the velocity of the wind and
equating the i and j components
will give you a patr of

simultanecus equations in x and y.

The welocity of the wind relative to the Earth is

i ]

"_15;3_ 125_-1mlh1 - |

This 15 an acceptable vector form for the
velocity but the answer can be given in other

forms. For example, as a speed of 15km h™'!
blowing from the direction 0607 There are

also many alternative ways of solving this
question.
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Review Exercise 1
Exercise A, Question 11

Question:

L pilot flying an aircraft at a constant speed of 2000 km h™' detects an enemy aircraft

100 kot away on abearing of 045°. The enety aircraft is flying at a constant velocity
of 1500km h™" due west.

Find

a the course, as a bearing to the nearest degree, that the pilot should set in order to

intercept the enemy aircraft,
b the titne, to the nearest s, that the pilot will take to reach the enemy arcraft. [E]

Solution:
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a North 1
1500 km h™!
E

— vl
¥Yms (¥p)

(p¥Vg) 2000 km h™!

Yo

45

1500 km h™*
TTzing the sine rule
singd  sin 45
1500 2000
3

sing = ——

: U / acute.
¢ =32.028 (3dp)

W =180"-45 —¢=10257
The bearing on which the pilot must fly 1s

w =90 =015 (nearest degree)

For interception, the velocity of
the pilot (F) relative to the
enemy (&) must be the direction
of the line joining the initial
posttion of P to the initial
position of B In this diagram,
this relative velocity 15 shown
with a double arrow.

Az 1z opposite the smallest side

in the vector triangle, it must be

Bearings are measured from
north, clockwise This question
rEQUItES ¥ou to ZIVE VOUr answer

to the nearest degree.

b Let the magnitude of the velocity of the pilot relative to the enemy be vm s

TTzing the cosine rule

v? = 1500% + 2000° — 21500 %2000 cos y
=7 596849
v = 2756238

: distance
time =

speed

=@m-—-0.03628h ‘"

¥

0.03628h=0.03628x36005= 13065

=131z (nearest second)
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Review Exercise 1
Exercise A, Question 12

Question:

At noon, two boats A and B are 6 km apart with A due east of 5. Boat 5 15 moving due
north at a constant speed of 13km b~
Eoat A is moving with constant speed 12km h™" and sets a course so as to pass as

close as possible to boat 5. Find

a the direction of motion of A, giving your answer as a bearing,

b the time when the boats are closest,

¢ the shortest distance between the boats. [E]

Solution:
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a MNorth

For the closest approach, the
direction of motion of A,
shown here by a wvector with
a single arrow of magniude
a 12%m b must be

perpendicular to the velocity
-V, (|3 — I) of A relative to 5, shown

here by the wvector with a
double arrow.

13kmh!

¥

(13 km h")

cosH=E=;~ H=2262
13

The bearing on which A moves 15 360" -8 =337" (nearest degree)

b Let the magnitude of the velocity of A relative to Bbe xm s !
=13 -102=252 x=5

MNorth
6 km
B ) A
r km

N

Let the foot of the perpendicular from & to the direction of travel of A relative to 5
be AWand let BN =plun and AN =g km .

In ABNA
%=cosH *— The O inpatt b iz the & you

found in part a. The two angles
g =bcosB=6cos2262" =5538(3dp) are equal

= _5'5538 h=1.108h <—] 0.108 h = 0.108x60 minutes ~ 6 mimutes

=1h 6min
The time when the boats are clogest 1z 1306, (nearest minute)

¢ In ABAA
E=sinH
)

p =hanf=06sn 22 62" =230 _
The shortest distance 12 2.3 km (nearest 0.1 kem)
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Review Exercise 1
Exercise A, Question 13

Question:

& ship 4 has maximum speed 30km h™' Attime £=10,4 iz 70 km due west of B
which is moving at a constant speed of 36 km h™" on a bearing of 300°. Ship 4 moves

on a straight course at constant speed and intercepts 5 The course of 4 makes an

angle & with due north,
a Show that — arctan%i # =< arctan i

b Find the least time for 4 to intercept 5.

[E]

Solution:
a Nortl g
o : . : In thizs diagram, the
4 BYA) O N P B minimum speed for
interception is represented
by O and the

36 kmh! v,
In AANT
@ = sin 30°
36

CN = 36sin 30" =18

In ACNF
) NoO18 =
costh=—=—=2
P 30 5
tah (f = — = v = arctan —
Aig

s 4 :
—arctan E = f <arctan —, as required.

b AP = AN+ MNF -

=36cos 30° + 30510 o
=34 /§+3U /%=18 WE 424

) distance
fime =

speed
70

= h=127h (3:£)
1873 +24

© Pearson Education Ltd 2C
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30 kmh™!

mazximum speed of A,

If ANCFP=q, then 0 can
vary from — to o

F0kmh !, by CP and CQ.

5

il =
3
Froma 3, 4, 5 triangle, vou can see

that :f u:ost_-'“-=E:>tan'¢=i.
5 ]

The greatest possible velocity of
Frelative to 4 13 represented on
the diagram by AP The greatest
velocity of B relative to A4 will
give you the least time.
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Review Exercise 1
Exercise A, Question 14

Question:

At 12 noon, ship A 12 20 km from ship &, on abearing of 200°, Ship A is moving at a
constant speed of 15km b™" on abearing of 070°. Ship B moves in a straight line with

constant speed I km bh™! and intercepts A.
a Find, giving vour answer to 3 significant figures, the minimum possible value for

¥

It iz now given that ¥ =13,

b Ezxplain why there are two possible times at which ship A can intercept ship B

¢ Find, giving your answer to the nearest minute, the earlier time at which ship B can
intercept ship A, [E]

Solution:
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a North

15 km h™!

&> 607
‘.fkn B
T 70°

15kmh™!

The smallest value of Fis given by
K = zin 50

15

Fro=15an 30" =115 (3:f)

b North

15kmh!

A

P60
13 km h™!

)
15 kmh £
C

Youfix A by introducing a vector

equal and opposite to the velocity
of A to the system.

The smallest value of F iz given by
a vector perpendicular to the
direction of the line joining A to &

If ¥ =13, there are two possible courses for interception represented by the vectors
CP and CF; on the diagratm abowe. When you caleulate the value of 8 using the

sine rule

sinf sin50°

Bl Ag sin H=sin(180"—H),there are two
14 13
the sine rule 15 ambiguous.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 15

Question:

Attime £=0 particles F and { start simultaneously from points which have position
vectors (1—2j 4+ 2kim and {(—142j —k)m respectively, relative to a fixed ongin &
The velocities of Pand Qare (i4+2j—kim s and (2i4+k)m 57! respectively.

a Show that P and & collide and find the position vector of the point at which they
collide,

A third particle & moves 1n such a way that its velocity relative to F 13 parallel to the
vector (—3i44j—k) and its velocity relative to O iz parallel to the vector

(—2i+2j—k).
Griven that all three particles collide simultanesusly, find
b i the velocity of &,
ii the position vector of Hattime 2=0. [E]

Solution:
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a The path of Fis given by

P +— Youmay use either the i, j, k notation wectors or,
p=| 2|+ 2 as iz used here, column vectors. In three

2] -1 dimensions, column vectors can often be written

o more gquickly.

The path of ' 1z given by

F—Ty 2
q=| 2 |+:| 0 In this question, vou need to use the
_1 1 equation of a line using vectors in three

dimensions and yvou need to know how to
show that two lines intersect. These are
topics in C4. The prerequisites for W4
require the knowledge of books C1 to C4 as
well as M1 to W3

Equéting the i c.omponents
l+i=-1+2t=¢=2

When t=2
AN ETY
p=|-2|+2 2 |=|2
\ 3 ) '._].' '.].'
g Gl T ke
1N (oY 3
qg=| 2 |[+2|0|=|2|=p
Henﬁe, when 1= 2, P and ' collide at the point with position vector
(31 +2) +1dm
_ L =0) +— Asthe velocity of R relative to P
b i Let jvp=4A| 4 is in the direction of
_—1._. (-Si+4j—k ). it mustbe a
Ve T Vp =V, multiple of (-Si+4j-k ).
_s) F 10
Al 4 |=v—| 2
{108
vpy=|2+44| @
-1- P._
(2
Let pvp=p| 2
-1
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|'_2‘| { 2 \
{2 [=vy— 0
_1 F \ ] s
(2—200
—— @ *+— You now have two expressions for v,
2T £ ; ;
- Equating any two of the components will
o, give you a pair of simultaneous equations
in A and @,

Equating the 1 components of @ and @

1-54A=2-2u
—Sit+2u=1 @
Equating the j components of @ and &
2+4A=2u
—4A+2u =
Subtracting @ — 3
A=1
Substituting A =1 into @
{15\ [ —d)
vy=| 2+4|=| 6
s1ei] |and

The velocity of Ris (—4i+6j—2k)m s

n The path of iz given by

() () +— The path of a particle mowing with constant velocity can
r=|y|+i & be written as r =1, +¢v , where ¢ iz the time, 1, the
Z) | -2 position vector when £ =0, and v the velocity.

where {(x+3+:zk ko 15 the posttion vector of Rat time £=10.

[ 3) | When =2, all three particles are
From part a, when é=21 =| 2 at the point with position vector
1] (A4+2j+k )m.
£ Loy Iy £ Fasay 11y
y|+2 &6 [=|2|=|y|=|2-12|=]-10
| z | —2} (1] lz] .__1+4_ ]

The posttion vector of Rat time £=0 15 (11-10j+5k }n .
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Review Exercise 1
Exercise A, Question 16

Question:

A rughy player is running due north with speed 4 m s~ He throws the ball

hotizontally and the ball has an initial velocity relative to the player of 6 m s~ in the

4

5

a Find the magnitude and direction of the initial velocity of the ball relative to a
stationary spectator,

b Find alzo the bearing on which the ball appears to move initially to the referee who

1z running with speed EN"E m s~ in a north-westerly direction. [F]

direction & west of south, 1.8 on a bearing of {1804 )", where tan 8" =

Solution:
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‘IT—- E v (4 ms ']

(ﬁ ms '} §¥p

Let 1 and j be horizontal unit vectors due east and due north respectively.
¥ =]

2Vp = —6sin Bi—6cos 65 4 Youresolve the velocity of the player, v,
and the velocity of the ball relative to the

4 4
tant) = —=snb=—_.cos0=_ player, »v,,parallel to the unit vectors 1

and j.

BVp =V~ V¥,

4 3
Exi—6x2j =v,—4]
5 s B

vp= 48 +(4—36)j =—4.5 +0.4j

v P= (48 +(0.4) =232 4

vy =4.82 (3s£) :

You can see from a sketch that if

tanHzi,then sinHzi and c:c-stE.
3 5 5

0.4 P
4-3 . . . .
0.4 Mo accuracy 15 specified in this
tan g = — =0.083 question and any reasonable
_ accuracy would be accepted. In
¢ = S"(nearest degree) this contesxt, 2 or 2 significant
The wvelocity of the ball has magnitude 4.82m &' figures 1s sensible.

(3 sfhand iz onabearing of 275" (nearest degree).
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The welocity of the referee 1z given by

v, =—2VZ2cos45'1 +2V 2s1in 45 i
. Using cogdd” =ainds® = —.
=-2i+2) = Ve

The welocity of the ball relative to the referee 1z given by
BYETNg—Va

= —4.8i+0.4— (=2i+2j)

=-231-1¢)
N
i L.' - +— Therg is an interesting interpretation
i of thiz question The ball iz actually
2.8 keing passed forward but appears to
16 W ke backwards to both the player and
the referee.

i % sy =297 (1dp)

The bearing on which the ball will appear to mowve to the referee 1z 240° (nearest
degreel.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 17

Question:

Two ships .4 and B are travelling with constant speeds 2z ms " and zm s™'

respectively, 4 on abearing € and B on abearing 30" 48 . It 15 also assumed that a
third ship " has a constant, but unknowsn, velocity which is talen to be a speed

vm st onabearing ¢ To an observer on ship B the velocity of ¢ appears to be due
north.

¥

a Show that — .
sinegdh  cosd

To an obzerver on ship A the velocity of C appears to be on a bearing of 135°.
b Shew that 2uices® +sind) = wcosg +sindg)

¢ Hence, find tan¢ in terms of tan &,

iven that 8 =30" and & =10,
d find the true velocity of O, giving your answer to 3 significant figures, [E]

Solution:
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o L

9 2ums! o

ums!

\'H

Letiand j be horizontal unit vectors due east and due notth respectively
vV, = 2usin B+ 2 cos )

vy =ucosth—usin 6] +— Youresolve the velocities of 4, B

Vo =vandi+veoesd) and T in the directions of 1 and j.

oVg = Vo —Vy=Aj, say \
veindi +veos @) — (ucosBl—usin #j )= Aj

Equating i components
veing—ucosd =0

Az the wvelocity of O relative to 5,
oV g, 15 due north then it must have

the form Aj, where A 15 a constant.

vaint = cosf

¥ v

. azrequired

singd cosd

oV =Ve—v, = 1li—j), say ‘] T_\ 135°

vain gl +vcos @ — (22 sin Bi+ Zucos 8 )= nli—j) *

Equating 1 components

vang—2usn@=nu @O & bearing of 135° 15 in the direction

Equating j components 1-].
voos(h— ZucosB=—u @

Eliminating i@ between (D and &
vain— 2 sin ! = —vecosd+ Zucos

ZufcosB+sn B )=v(cosd+sind ), as required.

PhysicsAndMathsTutor.com
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¢ From the answer to patt a

gt ot ¢ The first step in part ¢ 15 to

cost eliminate & between the answers
Hence to part a and part b, When you do

Vosin o A o i ; :
2 : lcos B+sn B) = v(cos g +81n ) Uit i also. caneely gnd e
cos @ obtain a trigonotmetric relation
2" cosf+sin @) _ cosd+sing between 6 and ¢.
cos ] sin o

24+2tan B = cotgd+1

cotgh =14+2tan 6
: 1
tan f = ———
1+ 2tan &
; il
d tanp = —=04641
1+ 2tan 30°
=245 (3:f)
_ucos®  10ces30" SR YR An answer in vector form is also

T T (3s. / acceptable. This would be
i T . . 1

The true velocity of O has magnitude 206 m s Cads bl bl B

(5 af)andis onthe bearing 024 9° (3 af)

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 18

Question:

[f# this question | and J are horizontal uxnit vectors due east and due north
respeciively. |

The atrport 5 1z due north of airport A, On a particular day the velocity of the wind 15
(7084 25}km h ™', Relative to the air, an aircraft flies with constant speed

250 km h™t

When the aircraft flies directly from A to B, find

a itz speed relative to the ground,

b its direction, as a bearing to the nearest degree, in which it must head.

After flying from A to B, the aircraft returns directly to A

¢ Calculate the ratio of the time taken on the cutward journey to the time taken on the
return flight. [F]

Solution:
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Nortl
ot Vkmh!

250 km h™'
(706 + 25§) km h™!

Let the aircraft fly on a bearing of {360" - r;*r) and itz speed relative to the ground be

kel The velocity relative to th dis th
RI:—;] TS50 sind =0 *_._,___—-—-—'—’_'_' £ WEloCILY relative To £ Zround 13 £

resultant of the velocity relative to the air and
ity = the velocity of the wind. As thiz re sultgqt is.

o5 north, the sum of the comp onent welocities in
the easterly direction must be 0,

BTy ¥ =290cos+25 |

2 - 7 576 _(24Y

24 cos" 0 =1-—sin r3-=1—_2=_2=| _|

=250/5+25=265 250 25 | 25
24

The speed of the aircraft relative to the ground | As ¢ is acute, cosd=—.

is 265kmh™!.

b sin..#=%=;.';"-=l6" inearest degree)

The direction of the aircraft is on the bearing

(360° - i.’-‘)= 344" (nearest degree).

c t North

(70i + 25j) km b

250 km h 8 Wkm h!

O the return journey, let the aircraft fly on a bearing of (18[]" B H) and its velocity

relative to the ground be Wihkmh '
R(—=) 70-250sn8=0

. 7
sinH=—
25
Ril) W =250cos8—-25 <—— @ hasthe same value as ¢ inparta
24

=250 x——-25=1215
25

Let T, be the time for the outward journey Az the distances are the same, the time of a

and 7, the time for the return journey. journey 1s inversely proportional to the true

i T L O | speed ofthe atrcraft, 7 = l The actual
T ¥V 265 53 v

distance travelled 1z not relevant in patt ¢

PhysicsAndMathsTutor.com
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Review Exercise 1
Exercise A, Question 19

Question:

B

— Ddms! ] G0m

Mary swims in still water at 0.85m 57" She swims acress a straight river which is

60 m wide and flowing at 0.4 ms~". She sets off from a point A on the near bank and

lands at a point 5, which is directly opposite 4 onthe far bank, as shown in the figure
abowe,

Find

a the angle between the near bank and the direction in which Mary swims,

h the time she takes to cross the river.

]

i ry

P 0.2ms™! 20m
EETEE e e i s e {_"

'

:

E — .5ms! 40m

'

i

: v

o

A little further downstream a large tree has fallen from the far bank into the river. The
river is modelled as flowing at 0.5m s7' for a width of 40 m from the near bark, and
0.2 m s~ ! beyond that Nassim swims at 0.85m 57" in still water. He swims across the

river from a point O on the near bank. The point 2 on the far bank iz directly opposite
' az shown above Massim swims at the same angle to the near bank as Mary.
¢ Find the maximum distance, downstream from 0 of Massim during the crossing,

d Show that he will land at the point 1 [E]

Solution:

PhysicsAndMathsTutor.com
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a -=1
4 ms B

L

Az Mary crozses directly from A4 to B,
the resultant of the welocity of her
| swimming and the velocity of the water
must be perpendicular to the bank. You
then use trigonometry and Pythagoras’
theorem to solve parts a and b

0.85ms! yms

A

Let the angle between the near bank and the direction in which Mary swims be &

#=61% i(nearest( 17

b Let Mary's speed relative to the bank be vm s
v =085 -04*=05625
v =N05625=073

) distance
fime =

speed

Mary talees 80 2 to cross the river,

c D Tem—

-

20m

—r

40 m

PhysicsAndMathsTutor.com
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Let B be the point where Massim is furthest downstream.

Letiand j be unit vectors parallel and perpendicular /
to the banks in the directions shown in the diagram.

As Mazsim moves from Cto B

wVw

Page3 of 4

It 1z possible to solve parts ¢ and
d using vector triangles.
Howewver, to get full marks yvou
tust show that MNazzim lands
exactly at 72 and this iz eazier to
show using a vector or
component method.

=04 +0.75) ‘"—_'_'_‘__"k——___

WV = Ve~ Vi

041 +0.75) =v,,—0.31

The welocity of Massim relative to the water,

WVt s | iz the same as Mary's in parts a
and b, that is (—0.4i+v)m s and inpart b
you showed that w=075.

vy = 0.1 +0.75)

Considering Massim's motion parallel to §
as he mowves from Cto &

From O to &, the velocity of the water,
Vit 8 Thas magnitude 0.5m s

) distance
fime =
speed
40 160
075 3

Parallel to 3, Massim moves a distance
of 40 m with speed 0.75m st

Let the distance moved downstream be o m.

Considering Massim's motion parallel to 1 as he moves from Cto &

distance = speed <time

3 3

‘-

The resultant velocity (0.1 +0.75]1m s

shows that Mazsim 12 pushed downstream
atarate of 0.1ms b

The maximum distance downstream of Massim during the crossing 13 —m .

PhysicsAndMathsTutor.com
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d From B to the far bank the velocity of the

water has magnitude 0.2m s and equation =

becomes
0 4+075 =v,—0.2
Vv =—02140.75

Conzidering Massim's motion parallel to  as
he mowves from & to the far bank

: distance
time =
speed
20 a0
0.75 3

Let the distance moved upstream be 2 .

Tourepeat the method you uzed in
patt ¢ to find the distance that
Iassim moves upstreatmn as he
swims from K to the far bank

Parallel to j, Wassim mowves a distance
of 20 m with speed 0.75m s ', Inthis
direction, his speed has not changed.

Conzidering Massim's motion parallel to 1 as he mowes from Cto &

distatice = speed xtime

2016

Al =P

Az g =d, Massim lands at the point 2

© Pearson Education Ltd 2C
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Maszim moves upstream at a rate of
0.2ms
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Review Exercise 1
Exercise A, Question 20

Question:

& girl wishes to ewitn across ariver from a fized point O on the bank, to apoint B on
the opposite bank. The position vector of & relative to & 13 20jm In a simple model

the water is assumed to be flowing with uniferm velocity zim s~ and the girl intends
to swim in such a way that she moves along the line OF.
a CGiven that » = 0.6 and that the speed of the girl relative to the water is 1m 577,

show that the time taken to switn across the river 12 25 2.
A geographer points out that the flow of the river will be faster nearer the middle than
clozer to the banks and the model for the flow of the river 15 refined. When the girl is
at a point & on the river, with position wector (x4 40m | the welocity of the river at

that point is vi m ™', where
v=%(20—y}, 0= y=l20.

The girl swims with velocity (—pj +¢j)m s~ relative to the water, where p and ¢ are

positive constants. The girl starts to swim from O at time £ =0 and the time taken to

cross from Qto B s now 50 5
h Find the value of ¢ and hence show that, at time ¢ seconds, y=04¢.

¢ By considering the motion of the girl in the i direction, find the value of . [E]

Solution:
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(Il.ih m 5! B

t rms! 20m

0

Let the speed of the swimmer relative to the bank be vm s '
v =1-0.6" = 0.64

v="04644=038
_ distance
fime = ——
speed
= E 5=253s, asrequired
0.8

b Let vy be the velocity of the water,

Tou interpret the conditions of

Vpins b= (A+y) ms ' be the velocity lesmnest: s

of the girl, and v, ms ! be the velocity ¥ .
of the girl relative to the water. Vi = E(ZU—)J)I e

Vg =—Pitg].

¢V = Ve~ Vi

—pltg] =vg— o (20—=xp Equation = chows that, in the j
23 / direction, the girl is moving with

Vg =ﬁ+}}j:|' %(gg_y)_p I|i+gj the constant speed gm s 1.

Considering the motion in the j direction
distance = speed xtime
20 =gx50=g=04
Attime £ seconds
distance = speed xtime

¥y =gt =04¢, asrequired

PhysicsAndMathsTutor.com
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¢ Taking the 1 components of equation

_odx oy
=—=_{20-
v e
_ 4y
T
ay E_ 0.16¢* —p +— Tlaing the result of patt a by
3 25 substituting y =04
Integrating
2 3
r= 1oem _0.16¢ —pt+A +— Ais aconstant of integration,
10 75
When t=0,x=0=4=10
162 01&°
x= - — pi
10 73
When £ =50, x=10 4— When the girl reaches 5 after 50 s, there has
16%50%  0.16%50° been ne displacement upatream or downstrearn.
(= - —50p
10 73
a00
S50p =400 - —
3
16 8
= 8—_ —r—
A

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 21

Question:

A smooth uniform sphere 5 of mass 2 13 movwing on a smooth horizontal plane when it
collides with a fized smooth vertical wall. Immediately before the collision, the speed
of 51z U7 and 1ts direction of motion makes an angle « with the wall. The coefficient
of restitution between 5 and the wall 15 2.

Find the kinetic energy of & immediately after the collizion. [E]

Solution:

-

AN

Wall

Let the components of the welocity perpendicular and parallel to the wall immediately
after the collisionbe 1, and v, respectively.

Farallel fo the wall

Vv, =# Cosd +—— The impulse 15 perpendicular to the wall and so the
component of the velocity parallel to the wall 15
FPerpendicular fa the wall unchanged.

Pagel of 1

Mewton's law of restitution

v =gusing 4———| Perpendicular to the wall, Newton's law of restitution gives
i that, for the velocity, the component after collision

=g #the component before collision
The component of the velocity perpendicular to the wall
before collision is wsin of.

The kinetic energy of 5 after the collizion 1s given by

1 2,1
Em(vx i } *— Ifwviz the velocity after collision, the
kinetic energy of & after the collision is
=lm(ggu2 sin2t£+u:"cos:"t£) 1 a 3
2 —wpv” and v =y, v,
1 2
= Emuz (é'z sin’ or +cos? r:}

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 22

Question:

A smooth sphere 5, of mass me, 12 moving with speed & on a horizontal plane when it
collides with another smooth sphere, of mass 3m and having the same radius as .5,
which 15 at rest on the horizontal plane The direction of motion of Shefore impact

makes an angle 8,0 <8 < % . with the line of centres of the two spheres. The

coefficient of restitution between the spheres 15 2. After impact the spheres are mowving
in directions which are perpendicular to each other.

Find the value of 2. [E]

Solution:
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Line of centres

Components of velocity before impact

1 sin 8 s Al rest
I cosd

Let the components of the velocity
after impact be

-—

Faralle! io the line aof cenires

Conservation of linear momentum
mcos @ = 3mx

i

1
Kx=—ucost
3

Hewton's law of restitution

R

velocity of separation = e ®*velocity of approach

T=gucosH @

From M and @

—ncosfH =g cos

Page2 of 2

Before the impact, the second sphere 15 at
rest and the impulse on this sphere acts along
the line of centres. So the second sphere
must move along the line of centres. The
fuestion gives you that, after the impact, the
spheres are moving in perpendicular
directions, so 5 13 mowing perpendicular to
the line of centres.

The weloctty of 5 has no component
along the line of centres and so the
velocity of separation in this direction
1z just the velocity of the second
sphere, x.

Hence
1
E e
3

Toucould find y Az the component of
the velocity of 5 perpendicular to the line
of centres s unchanged, y=usind.
Howewer, in this question, this is not
required.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 23

Question:

L]
.
w

Two smooth uniform spheres A and 5, of equal radius, are moving on a smooth
horizontal plane. Sphere 4 has mass 2 kg and sphere 5 has mass 3 kg The spheres
collide and at the instant of collision the line joining their centres 15 parallel to i

Before the collision A has velocity (3i—j)m ™% and after the collision it has velocity

(—21 —jim 5. Before the collision the velocity of B makes an angle o with the line

of centres, as shown in the figure, where tan qe= 2 The coefficient of restitution
between the spheres is ;— Find, in terms of 1 and §, the velocity of B before the
collision [E]

Solution:

PhysicsAndMathsTutor.com
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Let the speed of B before the collision be wm ¢

(3i—jyms-!

Components of velocity before collizion

Ims! (0 cos ) ms-!

Ims'| A B (1 sin @) m 5!

Let the compaonents of velacity after collision be

el -1 y -1 -
i s FParallel to j, the components of the

.‘——
I 4 ) | velocity are unchanged and vou can
ms (e sin o) m s just write them down,

Faralls! to1

Conservation of linear momentum
2x3-Expcoso =2 x(—-2)+3z

6 Scosor =4 + 3z
Zucosor+3z =10 o ]

Equations @ and @ are a pair of
simnultaneous equations in ucos o
and z. The question asks vou to find

: : : the velocity of & before the collision,
welocity of separation = 2 xvelocity of approach You do not need to know z, so

Hewton's law of restitution

eliminate i,

2+z =%(3+ucosrr_}

wcosg—2z=1 @

=2
b cosor+6z =20 )
@ =3
Bucoso—6Hz =3 &
D+@
Bucosoe = 23
Hoosr = E - The question gives you that tan or =2
; / and, as you have found wcos o, you can
_wEno use this result to find wsin .
tan of = =2
1 COSOr
maln o = 2u c:r:r‘snc=2><§=ﬁ
g 8

The velocity of B before the collision is
(23, 46 ']ms 1

(2 coseri usinfcj}msl=[ —i=—]

e, 2

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 24

Question:

A amall ball is moving on a horizontal plane when it strikes a smooth vertical wall,
The coefficient of restitution between the ball and the wall iz 6. Immediately before
the impact the direction of motion of the ball makes an angle of 60° with the wall.
Immediately after the impact the direction of motion of the ball makes an angle of 30°
with the wall.

a Find the fraction of the kinetic energy of the ball which 15 lost in the impact

h Find the value of 2. [E]

Solution:
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Wall

YT

Let the speed of the ball before impact be um s and the speed of the ball after

- 1
impactbe vms .

Faralle! to the wall

goos 60" =veoos 30° 1 Aszthe impulse of the wall on the ball iz
_ perpendicular to the wall, parallel to the wall
1 V3 i : )
—U ==V SV the component of the welocity of the ball 15
.2 : 2 3 unchanged.
The kinetic energy lost iz
PR
lmz_lwz=lmﬂ__m|'i'| ,
2 2 z 2 \V3) substituting v = %.
= lmz —lmug =lmu2
2 & E

The fraction of the kinetic energy lost is

L

3 2 —

lmuz 3 t T lc:jss. in 1«:1?1&1:17: ENEZY
2 original kinetic energy

b Ferpendicuiar to the wall
Mewton's law of restitution

vein 307 = gucos 60° <+— Perpendicular to the wall, Newton's law of
1 V2 restitution gives that, for the velocity, component
EV = ?eu after collision =2 ¥ component before collizsion
hsy=L
3
Toowiis 1 1

L |

P =g
2 N3 2 N3xRVE

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Pagel of 2

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 25

Question:

A smooth sphere A movwing with speed u collides with an 1dentical sphere 5 which is

at rest. The directions of motion of A before and after impact makes angles % and 3

respectively with the line of centres at the moment of itnpact. The coefficient of
restitution between the spheres 12 0.8,

Show that tan B =103 [E]

Solution:
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Let the mass of the spheres be #2, the speed
of A after the collision be v and the speed of
£ after the collision be w.

A B

Line of centres

Components of velocity before the collizion

i sin % A B

Al rest

T
i COs —
i |

Components of velocity after the collision

vsin 8 A B
vcos f W

Ferpendicular ta the line of cenires

T

Page2 of 2

+— In questions about identical spheres,

the tasz ofthe spheres will usually
cancel out of any equations but it iz
sensible to introduce a wvariable for the
mass, #2, so that you can write down
the equation for conservation of linear
motmentumn.

Eefore the collision, £ is at rest and the
impulse on & acts along the line of
centres. Hence, after the collision, &
must move along the line of centres.

van fi=u siné=—u L

Farailel to line af centras

Conservation of linear momentutm
il

PRI COR E = mvoos I +Hmew

= lu —veos i@
2

Mewton's law of restitution

velocity of separation = ¢ xvelocity of approach

T
w—voos I = 0. 8ucos—

w=04du+vees 5... @
Eliminating w from @& and @

%u —veoos i = 04 +voos

vios (3 =005 &

Perpendicular to the line of
centres the component of the
velocity 15 unchanged.

The value of w i3 not required, so
you eliminate it between
equations @& and 3.

4— You elitminate & and v between equations
D and @ by dividing the equations.

Dividing @ by @
W3
FnB_ 3 ¥
#cosfl 003w
tan § =103,  asrequred

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 26

Question:

A smooth unifortn sphere P of mass #2 13 falling vertically and strikes a fized smooth
inclined plane with speed 2. The plane 13 inclined at an angle 8,8 < 45 | to the
horizontal.

The coefficient of restitution between F and the inclined plane 15 . Immediately after
P strikes the plane, F moves horizontally.

a Show that e =tan®# .

b Show that the magnitude ofthe impulse exerted by P on the plane 1s wo secd

[E]
Solution:
a
Let the speed of P immediately after the impact be v.
Parallel ta the plane Parallel to the plane, the component of
wsinB=vcos O m 4+—— the welocity is unchanged by the
impact.

FPerpandicular to the plans

Mewton's law of restitution
vain B = gucos B

eucosl =viin @ )]
Dividing @ by @

gpcos B yein

wan @ ycosf

_sn*@

=tan® B, as required

cos® @

b Eesolving perpendicular to the plane,
the impulse 18 given by

I =wwsin—m(—ucos) <4 The impulse is perpendicular to the plane and its
magnitude is the difference in the linear

=mlvesin+ucos ) !
momenta resolved perpendicular to the plane.

(wsin @ \
=m‘ sin +ucost ‘
|\ cosf | :
b : ‘ on @ i sin B
(sin?B@+costn ) ' From equation (| in parta, v=
— m‘ ‘z mu| | cos f
cos | \ cos B |

=pmsect, asrequired

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 27

Question:

A smooth uniform sphere F 15 at rest on a smooth horizontal plane, when it 13 struck
by an identical sphere & moving on the plane. Immediately before the impact, the line
of motion of the centre of (2 15 tangential to the sphere &, as shown the figure. The

direction of motion of O 12 turned through 30° by the impact. Find the coefficient of
restitution between the spheres. [E]

Solution:

PhysicsAndMathsTutor.com
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Let the mass of each of the spheres be m and the radius of each of the spheres be »
Let the angle the direction of motion of O malces with the line of centres before the

impactbe 8.

; o1 :

sinfl=—=—= =730
r

Hence, the angle the direction of motion of
makes with the line of centres, after the

Page2 of 3

impact, 15 607, « ( iz turned through 30° go, after the
Let the speed of 2 immediately after the collision, it makes an angle of
impact be v and the speed of A immediately 20° 4+ 30° = 60° with the line of centres.

after the impact be x.

Components of velocity before the collision
f

usin 30° 0 R
Al rest
u cos 30°

Components of velocity after the collision

“

: 2 Initially, B iz at rest and the impulse of &
vsin 60° ¢ R / on K acts along the line of centres. So,
after the impact, & tnoves along the line
veos 60° X of centres.

Ferpendicular io the line af cenires

For 0
wsin 30" = vain 60" - Az the impulee is along the line of centres,
1 the component of the welocity of
53“ = ?V:’ u=via. @ perpendicular to the line of centres is
unchanged.

Farallel io the line of cenires
Conservation of linear momentum
muicos 30" = prvcos 607 +amx

x=£u—lv L
p 2

Mewton's law of restitution
velocity of separation = e xvelocity of approach

x—veooshl® = gncos 30°

PhysicsAndMathsTutor.com
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T Eé‘ﬂ +=w L,
2 2

Eliminating z from @& and 3
V3 1 V3 1

o =1 E e BN et et

2 2 2 2

N3 ;
v=—uil—g) +—— You now use equation I to

y eliminate & and v.
Tsing @

V= ;;v'-3(1—e)

4’/_,_,_,—,—" Diwiding both sides by v and

2

3 o using WAKWIE=3
1==(1-2)= §=1—e

"
Il

| =

. 2 m A
The coefficient of restitution between the spheres 15 =

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 28

Question:

A emooth sphere F lies atrest on a smooth horizontal plane. & second identical sphere
O, moving on the plane, collides with the sphere F. Immediately before the collision
the direction of motion of 2 makes an angle o with the line joining the centres of the
spheres Immediately after the collision the direction of motion of (2 makes an angle
4 writh the line joining the centres of spheres, as shown in the figure. The coefficient
of restitution between the spheres 15 2,

Show that (1—e)tan 8 = 2tan o [E]

Solution:

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Mechanics 4

Let the masze of each of'the spheres be w2

Let the speed of O immediately before the collisionbe
and its speed immediately after the collision be v,

Let the speed of P immediately after the collision be x.

Line of centres

y
Components of velocity before the collision
I Cos o

i sin o 0 P
Al rest

Components of velocity after the collizion

veos g X
—_———
vsin 8 Q P

FPerpendicular fo the fine af centres

Touneed to introduce a number
of variables to solve this
gquestion and yvou need to make
clear to an examiner what the
variables stand for. You can do
thig with a clearly labelled
diagram.

For O

usinc=vsin i @ +— Asthe impulse is along the line of centres, the
component of the velocity of O perpendicular to the

Along line af centres line of centres 1s unchanged,

Conservation of linear momentum

jucosor = vein B+ @x

r=ucosof—vcos 3 [

Mewton's law of restitution
velocity of separation = g xwvelocity of approach

TTse these two equations to
eliminate x, the speed of P,

x—veos 3 =eucosd
x=gucostr+veoz i 3D

Eliminating x between @ and @
cosr—veos 3 =eaucoesct+veos 3

(1—e e cosex = 2vcos 3 &

Dividing @ by @
wsinee _ vsin fi
(l1—elicosxr  2veoos 3
tanor  tan 3
1-e 2
(1—g Jtan § = 2 tan cx, as required

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 29

Question:

A smooth uniform sphere & of mass 2 18 moving on a smooth horizontal table. The
sphere & collides with another smooth uniform sphere T, of the same radiug as Sbut of
tnass dee, k> 1, which is at rest on the table. The coefficient of restitution between the
spheres 1z 2. Immediately before the spheres collide the direction of motion of & makes
an angle & with the line joining their centres, as shown in the figure.

l"\\h___-‘“__./f‘ '-.\E--fmi-./f'

Immediately after the collision the directions of motion of 5 and T are perpendicular,

a chow that e = l )
Fia

Giiven that & =2 and that the kinetic energy lost in the collizion 15 one quarter of the
initial kinetic energy,
b findthe value of & [E]

Solution:
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a Let the speed of & immediately before the collision be u and its speed imme diately
after the collision be v
Let the speed of Timmediately after the collision be x.

_______________ Line of centres

Components of velocity before the collizsion
ncos 8

u sin @ S T
Al rest

Components of velocity after the collision

1
) ] o *— Before the collision, Tis at rest and the
: § X impulse on Tacts along the line of

centres. So, after the collision, T moves
along the line of centres. After the
collizion, the spheres are moving in
Farallel o ithe lne of centres perpendicular directions, so & 1s moving
perpendicular to the line of centres.

Conservation of linear momentum
micos B = e

bx =wcos 0 o
MNewton's law of restitution

velocity of separation = e ®velocity of approach

x = eucos O Zy #— Parallel to the line of centres, the
Dividing @ by @ velocity of separation of the spheres is

,x’_e;:’;p{ﬁ Just x.

B wges

1 _
g = —, as required
I
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b If k=2 then 6= l *—| Tlaing the printed answer to part a.

From equation @ in part a
x=—ncost

FPerpendicular fo the fine af centres
For &

v=gzin &

The initial kinetic energy 1z Emuz

The final kinet: i
BRSNS IR The mazs of T iz ke

1 1 1 by {1 Y
— o+ — =—m{usian +—ﬁm| —ucosh |
2 2 2 i L

=%muzsin2H+%mu2cost —— pa k=7

The total loss in kinetic energy is

1 ( ; 1
T ‘ — s sin® O+ —pu’ cos® O
2 | 2 4 )
1 : 1
= —ps” (]—sm2 H}— —mu” cos® 0
2 4
1 1 1
= —pw’ cos® B ——pw’ cost 0= —pmcost B
2 4 4
Hence
Tt 10 N .
—puitcost = — x—mm 4— The loss of energy 1s one quarter of the
2 initial kinetic energy; that iz one quatter
1 1
coszH=§=t~ c:c:-sH=—2 oflmuf‘_

6 =45

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 30

Question:

A smooth uniform sphere A has mass 2m kg and ancther smooth uniform sphere 5,
with the same radius as A, has masz s kg The spheres are moving on a smooth
horizontal plane when they collide. At the instant of collision the line joining the
centres of the spheres 15 parallel to j. Immediately after the collision, the velocity of 4

iz (3i—jim s~! and the velocity of Bis (2i+j)m ™' The coefficient of restitution
between the spheres is é—

a Find the velocities of the two spheres immediately before the collision

h Find the magnitude of the impulse in the collizion

¢ Find to the nearest degree, the angle through which the direction of motion of A4 iz
deflected by the collizsion. [E]

Solution:

PhysicsAndMathsTutor.com
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a Let the veloctty of B before the collisionbe (m—)9 )m s ' and the wvelocity of 4

before the collision be (wi+2z] )m at,

Eefore the collizion

After the collizion

The components of the velocities are in
1
ms .

Page2 of 3

Farallsl fol b
r=2,w=73

Farallel in

Az the impulse 1z in the direction of j, the components of
the velocities of both A and B in the direction of 1 are
unchanged.

Conservation of inear momentum
—my + 2 = el — 2 2]
—y+2z=-1 @

HNewton's law of restitution

velocity of separation = g xwelocity of approach

= (1) = (r+2)

y+z=4 @
D +@

3z=3=z=1

Substituting z =1 into @
yrl=d4=y=3

The velocity of 4is (3i+j)ms .
The veloctty of Bis (21—-3 ) s *,

PhysicsAndMathsTutor.com
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b Conzidering the change in momentum of A
in the direction of'J. +— Aszthe impulse 15 in the direction of j, you can

consider the change of momentum of either A
ot B in the direction of .

f = 2pv— 2pw
=Zdmxl—Zdm=(-11=4dm
The mass of A 15 2.

The magnitude of the impulse 15 4w M =,

Original direction
1 +— A 15 deflected from the direction of
(3i+] ) to the directien of (3i—7)

el

A

Final direction

The angle of deflection 15 given by

20=2 aru:tan% =37 (nearest degree)

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 31

Question:

1.3ms™"!

AN 4
I,

L

25ms!

Two stmooth uniform spheres A and £ of equal radius have masses 2kg and 1 kg
respectively. They are mowing on a smooth horizontal plane when they collide.

Immediately before the collision the speed of A is 2.5 m s~ and the speed of B is

1.2ms™'. When they collide the line joining their centres malkes an angle @ with the

direction of motion of 4 and an angle & with the direction of motion of B, where
tan o = % and tan 3 = % as shown in the figure.

a Find the components of the velocities of 4 and B perpendicular and parallel to the
line of centres immediately before the collision.

) o 1
The coefficient of restitution between A and &1z — .

b Find, to one decimal place, the speed of each sphere after the collision [E]

Solution:
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a Components of the velocity before the collision,

Al velocities are in m s+
1.3cos 8

2.5 sin & A B 1.3 sin 8

25cos @

The component of the velocity of A perpendicular to the line of centres

immediately before the collision iz

Page2 of 3

1 &

o—

29ammorm s 1=2.5-%ms '=2ms

The component of the velocity of 4 paralle

1 to the line of
centres immediately before the collision 13 /
2acosorms T=2.5 -gm = oy

3
This sletch illustrates that, as

347 = if tan f =3, then

sin = 4

3
3 ==

and cos = x

The component of the velocity of B perpendicular to the

line of centres immediately before the collizion 13

12

1.3sin fms'=13 -—Bms Lo

The component of the welocity of & parallel to
the line of centres immediately before the collizion s

l13cosfims 1=1.3-%ms '=0S5ms ! «— |

Let the components of the welocity after the collizion be,
with all velocities in m 5!

El

]
This slketch illustrates that, as

5 +127 =13, if tan f="2, then

el

sin,'h’=% and cos =

bt

1.2 B(1kg) |

The components perpendicular to
the line of centres are unchanged

X

Farallel io ithe lne of centres

Conservation of linear momentutmn

2x+y=2x15-1=x05
Zx+y=25 (@

Mewton's law of restitution
vel ooity of separation = e xwelocity of approach

PhysicsAndMathsTutor.com
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y—x = l(].5 +0.3) 1 4 approaches the point of the collision with
2 speed 1.5m s along the line of centres. B
approaches the point of the collision with
D—@ speed 0.5m s along the line of centres.

y—x=1 &

o the two spheres are approaching one
e another at the speed of

(15405 ms'=2ms’

From @
y=1l+x=135

The speed of A 1z
V(05 + 2 )m s =V425m s =21ms " (ldp)

The speed of & 15
V122415 )ms ' =V369ms ' =19ms " (ldp)

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 32

Question:

45m

21 m

B

The figure represents the scene of aroad accident. A car of mass 600 kg collided at the
point X with a stationary van of mass 800 kg After the collision the van came to rest
at the point A having travelled a horizontal distance of 45 m, and the car came to rest
at the point & having travelled a horizontal distance of 21 m. The angle AYE iz 207,
The accident investigators are trying to establish the speed of the car before the
collision and they model both vehicle as small spheres.

a Find the coefficient of restitution between the car and the van.

The investigators assume that after the collision, and until the vehicles came to rest,
the wan was subject to a constant horizontal force of 200 M acting along A% and the car
to a constant horizontal force of 300 M along B4

b Find the speed of the car immediately before the collizion [E]

Solution:
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Heinemann Solutionbank: Mechanics 4 Page2 of 3

a Let the components of the velocity of the car before the collision, with all

components in m s ! te 3
Agthe van iz at rest, after the

Direction of XA collision it must travel along the line
of centres of the car and the wvan In
the diagram in the question, X4 must

y car van be the line of centres, so you consider
(600 kg) (800 kg) the components of velocity
at rest perpendicular and parallel to X4,

Let the components of the welocity of the car and
van after the collision, with all components in m s *, be

E

w
R

v car van *+— Affer the collision, the van 1s
g (600 ke) (800 ke) moving along A4 and the car 1s
n b moving perpendicular to A4,

Farallel io X4
Conservation of linear momentum

600x=800w:~w=§x

Mewton's law of restitution
vel ocity of separation = e xvelocity of approach

W =egx
Hence
—x=ex
3
g il
4
b Forthe van
F = s
=500 = 800z = g =-0.625
Vv =u® +2as

0F = w? = 2%0.625x45
W =5625=w=75

To find w (and hence x) and »,
HE you need to uge both Mewton's
ORHE A second law and the kinematic

F=ma equation for constant
=300 =600a = a=-05 acceleration, v =u° +2as.
2

W =u® +2as

07 =32 —2x0.5%21
¥y =21= y=v21

PhysicsAndMathsTutor.com
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From equation = inparta

W=—-X

4

?.5=Ex=:- I=E=1U
TS

4
Let the speed of the car immediately before the collisionbe Tm s

I = 24yt =100 421=121
7 =4121=11
1

The speed of the car immediately before the collision iz 11m 2.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 33

Question:

A smooth sphere Tis atrest on a smooth horizontal table. An identical sphere 5
movwing on the table with speed I collides with 7 The directions of motion of & before

and after impact make angles of 30° and (0 =G < 90) respectively with £, the line
of centres at the moment of itnpact. The coefficient of restitution between & and Tiz &

U3

a =Show that I, the speed of Timmediately after impact, 15 given by V=T (1420

b Find the components of the velocity of &, parallel and perpendicular to £,
immediately after impact.

. 2
(iven that e =—,

¢ find, to 1 decimal place, the value of 3. [E]

Solution:
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Let the speed of 5 after the collision be w and the mass of both 5 and The #2.
Components of velocity before the collision
L/ sin 30° S T

Al rest

[/ cos 30°

Components of welocity after the collision

wsin 5 T Az the impact 15 along L, sphere T
must move along L.
— A
L.-'

weos 3

Farallsl to the L

Conservation of linear momentutn
mlcoz 30" = pavces 3 +ml”

WCos ,H+V=§U D - Using c0330"=§.

Mewton's law of restitution
vel ocity of separation = ¢ xvelocity of approach

F—wcos i =ellcos 308
F—weosfi= geU 2

D +@

"‘-3 "‘-3 U\B
W= b ell=——(14e)
2 2 2

= ?(]+e), as required

PhysicsAndMathsTutor.com
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b Subtracting @ from @ The components of the velocity of 5
2weos B =£U—£€U=£(1—E)U Paralleland perpepdicular to L, .
2] immediately after impact, are weoos i
s o3 4— and wsin [ respectively. Tou find
Lt T(I_E)U &4 weos 1 using the equations (@ and @
i part a.

Ferpendicular ta L
For &

: : 1 .
wein 3 = ein 30" = =07 & The component of the velocity of &
2 \ perpendicular to the impulse is
unchanged.

The components of the velocity of &, parallel and perpendicular to L, inmediately

after impact are ?3 (1—2 }7 and %U, respectively.

c Ife=§,Erom®

W oS ,"J’=£|I ]—E |U=£U
4 L 3 12
Also wsin 3 =%U

Dividing

—_

wain jU

weos i 3y
T

<

tan § = —=2V3
V3 Tze wour calculator to complete the question.
B=73% (ldp) +— Az no mode is specified, =173 radians iz

also acceptable.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 34

Question:

Two small spheres 4 and 5, of equal size and of mass # and 2 respectively, are
mowing ihitially with the same speed ©7 on a smooth horizontal floor. The spheres
collide when their centres are on a line L. Before the collision the spheres are mowing
towards each other, with their directions of motion perpendicular to each other and

each inclined at an angle 45" to the line L, as shown in the figure below. The

. o 1
coefficient of restitution between the spheres i3 o

a Find the magnitude of the impulse which acts on A in the collision.

i d - WALL

'L

The line L iz parallel to and a distance & from a smooth vertical wall, as shown in the

second figure.

b Find, in terms of &, the distance between the points at which the spheres first strike
the wall. [E]

Solution:

PhysicsAndMathsTutor.com
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i sin 45°
i

Components after collision

A
u cos 45° A (m) B A (m) The components perpendicglgr to
! L are unchanged by the collizion,
L i In this casge, all of the components
L tesin 457 perpendicular to L are
1 1 nsn 45" = -
u cos 45” B (2m) y B (2m) :
i —
u sin 45° 1 sin 45°
FParallel ia L
Conservation of linear momentum (1)
Qe cosdd” —mpm cosdd” = x4 ey
i+ 2y = 2 @
) 2
Mewton's law of restitution 3 1
. . : Tze cosdd’=—.
velocity of zeparation = e xvelocity of approach Vo

F it =%(HCOS45V

1
i—y=— @
hy NP
-3
Ay=0=y=10
Hence Jr:=i

\ 2

The impulse on A is given by

As vw=10 after the collision B 13

travelling perpendicular to .. You
will need this to solve part b

final momentum of A—1nitial mementum of A

(h 1=

|~ sin 45° |

-~ EE

The magnitude of the itnpulze which actz on A in the collision iz W 2w

PhysicsAndMathsTutor.com
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*— This diagram shows the components of
the velocity of A parallel and
perpendicular to L. Az both x and

: . 1
B usindd” are TS A moves at an angle of
usIn 4y o L

45" to the direction of motion of B

The direction of motion of A 1z given by

wein 45

r_'___,,—-—r’ Thiz diagram shows the paths of A

atd 5 from the point of collision to
i 4| wan the po.ints Whe;e they hit the wall.
The triangle is isosceles and the
required distance is 4.

The distance between the points at which the spheres first strike the wall 15 &

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 35

Question:

Two smooth uniform spheres A and 5 have equal radit. Sphere 4 has mass s and
sphere & has mass ke The spheres are at rest on a smooth horizontal table. Sphere 4
1z then projected along the table with speed & and collides with B Immediately before

the collision, the direction of motion of 4 makes an angle of &0° with the line joining

the centres of the two spheres. The coefficient of restitution between the spheres 1z ;—

a Show that the speed of B immediately after the collizion is

Ak+1)
Immediately after the collision the direction of motion of A makes an angle
ar ctan (2\5) with the direction of motion of &

b Show that k=1
¢ Find the loss of kinetic energy due to the collision [F]

Solution:
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a Let the speed of 4 immediately before the collision be o,

Line of centres

Components of the velocities before the collision

i sin 60 A (m) B (k)
Al rest

1 cos 60°

Let the components of the velocities after collision be

u sin 60° A (n) B (km)

il
.

As the impulse is along the line of

* centres, the component of the
velocity of 4 perpendicular to the line
of centres is unchanged,

Farallel to the line of centres

Conservation of linear momentum
e cos 607 = mx + iy

x+£g;=%u O

Mewton's law of restitution
velocity of separation = e ®velocity of approach /

y—-x=lucost50“=lu &
2 4

Az Hmewes along the line of
centres, the component, ¥, of the
welocity of 5 along the line of
centres 15 the velocity of B Zo to
solve patrt a, you must find y from
this pair of simultanecus
equations.

.
+. ol DR
oy +y 4
y= , s required
4{k+1)

PhysicsAndMathsTutor.com
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b From @
i g

- (k+1)

YT T k)

_@-kk
4(k+1)

i
47 4k +1)

The direction of motion of 4 iz given by

._\ Bm
Cman bl 5
 x 2k
4{k+1)
_4GHIN3_
2(2-k)
E+l =2-k

tan &

1
2k =l=k= > as required

o k=it

2
4@+Q 2
_(2‘%}‘_1
x= —=_u
45+1)

i sin 60°

X
The question gives vou that the
direction of motion of A makes an

angle atctan (2 3} with the line of

centres, so tan =2+ 3 Thiz gives an
equation that you can solve for k.

The kinetic energy of the system after the collizion 1z

© Pearson Education Ltd 2C
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After the collision the velocity of
Ahaz components x and wsin 607
o the kinetic energy of A after
the collision is

lzm (.xz - (u sin 60° )2 )

Before the collision only A 15 moving and
it has speed u, 5o the initial kinetic energy

;i
of the systetn is Emug.
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Review Exercise 1
Exercise A, Question 36

Question:

Two equal smooth spheres approach each other from opposite directions with equal
speeds. The coefficient of restitution between the spheres 1z 2. At the moment of
impact, their common normal 15 inclined at an angle € to the original direction of
motion. &After impact, each sphere moves at right angles to its original direction of
motion.

Show that tan 8= +fz . [E]

Solution:
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Let the speed of baoth spheres before the impact be & and the mass of each sphere #2.

Line of centres

Components of velocity before impact

i sin 8 1 sin @

wcos @ ucos d
Let the components of wvelocity after impact be

in @ i / By aymmetry, the magnitude of the
e “sin @ components parallel to the line of

centres must be equal

A X

Farallel to the line of centres
Mewton's law of restitution
velocity of separation = e xvelocity of approach

2x =elucosf

X =egucost
Considering the left hand sphere

l._____________._._.—-———'—' Direction of 4 as it separates

Tze trigonometry on this triangle
to complete the question

i sin 6

Direction of 4 as it approaches

x g cos
tan & = — = -
wain @ wain @
sin &
g =tan 0= =tan’ 6
cos B
tan & = Y g, as required

© Pearson Education Ltd 2C
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Exercise A, Question 37

Question:

W

A small ball & of mass 2me 15 at rest at the point & on a smooth horizontal plane. A
second small ball P of mass s 13 mowing on the plane with speed %u and collides

with () Both the balls are smooth, uniform and of the same radius. The point C'is on a
stooth vertical wall Wwhich is at a distance ) from B, and BC is perpendicular to

WA second smooth vertical wall 15 perpendicular to W and at a distance &, from B

Immediately before the collision occurs, the direction of motion of P malkes an angle
o with BC, as shown in the figure, where tan o = 15—2 )
The line of centres of  and (15 parallel to BC. After the collision () moves towards O
with speed %u :

a Show that, after the collision, the velocity components of P parallel and

perpendicular to CF are %u and %u respectively,
b Find the coefficient of restitution between & and (&

¢ show that when {reaches O, F iz at a distance %dl from .

For each collision between a ball and a wall the coefficient of restitution is ;— iven
that the balls collide with each other again,

d show that the time between the two collisions of the balls 15 E

u
e findthe ratio &) d,. [E]

Solution:

PhysicsAndMathsTutor.com
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a Components of the wvelocities before the collizion

Fu sin P (m) Q (2m)
Al rest
Zu cos o
Let the components of the welocities after the collision be

The direction of the component of the

P(m) |Susinag  Q@Q2m) velocity of P along the line of centres, here
s called x, iz not obwious. If youput it in the
—_— opposite direction to that shown here, you

A o would get a negative value of x and your

solution would still be valid.

3 . 5 12
tan o = — =8N = — CoSf = — 4— 13
0T s

This sketch illustrates that, as 5° +12¢ =13% if

tant£=i,then sinuf=i ard cosuf=E.
12 13

FPerpendicular fo the line of centres U8

In this direction, the component of the velocity of P is unchanged and iz

: 13 5 :
— AN = — g x—=—u, as required

1213 12
Ferpendicular to the line of centres U8

Conservation of linear momentutmn

M —MCosl = —mix+ Zmoi—u
12 ]
) 13 12 6 1 _
= - — M K— = —y—u =—, as required
] 2 L 5]

b Mewton's law of restitution
velocity of separation = & xvelocity of approach

x+Eu =eEucosw +— 13 13 1z
e — OO = —l K—— W
1 3 12 12 13

—L+—l =u
3

5

h| =

PhysicsAndMathsTutor.com
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d

Let the time after the collision for O to reach Che £
distance = speed xtime
3 _5dy
e gufl == E
Perpendicular to W, in time £, Ftravels a distance s given by

&

SigbanEEhap e R e Perpendicular to W, the component of
5= %u xt, =%u /%=%d1 t‘tlle velocity of F after the collision 15
Eu. To find the distance of F from ¥,
The distance of F from Wis you need consider only this component.

d ts=d) +%d1 =%d1,as required

EBetore hitting W, (! has speed gu

;B E T %2 3
After hitting /¥, O hasspeed e —nn=—x—u=—"—u
gL ki 5 2 4 10
In the direction C'F, the velocity of () relative to P iz
3 1 1
5 10

The time, £, for (M to travel from C to the point of
the second collision is given by

%a’l GO TR In the direction '8, the time 15 given by

i g p \

2 iu g, the distance of { relatrve to P| %dl |
10 \

divided by the velocity of relative to

3

'}
i | 10 . | ;

The time between the two collisions 1z
. iy " 40d, 454, 154,
Su Su . i

i, . a8 required

PhysicsAndMathsTutor.com
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e Before hitting the perpendicular wall, 7 haz a
By :
component velocity Eu perpendicular to &8

After hitting the wall, this component becomes
5 1005 5

g —u
12 2 12 2

It £ 15 the time for Fto move from 5 to the wall

and #, isthe time for P to move from the wall

bacl: to O'F, then

Az () mowves along O'8, the second
collision must eccur on OF So
vou need to find the time it takes
for Fto move to the wall and
return to CF.

. s N 124,
2 S
12
and
_dy,  24d,
e =
—u
24
154,
e
%
124, + 244, _ 154,
S S i

36d, = 754,

LT Pl 4 e

© Pearson Education Ltd 2C
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iz moving along C8 So, for the
second collision, P must travel
from '8 to the wall, which 15
perpendicular to W, and back to

the line C'F, in time E
1
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Exercise A, Question 38

Question:

v / Lo
'." T

A zmall smoocth unifortm sphere Siz atrest on a smooth horizontal floor at a distance o
from a straight vertical wall. An identical sphere Tis projected along the floor with
speed If towards 5 and in a direction which 1z perpendicular to the wall. At the instant
when T strikes & the line joining their centres makes an angle o with the wall, as
shown in the figure.

Each sphere 13 modelled as having negligible diameter in comparizon with & The
coefficient of restitution between the spheres 1z 2.

a Show that the components of the velocity of Tafter the impact, parallel and

perpendicular to the line of centres, are %U(l—e) sinex and {lcosea respectively.
b Show that the components of the velocity of Tafter the impact, parallel and
perpendicular to the wall are %U(l +2lcosasin e and %U[E —(1+2&)sin® a]

respectively.
The spherez 5 and T strike the wall at the pointz A and 5 respectively.

iwen that e=§ and tancz=E,

¢ find, in terms of &, the distance A5 [E]

Solution:

PhysicsAndMathsTutor.com
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a The components of velocity before the collision
perpendicular and parallel to the line of centres are

Line of centres

Mu
“."‘H-._,_E
[/ sin o '
A
U cos o At rest

Let the components of velocities after the collision be

U cos o

Let the mass of each sphere be m

FPerpendicilar o the Ene af centres

The component of the velocity is unchanged, so the component of the velocity of 7
after the impact perpendicular to the line of centres 158 Ucos o, as required.

FParallel fo the line of centres
Congervation of linear momentum
el sin of = pax v
+y =usino D
ewton's law of restitution
velocity of separation = < velocity of approach
y—x=ellsina @
-3
2r=Usino—elsine=U{l-¢ kino

x = %U (1—2 Jsiner, as required

PhysicsAndMathsTutor.com
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b Let the components of the wvelocity of T after the impact, parallel and perpendicular
to the wall be X and ¥ respectively

RiVX =Ucososin o — xcosor
1
=Ucoszfsinu—EU{l—e}sintfcosu
=U|:osusinu|ll—l+le I|=Uc:osusinu|ll+lel|
L 2825 2 2

1

= —U(l+e Jcosorsin o, as required

2
Ei{—Y = Ucoscorcos o+ xsin o

1 o :
=fcos’ t£+§U[1—ejsm CELLL OF

= U(l—sinzrr)+%U(1—e) sin’ o

1 : ; :
=EU(E—251n2t.€+51n2t.€—esm2t.f]l
1 : :
=§U(2—sm:"u—ésm2t-€)
1 .
=_U|2—(1+e)sin® & |, as required
SU[2-(+eysin ] as req
. 3 4 . .
c tant.f=—=:~smt£=—,|:osu=g +— YToucan just write these down

but, if you can't remember these
relations, ¥ou can find the sine

: 2 ;
With e =—, the components in part b become : .
3 and cosine by sketchinga 3, 4, 5

2) triangle.
X=—U| 1_|__| 3 EZEU iangle
5
p=1yla 1+_' B S E g
2 25 2 5 10

PhysicsAndMathsTutor.com
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The direction of motion of 515 along the To find the points where $and T
line of centres :‘ strikce the wall, vou need to know
The direction of motion of Tiz given by the direction of motion after the

collision ofboth S and T

AN 4——— Wis the foot of the perpendicular
from the point of collision to the

wall.
B
i=tant-f=E=t~ AN=id
AN 4 3
e 7 7
A& =AN+NB=id+id=ﬂd
3 7 21

© Pearson Education Ltd 2C
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Exercise A, Question 39

Question:

A uniform small smooth sphere of mass 3m moving with speed & on a smooth
horizontal table collides with a stationary small sphere B of the same zize as 4 and of
tnass 2me. The direction of motion of A before impact makes an angle o with the line
of centres of 4 and B, and the direction of motion of A after the impact makes an angle

3 with the same line, as shown in the figure. The coefficient of restitution between
.2
the spheres 13 E .

a Show that tan 3= 3tan o
b Exzpress tan{F —a) in terms of £, where £ =tan e

¢ Hence find, as o waries, the mazimum angle of deflection of 4 cauzed by the
impact. [¥]

Solution:

PhysicsAndMathsTutor.com
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a Let the speed of 4 before the collision be g,

the speed of A after the collision be v and the speed of B after the collision be x

Components before the collision

i osin o A (3m) B (2m)
at rest

o CcOs o

Components after the collision

vsin f A (3m) B (2m)

veos 3 X

FPerpendicilar o the fine af centres
vein f =wusino D

FParallel io the line aof cenires
Conzervation of linear momentum
3pmcos o0 = Jpnvcos 3+ e

2x+3vcos B=3ucosn @ o

Mewton's law of restitution

The relation you are asked to
prove containg only angles, so
yvou must eliminate the three
velocities, w2, v and x, from these
3 equations.

velocity of separation = ¢ =velocity of appiy
2
x—1VCos ,l'j=§uc:osw 3
2 —2x3

, 4 5
Svcos 3 =3u|:osu—§ucosu=§ucosu

vc-::us,"_l'=%ucosu &

Divide @ by &

vain i wsindo
3 1
veos p —LCosr
tan 3 = 3tan «r, as required

PhysicsAndMathsTutor.com
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b

tan 3 —tan o

B I+tanoitan 3
_ Stano—tanor | Ztano
" l+tanox3tano 1+ 3tan’ o
2
1438

yr o T /

1+3°
2(+3% -2t (61) -

Fit= =
(1+32) (1+3 )

Page3 of 3

The angle of deflection i the change in the
angle due to the impact and that is (J—a).

The mazimum of (3 -« ) will correspond to

the maximum of f2), which can be found
uging calculus,

For a mazimum value £ (£)=0
2-6' =0

Tzing the quotient rule for
differentiating.

1 =
i:_
._13
At £=L
3
2/_i 2/# 1
E(r) = e o Yo
1 1+1 3
1+3| i
Hence
tan(j —o) = —

fi—o =30
The mazimum angle of deflection
of A caused by the impact 15 307,

© Pearson Education Ltd 2C
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must be a maximum.
f(r)

For acollizsion, 0= =%0°, 50 the negative
solution can be ignored.

The least deflection is clearly
when =0 (there iz no
deflection then) and the deflection
initially increases as o increases
so, as the function 15 continuous,
the following stationary value

0
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Exercise A, Question 40

Question:

Two identical spheres A and 5 lie at rest on a smooth horizontal table. Sphere B 1s
projected along the table towards sphere A with velocity w1 4y, where 113 the unit
vector along the line of centres at the time of impact and j iz a unit vector
perpendicular to 1 and in the plane of the table. Given that the coefficient of restitution
between the spheres is 2,

a find the wvelocities of the spheres after impact.

Giiven further that the welocity of B before impact makes an angle & with the direction
of 1 and that the welocity of B after impact makes an angle ¢ with the direction of 1,

tan 871
b show that tan (¢p— &) = Lﬂ;
1—e+Z2tan* &
¢ Hence show that, az € varies, the maximum walue of the angle of deviation, ¢—6,
occurs when tan® 8 = 1;'2 : [F]

Solution:

PhysicsAndMathsTutor.com
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Let the mass of both spheres be w2
Components of velocity before impact

J i

v A B

at rest
Let the components of the welocities after impact be

v A B

FParallsl to1
Conservation of linear momentum

B = px+ny
ity =u @D
Mewton's law of restitution
vel ocity of separation = * wvel oty of approach

y—x=eu @
D+@
Sy=nuten=y= a +2€)u
D—-@
Sx=u—enw = x= o)
2
After the impact, the velocity of A 13
v = i+ _Ejui +v] 4+— The component in the j direction iz unchanged
2_ _ by the impulse as it 13 perpendicular to the
and the velocity of 5 1s impulse.
{1+ehu

1

2

PhysicsAndMathsTutor.com

Page2 of 3



Heinemann Solutionbank: Mechanics 4

ﬁ ;

X
N ¥
If v=m+)9,then tan ==,
x

s Z=tanp
T4
gy taty b —tan B
i l+tancdtan €| The formula for the difference of two
tangents 15 in the C3 specification.
—tan —tan
__l-e
i 2 3 5 +— Multiply the numerator and the
+——tan & xtan :
T denominator by (1—2) .
_ Z2tan B—(l-g)tan O
1—e+2tan® @
tan B(1+ :
= M, as required
l—e+2tan” &
{1+eit

¢ Let tanfi=¢ and £(t1=
2 1-g+2¢°

_ (l—e+ 24 e) —(1+2)6(40)

A (1—g+2tH?

For f'(f)=0
(1-e+26") (18] — (484" =0
l—e+2t* —4¢* =0
2t =1-¢
s l—eg
)

fro=ri o

1-# .
tan® @ = S L as required

4+— The maximum of (¢ — &) will

cotrespond to the maximum of
fie), which can ke found using
caleulus,

+— If you are very familiar with the

pure mathematics invelved, you
may recognise that £'( =0 has a
solution at £ =oo, which

-

cotresponds to 6= 5

Ezamination of the situation
shows this 15 not actually a
collision (the spheres “graze’ each
othet) so this case can be ignored,

The least deflection 15 clearly when

f =0 (there 1z no deflection then) and
the deflection mnitially increases as 6
increases so, as the function is
continuous, the following stationary
value must be a maximum,

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 41

Question:

A particle P of mass 3 kg moves in a straight line on a smooth horizontal plane. When
the speed of P iz vm s7', the resultant force acting on P is a resistance to motion of
magnitude 2v 17,

Find the distance moved by P while slowing down from Sms™ to 2ms™  [E]

Solution:

The displacement, x m, of 7 must be measured
from a fized point. Here you can choose to
teasure the displacement from the point where
the velocity of Pis Sm s .

R(=) F=ma ‘/,_--f—"'/ “When resistance 12 a function of velocity and the

R Y, . BVE euestion asks about a relation between distance and
; dv
velocity, the formula « =vZ normally uzed
., 22 dx
dx 3
Integrating with respect to x The resistance 15 in the direction of x decreasing and
o so haz a negative zign in this equation
v=——x+tC
3

When x=0,v=5 4+— A3z you are measuring the displacement from

S=04+C0=0C=5 the point where the velocity of Pis Sm s ',

Hence you use x =0 when v=235 to evaluate the

p=5— 2 x constant of integration

‘When v=12

2
2=50-——x
3
2

—x=5—2=3=‘.-x=g-3=4.5
E 2
The distance moved by F while slowing down from Sms 'to 2ms ' 245 m

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 42

Question:

A particle F of mass 0.5 kg 15 released from rest at time £ =0 and falls vertically
through a ligquid. The motion P 15 resisted by a force of magnitude 2v N, where
vm s7! iz the speed of P at time ¢ seconds.

a Show that 5% =49— 20y,
b Find the speed of Pwhen ¢ =1. [E]

Solution:

PhysicsAndMathsTutor.com
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T The displacement, x m, must be
/ measured from a fized point.

X 2w N

from which P 15 released.

Here vou can choose the point

Az Fis falling, the resistance
opposes motion and acts upwards.

E(ly F=sma

O 5h DGy A

v

TTsin =98 and a=—
25 az

dv

The weight acts in the direction of x
increasing, so, in this equation, the term 0.5g
iz positive. The resistance acts in the
direction of x decreasing, so, in this equation,
the term 2v 12 negative,

48-2v=05— W g
de

5% =49 —20v, as required

Tou multiply this equation by 10 and
rearrange the terms to obtain the differential
eruation printed in the question

2 sl @ |
,[49—201) J

The answer to patt a is a separable
differential equation and the first step in
solving it is to separate the variables,

_l ——Edez 1 ds
4 1 49— 201

—éln (45— )=¢+4

In (49 —20v )= B —4¢, where B =—44

“When t=0v=10
nd3=F¢

Hence

In (48 -20v ) =1n 49 —4¢

Jfl@ dv=Inf(»1+4 and
£(v)

i'[49—2l3v]|=—2[]. Tzing 5=—l «—20,
dv 4

vou adjust the constants 2o that the integral
cat just be written down,

i i
Touusethe logrule lna—Ind= 1n| % | to
In49—1In (4% - 20v)=1n | 49 "|: simplify the expression,
| 49 —20v |
B _
49— 20v i Taking exponentials of both sides to

49— 20v =49 ¥
20v =49-49: " =49(1-e )

The speed of P when =1

El:l—e imet=24ms(2af)
20" j

PhysicsAndMathsTutor.com

the equation and using the rule
pBI = ()

15 Az anumerical value of g has been uzed, the
/ final answer should be givento 2 or 3

significant figures,
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Review Exercise 1
Exercise A, Question 43

Question:

A particle of mass s moves in a straight line on a horizontal table against a resistance
of magnitude A{mv+ k), where A and & are constants. Given that the particle starts

with speed e at time £ =0, show that the speed v of the patrticle at time £ is

v=£(e'“—l)+ue'”. [E]
i

Solution:

Aimv+ k)

le— x

mg | The dizplacement x must be measured from a fized
point. Here you measure x from the point where the
patticle starts. Later, you will use v=u when =10 to
evaluate the constant of integration

Ef—) F =ma

" The resistance is in the direction of ¥ decreazing and
—Alptk)=ma = P?EE so has a negative sign in this equation.

Separating the variables

J v :—J;.d:
B+ k

In (#ev +k)=—-At + 4

At d A -
=g E

nmvt+k=¢e

Ar
= —— rl . ; ;
fe e®, where A iz an arbitrary constant, is

another athitrary constant, 5.

When t=0v=u
mut+k=258

Tou make v the subject of this formula to
Hence ;
/ complete the question

v+ = (e +k e

v =de ke ™ =k(e ‘:‘*—]\}+mu o

15: p P .
v=— (e 1 }+ue * as recuired
F!

© Pearson Education Ltd 2C
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Exercise A, Question 44

Question:

& particle P, of mass m, 15 projected upwards fom horizontal ground with speed 7

The motion takes place in a medium in which the resistance is of magnitude =

2
FRETY

whete v 15 the speed of P and & iz a positive constant.
=how that P reaches 1its mazimum height above ground after a time T given by

F =:a
2
k di
_ _;‘::fgvg_ dv
g = I?fdé
3 (i +v "=E
g‘ &

Separatmg the variables

_[e
,[ﬁc’*+v ,[k_gdé

[E]

metion.

The displacement x is measured from the point of
projection In this question, both the weight of the
particle and the resistance act in the direction of x
decreasing and so the both terms representing
these forces are negative in the equation of

#——— The prerequisites given in the specification for M4

g

—aru:tan‘ E‘ =—=i+A
i \ &)

When f=0v=10L7

i require ¥ou te know that J-

1 x
= 2d.x=—;arctan‘—‘.
a’ +x o

1 i !
—aru:tan‘ — |=.r°.1
k &)

Hence

1 v g 1 (T
—aru:tan‘ —‘= 2£+ aru:tan|—
k \ A i k s

Atthe méxiﬁlum height v=10 and { =T 4+———

0= —%T+larctan ‘ E
ki i

k [0 :
Ti= —arctan| s | as required
g \ & )

© Pearson Education Ltd 2C
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When F reaches its maximum
height abowe the ground its velocity
12 0.
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Exercise A, Question 45

Question:

Attime =0 aparticle of mass me falls from rest at the point 4 which 15 at a height &
above a horizontal plane. The particle is subject to a resistance of magnitude min®,

where v 1s the speed of the particle at tune £ and & 15 a positive constant. The particle
strilces the plane with speed

Show that kF* = g(1—e™28y, [E]
Solution:
f A
f mky
h
v mg
Rl E;Ez_n_’,f——’ The displacement x is measured from A In this question, the
. v | weight ofthe particle is in the direction of x increasing. In
mg —mkv' = ma = mva the equation of motion, the term representing the weight,
Mg, is positive.
ﬁég_ ;éz/kvg = vﬂ The resistance acts in the direction of & decreasing and, in
dx the equation of motion, the term representing the resistance
15 negative.
Separating the variables

Vv
j Sl dv = Jl dx  «——— If you multiply both sides of this equation by —2k ,
£ : on the left hand side, the numerator of the fraction,
Muluply throughout by —2k —2/v .13 the differential of the denominater,

J _2z2 dy = J_ o dx g —b? and you can integrate using the formula
g— i
£(x)
dx=Inf(x).
In(g—i? )= —20x+4 Jf(x) nf(x)
B
_ 2
=5He + et where A is an arbitrary constant, 1s
At x=0,v=10 another arbitrary constant, 5.
g=58e"=8
Hence
- ot = - 2
=g {1— e m}
At x=hv=F

=g (1 — g R ) as required

© Pearson Education Ltd 2C
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Exercise A, Question 46

Question:

L particle of mass w2 12 projected vertically upwards with speed U7 It iz subject to air
resistance of magnitude mekv®, where v is its speed and k is a positive constant,

a

=how that the greatest height of the particle above its point of projection 1z

| ki
—Iln [l +—] )

S z
b Find an expression for the total work done against air resistance during the upward
tnotion [E]
Solution:

PhysicsAndMathsTutor.com
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i Az the patticle iz moving upwards, the
1 resistance, mkv®, opposes the motion and
acts downwards.
R(lY F =ma
5 dv
—g — byt = ma = ”’“’E *+— When resistance is a function of welocity and
4 the question asks about a relation between
—pig — gl = W_V distance and velocity, you usually use the
dx ch
formula a=v—.
separating the variables
> g, b
2+ Y= +— If wou multiply both sides of this equation by

¥ 2k, on the left hand side, the numerator of the
Multiply throughout by 2% fran:tmr.l, 2kv, 1z the ciifferentml ofthe

* oh denominator, g +kv° , and vou can integrate

jng = JEkdx . e

JET uzing the formula - dx=Inf(x)

In (g +& ) = ~2x+ 4 (%
At x=0v=07
In (g +kT72 )= A
Hence

In (g +kv' )= —2kx +1n (g +AU*)
The particle reaches its mazimum height when v=10.

Ing=-2kx+ln (g +407%)

(g +&U°
2kx =In (g + &L }—lﬂ g=n g | Using the law of logarithimns

1

fa_‘l

772 1na—1nb=1n|—|.

x =—1n‘ 1+— |,as required b )
g |

b Work done = loss in energy

1 -
=_—mll* —mgx < _ I 1
P 5 The particle starts with kinetic energy EmUz
2%
= lm{ﬂ —mg /i1n| fid, kU | and, at its mazitnum height, has, relative to the
2 g | ground, potential energy mg < height above
1 : 2 the ground. The difference between these
= Em‘ e 1 | 1+ | ‘ energies 13 the work done by the resistance.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 47

Question:

A lorry of mass M1z mowing along a straight horizontal road The engine produces a
constant driving force of magnitude & The total resistance to motion 15 modelled as

having magnitude kv, where k is a constant, and v is the speed of the lorry.

Given that the lorry moves with constant speed

a showthat I = [%]

Given instead that the lorry starts from rest,

b show that the distance travelled by the lorry in attaining a speed IEV 15 %ln [%] :
[E]

Solution:

PhysicsAndMathsTutor.com
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the lorry 13 moving at a constant
¥, the acceleration of the lorry 15 0.

F-kl'=0 «—— When
fad speed
=
f's
'FF"-

V= AY | ¥ | as required 4+——— The velocity of the lorry is taken in the

b E{—) F=:ma
F—it= M(I:MVE
dx

separating the variables

direction of x increasing and you can
1gnore the possibility of a negative
square root.

¥

JF A

dv=Jldx — |
M

Multiply throughout by -2k

2y o [2%

: L dx
JF—i M

If wou multiply both sides of this equation by
—2ic, on the left hand side, the numerator of
the fraction, —24v , 1z the differential of the

denominator F — kv’ , and you can inte grate
£'()

()

uzing the formula J drx=Inf(x).

ln(F—kvz}=—%x+A
M
i{—kx = A-ln (F -i)
A x=0v=0

O=d-InF=A4=InF

Hence / Tsing the law ?fl?garithms
) . o
§x=lnF—1n(F—kv2}=ln| d = | lna—lnb—ln‘lgl.
M | F =it ] L2
M [ F
x= —1n| = |
2k F-kh"
When v = lV,v:’ =l{ﬂ _F
2 4 4% :
- — You use the expression for &7
M F \ A [ F fromparta
x=—In 7 ="1n =
ek | pope | 26 | 2F
4 | (7"
Mo

o —1n| %‘ as required

2k

© Pearson Education Ltd 2C
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Exercise A, Question 48

Question:

A train of mass 2 is moving along a straight horizontal railway line. At time ¢,

the train is moving with speed v and the resistance to motion has magnitude v, where

K1z a constant. The engine of the train

1z working at a constant rate P

a Show that, when v = Cl,mvl—v—I-ﬁ:v2 =F.

When 2 =0, the speed of the train is % [E]

b Find, in terms of a2 and &, the time taken for the train to double its initial speed. [E]

Solution:

power = force xvelocity

i

F=fp—F :E +— Aszthe velocity increases, the tractive
v force B decreases and, hence, the
E{—) F=suma acceleration will decrease.
F—iov =ma
F dv g 3 .
——fv=m— +— Multiply thiz equation throughout by
v de v and rearrange the result to obtain the
Pojnt = mvﬁ printed answer.
ot

mvjz—v +iv? =P, as recuired

b mvd—v=P—kv2
ot

separating the variables

1
F—iv b
Multiply throughout by -2k
J 2 = | E g

If you multiply both sides of this equation by
=2k, onthe left hand side, the numerator of
the fraction, —24&v | iz the differential of the

denominater, F—kv*®, and you can integrate

o e
ln(P—ﬁ:vz}=—§z+A
Lo
1 II.r Y .
When f—o,v—g \| |IEJ:H‘;I e

PhysicsAndMathsTutor.com

using the formula JE () dr=Inf(x).
£{x)

F

S
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[ Y BF
1n| P-Z | =.»El:w§1=1n| _|
T 90 4—— Youare askedto find an
In (P_’h’z }= _;3 1 | o expression for the time, so it 15
: ) sensible to rearrange this formula,
P ln‘ Sy |—1n (P .5':1)2\} making £ thE*t sub.ject of the .
2kl § 9 formula This will save you time
[{ P 4 later.
st -

=ﬁ{1n\r§"—1n[ﬂv—£‘1
%7 9] Y 5 )

m {ln‘f 8P "—1n|" SP"}

;T 1
The initial speed iz 3 A, | E| 50

double the initial speed 13 -

[ =
3\|k|

i

aF

r AN

= Eln ? __ln‘.__ §| ey Tsing the law of logarithms
9

© Pearson Education Ltd 2C
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1na—1nb=ln| % |
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Exercise A, Question 49

Question:

The engine of a car of mass 800 kg works at a constant rate of 32 kW, The car travels
along a straight horizontal road and the resistance to motion of the car is proportional
to the speed of the car. Attime £ seconds, £ =0, the car has a speed v :7! and when

¢=0,its speed is 10m 7.
a Show that 8001}% =32 000 — kv’ , where k is a positive constant.

Given that the limiting speed of the car iz 40m s, find
b the value of &,

¢ v interms ofz. [E]

Solution:

PhysicsAndMathsTutor.com
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vm s

o xm -

l 800g N

power = force xvelooity

2000 =Fy = F=

v

Let the resistance be Av, where & 15 a constant «—

Ei—) F =wma
F—i = 8004
22000 dv

32000 —hA =300v—
s
v

To uze the relation
/ power =force xvelocity , you must
29 000 convert 32 W to 22 000 W

kv =0800—
¥ di\
e

Az the resistance 15 proportional
to the velocity, vou can let the
resistance = kv, where & is the
constant of proportionality.

Tou multiply this equation
throughout by v,

SomaE =32 000—kv*, as required

b When E=|3,v=*4|3l -
ds

0 =32000-k=x1600

c 8001}% = 32000 - 20v*

separating the variables

&dv = |14
32 000 — 20y

//

_90 ¢d~u = |14
32 000 — 200

—201n(32 000 —20v*) =+ A

In(32 000 —20v") = s + A, where 8 = —iA
20 20

I3
32000—200 =e Wef=C"¢
20h° = 32000
TWhen £=0,v =10
2000 = 32 000— ' = ' =30 000
3
2004 = 32 000—30 000 2

H

¥ =1600-1500e @

© Pearson Education Ltd 2C
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Atthe limiting, or terminal, speed the
speed of the car does not increase, so the
acceleration 15 zero. This enables you to
evaluate the constant of proportionality.

Page2 of 3

Lo
jf(v} dv=InF{O0+4 and

800 =—20 x40, vou adjust the

written down,

di(zz 000 — 20v%) = —40v . Using
e

constants so that the integral can justbe

3

0 B
N where O =¢
1

)

*— You use the mnitial conditions to

find the arbitrary constant. Tou
can choose at which stage you do
this. In this solution, you could
hawe found the constant earlier
and evaluated A or B instead of O




Heinemann Solutionbank: Mechanics 4 Page3 of 3

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Pagel of 2

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 50

Question:

A ocar of mass Mg iz driven by an engine working at a constant power R watts,

where & and I7 are positive constants. When the speed of the caris vm s, the
2
resistance to motion 15 ey newtons.

a Show that the acceleration of the car, @ m %, when its speed is vim a7l s given
by R(I7P =)= MU .
b Hence show that the distance, in m, travelled by the car as it increases its speed

2 35 a3
M7 ln[U 1] ]

[E]

B P} :
from s me™ to syms () <uy, <01z . .
3R 0% —u,

Solution:

PhysicsAndMathsTutor.com
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power = force xvelocity

R
¥
E{—) F =wma
2
F—% = Ma
BRI B
222
v K

hultiply throughout by Iy

Page2 of 2

RUP-RV = MU'wa
A (U3 —v }= MUPva, as required

The question asks for the distance
travelled as the speed increases. Time
does not come into the question directly

; e
go you must use the relation @ =v—.

fodw d
b R(P- 3)=MU2v|v—v = MU E
| dx ) dx
Separating the variables
2
Y _a=|-E i
07— MU dv

{U3 - )= —3v* | z0 multiplying both sides of the

Multiply throughout by —3 «—— equatien by —3 gives, onthe left hand side, a fraction

— Tyt R
j ﬁd"=‘3j w

in which the numerator 15 the differential of the
denominator which gives a log integral.

Integrating both sides using the limits v=1u

and v=u,, and the limits x=0 and x=z

[ 1n(z? —VB]I]: = —%[,ﬂ;

(T —ud) —In(0* -2y = - ;;2 s
2
5= Mg [1n(U3 — 1) —1n(T* —ui)]
Ml;rﬂ i U3 e WY
= 1n| 5 13 |,as required
3R | L7~y |

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

*+— Tlzing limits i sometimes a convenient way of

avoiding evaluating the constant of integration.
On the left hand side, v increases from s to wy.
iCn the right hand side, ¥ou take x as increasing
from 0 to s & will then represent the distance
travelled by the car as the speed increases from
tiy to gy
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Exercise A, Question 51

Question:

Aocar of mass 780 kg is moving along a straight horizontal road with the engine of the
car working at 21 kW, The total resistance to the motion of the car 1z (200w 410001,

where vm 57! is the speed of the car at time ¢ seconds.

a Show that 39vj£—v ={30—v)354v).

b Find an expression for the time taken for the car to accelerate from 15m 57 to

Fms? [E]

Solution:

PhysicsAndMathsTutor.com
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vims!

(20v + 100) N

rm
l?ang N
power = force xvelocity
21000 = Fv= F= 2000
W

E(—) F =pwnm
F—(20v+100) = ?80%

A, —20v=100 = ?BU%

v
Divide throughout by 20

1050

¥
Multiply throughout by v

1050—v* =5 = 39»3
d

—v—5=39E
de

391)& =1050—Fv—v*
dt

391}% = (30 —v (35 +v), as required

b Separating the variables
Ldv: 1de
{30 —w)(35 +v)
3% A B
Let = +
(30—3(35+4v)  30-w 354w
30w = AGES+HvVI+ (B30 -

Let v+— 30
39 x30 = Ax65

P 39/30218

Let v — —35

30 x—35= 8 x63

39%-35
65

—21

PhysicsAndMathsTutor.com

-— |

The relation

power =force xwelocity , which iz
patt of the M2 specification, lets
you express the tractive force in
tertnz of the velocity. To usge this
relation you must convert 21 KW to

21 000 W

—]|

3%
— wyou
(30 —v)354+w)
tnust break the expression up into
partial fractions. You may use
any method, including the cover-

up rule, to find the partial
fractions.

To integrate

Page2 of 3
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Hence

(18 21 )
j|._.30—v_35+ _,.|dv=j1d‘f'

~1810(30—v) - 21n(35+v) =¢+4

When t=0v=15 = You cantake v=15 as the
—18lnl15-21ns50=4 starting value of the velocity.
Hence

—181n (30 —v)-21ln (35+v)=¢—181n 15— 211n 50
¢ =181n15-1810(30— ) + 2110 50 — 211n(35 ++)

= 181 1 |+211a| 20 |
| 30— | L 35+
When v=1F
[ 15 3 50 %y 4—— The question specifies no form of
t=181n | o J+ 2]1n|._ T | the answer and there are many
' ' : possible alternative forms.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 52

Question:

A ratlway truck of mass 3000 kg maoves along a straight, horizontal railway line.

When its speed is vm 57", it experiences a total resistance to motion of

(2000 4+5v" )1 . A cable is attached to the truck, and the tension in the cable exerts a

constant tractive force of 6300 I on the trucl

a Find the time taken for the truck to accelerate from restto a speed of 20m g7
giving your answer in seconds to 3 significant figures.

When the speed of the truck is 20 m 57", the cable breaks.

b Find the time taken after the cable breaks for the truck to come to rest, giving your
answer in seconds to 3 significant fgures. [E]

Solution:

PhysicsAndMathsTutor.com
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vms!

(2000 + 5v*) N 6500 N
3000g N

Ei—) F =wma

6300 — (2000 + 5%y = 20002 *+— The tension in the cable is in the

4500 - 5v* = 3000 &
de

i
G900 —v? = 6UUE
ds

Sepatrating the variables

1
1d¢ = 600 v
900 —v

1 1 A

Le

direction of x increasing and the
resistance to motion acts in the
direction of x decreasing.

e 1 a1l
300—F (30— )(30+v)

must break the expression up into partial

To integrate

fractions. It 1s a common error to write

1
900 - 7

dv = 1n(900 —v*) |

B

30 —v)(E0 4+
1= AGE0+v)+ B30 —v)
Let v— 30
1

1=604d = 4= —
&0
Let v— —30
]=6DE‘:‘-B=L
&0

Hence

1dt = 600 | Lo |dv
| 60(30+v)  60(30—v) |

¢ =100n(30 +v) —In(30—v)+ 4 *+—]

z 101n|i§gj:\i|+ﬂ

When £=0v=0

0=101n|r%\|+44=ﬂ=0

Hence

PhysicsAndMathsTutor.com

t = = +
900—v*  (30—v)(30+v) 30—

304+

Page2 of 3

1
dv=In{30+v)+ .4 and
A0+

1
dv=—1n(30—v) + 8. Howewver,
30—y

constant of integration.

after integrating both, you need only add one




Heinemann Solutionbank: Mechanics 4

Page3 of 3

[ 30+
£=10n| —— |
L 30—v)
When v=20 1 There iz an exact answer here,
(204200 101n 5, but the conditions of the
e 10111‘ 2020 =10ln5=16.1 gquestion require ¥ou to give your
The time taken for .the truu:l'r_. te accelerate from restto a AR WELR el iR i ean B gHics:

speed of 20m s i 16.13(3 of)

b After the rope breaks
E(—) F =i

v

—2000—-35%* = 3000 ¥ +— After the cable breaks, the only force acting

horizontally on the truck iz the total resistance
acting in the direction of x decreasing.

=5

400+ = 600E
e

separating the variables

1 1
L ot B KRG
jzoﬂﬂﬁ Y jGDU

The prerequisites given in the specification
il o | s | il —i.ﬁ - for 14 require you to know that
20 | 20 ) &00 1 1 (%)
L 5 2'::lx=—a:f|:tan|—|.
a”+x i ey
When {=0v=20
lE;lru:tanl:B=;-_B=i-£=i . i
20 20 4 80 Tsing arctan1=—
Hence &
(v ) 1 n
—aru:tan| — |=——z +—
20 | 20} 00 B0
When v=10
. + 2 —— TTsing arctan 0=10.
&00 &0
e Fnne 2% Lo
a0 2

The time taken after the cable breals for the truck to come to rest iz 236 2 (2 2.£))

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Pagel of 3

Solutionbank M4
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 53

Question:

A particle F of mass # moves in a medium which produces a resistance of magnitude
mbov, where v is the speed of P and ¥ iz a constant. The particle P is projected vertically

upwards in thiz medium with speed g

: : In2
a Show that P comes instantaneously to rest after time ——

b Find, in terms of & and g, the greatest height above the point of projection reached
by F. [E]

Solution:

PhysicsAndMathsTutor.com
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1- l
1 h
mg || mkv
X

I |

R(T) F =ma
—mg — kv = ma Both the weight of the particle (meg) and the
v resistance (pedoe) act in the direction of x
— g — piov = WE decreasing and so the both these terms are
Separdibgihesvariabics negative in the equation of motion

1
jldi=—j d
g +hv

1 PISERI e A '
t=——In(g+iv)+ 4 Ag f ) dr=Inf(x),ignoring the atbitrary
k fixy
_ _E
When I—U,v—E constant, j £ dv=In{g +&v). 5o
g +iv
1, f g 1 1 1
0=—-1 kx=|+A=A=—In2 dv=—1 +hh.
kn|l-.g+ k__.‘-'- = kn b4 jghf:v v kﬂ(g )
Hence
t = ]1n2 —11n( +£:v]|—1(1n2 —In{g + &)
s E T g T g g
=l]_n| zg L : "'a\
kol gtiv) Using 1na—1nb=1n|g|.
When w=10

Fi lln | Z_g | =E, as recuired
klg) k

PhysicsAndMathsTutor.com
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b E(T) F=umn

—mg — iy =

_%_WZWE‘—-_-— dy
dx

Inpart a, where yvou are asked for a timne, you use a = T

Separatingiheryariables In patrt b, where vou are asked for a distance, you use
v
—|1dx= dv e 4V
j j gty T

fape B sogns O
g+hkv g +iv T
Multiply throughout by g + i

I the fraction . the degree of the numerator iz

g thv
v=A(g +b+ 8 equal to the degree of the denominator, so, before
Equating coefficients of v integrating, you must reduce the improper fraction to a

ey e proper one. ¥ ou can use any method to do this.

Equating constant coefficients

O=dg+B—=B=—gd=-%

k
Hence
< 1 Asi 1t
j J|k k(gm:l oL ]
g j dv=—In{g +&).
-x —Ev— —lnlg +bs +T g +hv &

When J'r=0,v=E
k

e Do B _ £ g

Hence

_ 1. .z B B
x——Ev+k—21n{g+ﬁ:v}rk—2---k—21n2g

Let the greatest height above the point of projection reached by Phe k.

When x=hv=0 «+— Atthe greatest height the velocity of P iz 0.

g g g
k—zlng+k—2—k—21n25

g L L)

==—-—=(ndg-lngl==—-=In| — £,
&k i 2| Usinglna—-lnb=1n|%|.
=§(1—1n2) =

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 54

Question:

A particle of mass s mowes under gravity down a line of greatest slope of a smooth
plane inclined at an angle o to the horizontal %When the speed of the particle 1z v the
resistance to motion of the particle 1z s, where & 15 a positive constant.

£n

a Show that the limiting speed o of the particle iz given by ¢ =
The particle starts from rest

b Show that the time T taken to reach the speed of 15::: iz given by T = éln 2.

¢ Find, in terms of ¢ and &, the distance travelled by the particle in attaining the speed

1
of —¢. E
5 [E]

Solution:

PhysicsAndMathsTutor.com
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.r)"'/f mkv

l mg

E(, 7 F =iua

: The component of the weight acts
g sin of — pakoy = s «— | 2 S
down the plane and the resistance

Dividing throughout by ae acts up the plane.
gen—ikv=a D

Atthe limiting speed e, @ =0 4——— The limiting speed cannot be exceeded so,

gsino— ke =0 at the limiting speed, the acceleration is 0
Hence
it X :
o =EH0 , as required
b Fromparta, geano=ir « Eeplacing gsino by ke simplifies
Equation @ in part a can be written as the algebra considerably.
e —hv=a @

o T 4
ds To find a time, you use a= Ev In part ¢,

weparating the variables

1 vou are asked for distance and there you will
Jkdr.:J de usea—vdv
c—v e

=-lnf{c—v A4

TWhen f=0,v=10
D=-lnc+4d= A=lnc

H =lnc—In (C_vjzln‘ c—v‘

£ =T |

k

1
=—1n 2, as required
I

PhysicsAndMathsTutor.com
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i e j .
© Writing @ = va equation @ in part b becomes

&:e:‘pisvvE
dx

weparating the variables

1z an improper fraction and, before

c—v
integrating, yvou must express it as a constant
+ aproper fraction If preferred, vou could
uze long division rather than the method
shown here,

J:% dr= J chv

Let =4+ -———
c—v c—v

Multiply throughout by = —v

v=Alc—-v )+ 5

Equating coefficients of »

l=-A= A=-1

Let v—¢

c=4

Hence

Js:dx J| -1+ ‘dv
i v

=—v—clnle— v)+D
At x=Cl,v—Cl
D=—lnc+D=D=clne

Hence

kx =clne —clnle—v)—v

—c(ln-: Infc—v))-v= cln|

bic =

x=£1n‘l = ‘—E

s c—v| k
“When v—lc

lc

r=—In Cl el

€= =C k
i 1\
—5|1n2——|
i\ 2

© Pearson Education Ltd 2C
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Using 1na-—1nb=ln‘{%ﬁ|.
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Review Exercise 1
Exercise A, Question 55

Question:

A particle of mass #2 15 falling vertically under gravity in a resisting medium. The
particle 1z released from rest. The speed v of the particle at a distance x from rest 1s

x
given by v* = Zig [1— £ 5"], where k iz a positive constant,
no?
a Show that the magnitude of the resistance 18 ——

The particle is projected upwards in the same medium with speed (fi2kg) .

b Show that the maximum height reached by the particle above the point of
projection 15 Aln 2.
¢ Find the time taken to reach the maximum height abowve the point of projection [E]

Solution:

PhysicsAndMathsTutor.com
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me

Let the resistance be &

E(L)F =ma
e
mg— R = i = mv—
R=mg—mvd—v o
dx

v2:2kg{1—e£] @

Differentiate @ with respectto x

You differentiate v* implicitly with
respect to x.

d (vg):i(vg)_ dv dv.

2‘9E=2ﬁcg/|llleE y
dx
dw E
v =ge 3
o g
From @
e B
l—e =t SeF=1-2 @ ]
2kg 2kg
Substituting @ inte &
dy () v
v—=g|1—— =g-—
dx | 2kg ) 2k

Substituting for vE into (@
dx
2

R=mg—mg qafth =£, as requited

2k

PhysicsAndMathsTutor.com

To complete thiz part, you use the

equation given in the question to
¥

obtain & * in terms of v,
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Before separating the variables, you need
to put the left hand side of the equation
over the comtmon denominator 2k

h — f
.l T
T h
mg || m?
A2
E(l) F=mn
—pg — : = g = mv—
2k
Diwviding throughout by
P v ” dv ’
2 2k dx
 Zkg4vt _ dv
2k dx

Separating the vanables ‘!/" A dimﬁ:g )=,

Jl dx = J - dv
2ing +v°

x=—kln (2kg +v* J+ A
At x = 0,v="(2kg)

AE

J 2 dv=In {2kg+vg]+aconstant.
2z +v*

0 = —kln (kg +2kg }+ A= A=kln (4hg) +——| hen 2= 0,v= 2k

Hence

= Y (s e Y

Az |

| 2kg +v°

Let the greatest height abowe the point of projection reached by the particle be 4.

Aox=hv=10

h=Ikln | ‘—kInZ as required

PhysicsAndMathsTutor.com
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Atthe greatest height, the welocity of the
particle 13 0

Page3 of 4
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¢ Fromparth

Divide by 2 and put the left hand side of

the equation over a common denominator,

2

2k
_2kg+v _ dv
2k d

Separating the variables

J‘1d£=—2£:'|‘#dv L el L
2kg+v2 / g I V—Earctan|l..g.!|+ .

2k

P =— _arc:tan‘ i . I‘+.-5'
V(zeg) | V(2ke) |
When £ =0,v="{(2kg )
__ 2k ‘ V(2kg )
=— arctan
Tekg) | V(kg)]
2k &
= arctan 1= —
V(2kg ) V(2kg ) 4

Hence

ﬁzili_mm"’;"‘]
T(2ke)| 4 T(ke)

Atthe maximum height, w=10
P {1—0}
kg )L 4

_ K Il' [k
2 V)

© Pearson Education Ltd 2C
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Here & =2kg, 50 a =" (2kg).
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Review Exercise 1
Exercise A, Question 56

Question:

& chip of mass e iz propelled in a straight line through the water by a propeller which
develops a constant force of magnitude & When the speed of the ship 15 v, the water
causes a drag of magnitude Av, where & is a constant, to act on the ship. The ship starts
from rest at time £=10.

a =how that the ship reaches half of its theoretical maxzimum speed of % when
mlnz
e

. : : 7 :
When the chip in moving with speed i an emergency occurs and the captain

reverses the engines zo that the propeller force, which remainz of magnitude &, acts
backwards.

on its original course,

b Show that the ship covers a further distance P:F—EE —In [g]
which may be assumed to remain unchanged, before being brought to rest.  [E]

Solution:

PhysicsAndMathsTutor.com
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Ei{— F=ma

F—kv=ma=md—v
ds

Sepatrating the variables

J]dﬁ=JFinkvdvﬁ - J ~

s=—§1n{ﬁ—kv]+ﬂ
When £t =0v=0
0=l FrAma=EBnF
i i

Hence

=§1nF—E1n{F—£wJ

dv=In (F —kv H+a constant,
F—lkv

1 1
dv=——In (¥ —kv J+a constant.
F—iv k

i
P
i= | |
i =l ]
When v = £ « The limiting (or terminal) velocity iz, in this
: cage, the theoretical maximum speed of the
- 7 s | am | ship. It iz given by substituting &« =0 into
t=—In I = _ _ F _
& F_jF & jF F—Jov=pum  which gives v=;.lnthis
_mln 2 e gquestion, you are not asked to prove this result
W S S LEALE but wou should knew how to prove it Half of
b —F —dv=ma= WE the theoretical masmimum speed i3 i
dx 2k
separating the variables
v 2
_jl dx = MJF il dv The force developed by the propeller i3 now
reversed, so you change the sign of 7 in the
_m TR P kit 4y | Eavation of motion you found in part a.
k) F4+h i F 4o

PhysicsAndMathsTutor.com

1z an impropet fraction and must be
F kv

transformed into an expression invelving a proper

fraction before integration. You may use any
appropriate method to do this,
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[k | F+— | |+B
k 2% &
B _£| l—l | 24 | | +——— | The algebra here 1z complicated and it 15
K & wotth taking the factor @2 outside the
Hence k

i | |"
=ﬁ 1 —ln‘ E }—E{v—iln (7 +kv}} bracket as both this and ln‘ i | appear in
i \ ok i

7 2
L1 WAL S ' ' the printed answer, Always keep in tind
= ’ ’ what you are aiming for and try to worlk
x:ﬂ l—]_n| ﬁ | +£1n}? tOWardS 1t
dl2 2] &
mP[1 [ (3F) V| omR[1 (3R
= — ——‘ln —|—1nF | o=l ln —‘
B2 k2 J| A2 Ther|
mF[1 (3 :
= | —=In| = ||, asrequred
53]}

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 1

Question:

A particle P mowes in a straight line. Attime ¢ seconds ite displacement from a fized

point O on the line is x metres. The motion of F is modelled by the differential
2
edquation %-0—2%-0—23{: ldcos 2t —fain 2¢ .

“When £ =0_F 1z at rest at &
a Find, in terms of ¢, the displacement of P from O

. T
b Show that P comes to instantaneous rest when £ = — .

S — . T
¢ Find, in metres to 3 significant figures, the displacement of P from O when ¢ =—.

d Find the approzimate period of the motion for large values of 2. [E]

Solution:

PhysicsAndMathsTutor.com
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a

b

2
O o or=12c02—6sin
EP T

Auziliary equation: m® +2m+2=0 +—]

—24 (4—
mzjizﬁjﬂzqii

Complementary function is

An ezpression for x 18 needed.
Eefer to book FP2 Chapter 5 for
the method of solwing these
equations.

x=¢ (dcost +Being)

Let x=pros 2f +gsin 2 4+ Try this for a particular integrat.

X= —Zpsn 2f+2gcos e
= HAprosdt—dganii
S pros 2t —dgein 28

+ 2(—2pan & +2g cos 28) -
+ 2(pros 2 +gsin 2)

cos Z(—4p +dg +2p)

Substitute the expreszions for x, %

and x into the differential
=12cos 2 —fHsin 2F edquation.

+ein Zi{—dg —4p + 2q)
=1Z2cos 2E—6sin 2F

dp+dg+2p =12 ]

Equate coefficients of cos 2¢...

—2p+dg =12 @
~dg—dp+2g=-6&

Ap—-2¢=-6 +— . and of sin 2t
—Zp-—g=-3 @
5¢ =15 +— Solve D and @
g=3’p=|:|

cx=e (Acost+Bsing )+ 3sin 2

RS T S

TTze the initial conditions given in the

et S B SRR S gquestion to obtain values for A and B

£=0,2=0.0=B+6
B=-6

Sx=1sn 2 —6e tsing

f=fetsni—be T cost +oos 2

T T T T

£ =j,:f:=6 g tain——e tcos—+coos—

:I:I 4

T

o P rotnes to instantaneous test when £ =—

T T T

sin— =cos—cos— =10

PhysicsAndMathsTutor.com
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¢ x=3sin’—felsing

t=2 x=3sinl—ge isini
2 4
s T
._\2
=1.07(3:f)
d i—oe t[,arge values of £ needed, so let £ — oo,
x=3pin X |e’—>0 ag f —s oo

Soapprozimate period iz

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 2

Question:

Alggooo00g0ooogoggos

- 2m = 2m -

A particle P of mass 2 kg iz attached to the mid-point of a light elastic spring of
natural length 2 m and modulus of elasticity 4 M. One end A of the elastic spring is
attached to a fized point on a smooth horizental table. The spring is then stretched
until its length 15 4 m and its other end & 1z held at a point on the table where
AF=4m Attime :=00F i1z atrest onthe table at the point & where AD =2m, as

shown The end B iz now moved on the table in such a way that A0S remains a

straight line. Attime # seconds, A5 =4 +%sin dfim and AP =24+ x)m.

2
a Show that fif._f +dx =gzin 44

b Hence find the time when P first comes to instantaneous rest [F]

Solution:

PhysicsAndMathsTutor.com
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q A 2m 0 2m B
T 1
I i gl s
! p ! (2 sin &) m
f e B
Ty T
X A X
I =401+ %)

41+%an%—x]—4a+@ =5z

Zondi+d—dx—4—-dx=2x
x+dx=snds

By Hooke's law.
AF =24 x=extension=1+=x

Page2 of 3

By Hooke's law.

e
= 1+ Af —
[ 5 s5in x]

Af = {4 +%sin 45] = extension in P8

TTaing & =

Substitute for 7] and 7.

b Auxiliary equation: m® +4 =0
=12

—

Mow solve the differential
equation (refer to book FP2

s Complementary function: Chapter 3).
x=Aszin 2+ Bcos e
For particular integral, try
x= FPands
i=4Fcosd F=-16FPandi
c16Psindi+4Pandt =sindl «——— Substitute in the differential
—-12F =1 eruation.
Bt
12

sx = Asin 2+ Foos 25—%sin A

E=0x=0= F=10

o= 2Acos?i—%cos4ﬁ

£ =D,:k=0=:~0=2x21—%

PhysicsAndMathsTutor.com

+— Tlze the initial conditions given in

the question to obtain values for 4

and 5.
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When =10
1 1
0=2x—cos——cosdi
& 3

cosdf =cog

cAf =2+ 2m or 2m— 2

E=T or t=—
]
T

s Piirst comes to rest when ==

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 3

Question:

A light elastic spring has natural length 7 and modulus of elasticity demg. One end of
the spring 1s attached to a point A on a plane that 15 inclined to the horizontal at an

angle e, where tana= ; The other end of the spring iz attached to a patticle P of
tmass 2. The plane 15 rough and the coefficient of friction between F and the plane is
;—. The particle F iz held at a point B on the lane where B iz below 4 and A8 =7, with
the spring lying along a line of greatest slope of the plane, as shown, Attime £=10,

the patticle 15 projected up the plane towards A with speed % (gl) . At time £, the

compression of the spring 15 x.

2
a Show that %+4m2x=—g, where w= [%]
b Findx interms of ], w and £
¢ Find the distance that 7 travels up the plane before first coming to rest. [E]

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4

A = dme
3
tan o = —
4
: Ax  dmmgx
Hocke's law: T=—=
! !
4
E( L, plane}: R=mgrosa= Emg 4+—— The magnitude of the
£ of 5 frictional force must be
F=ui= 5 Emg = Emg «— | obtained.

Equation of motion:

—F-T-mgano =mi *+— x iz the compression in the spring,

o dmgx 3 o It iz measured from & and

_EME - ; —gmg = M increases as P travels up the
Agx plane.
r+—=-g
!

Let % =mw" -+ This 1z given in the question.
EE
dr_;: +dwtr=—g
where @= | £ |

2

b d_:r +doir=—g “ Mowr solve the differential equation

ot uzing the methods of book FP2
Auziliary equation: »* +4w’ =0 chapter 5.
m=121m

Complementary function:
x= Asin 2 + B cos 208
For the particular integral try

r=r
0+dw’p = —g
B TRl
do* 4 g
e
P=g

PhysicsAndMathsTutor.com
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s Complete solution i3

x= Asin 2o + Boos 2o —%

F=0,x=0 .‘.0:.-5’—i
4
e,
4
x = 2odcos 208 — 2008 sin 2o

1
t=0x=—\ (g
Eels (g!)

1
Vgl )= 2mA
5V (gh)=
1
= __ % j
Ao {gJ

1 ! 1
] (A, jz_f
T L

BE= %{sin 200 +oos 2oE—1)

€ = Em% (cos 200 — sin 2o ) +—

Atrest =10
cog 2008 = sin 2ol

tan 2o =1

2e0f =

TTze the expression for x obtained in b
with the known walues for A and 5

3
=
3]
=
e
=4

Il

I

F Y

You are finding the distance & travels
before it first comes to rest. The value
of £ 15 not needed explicitly.

Ftravel: a distance %{' 2-1 ] up the plane before first coming to rest.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 4

Question:

A particle P of mazs i suspended from a fized point by a light elastic spring. The
spring has natural length @ and modulus of elasticity 2mas"a , where w is a positive
constant. & time =10 the particle is projected vertically downwards with speed 7
from itz equilibrium position. The motion of the particle iz resisted by a force of

magnitude Zaane , where v is the speed of the particle. At time £, the displacement of P

dewnwards from its equilibrium position is x.
2

a Show that d—f+2wﬂ+2w2x= 0.
odf s

Given that the solution of this differential equation is x =™ (Acoswe + Bsinwi)
where A and B are constants,

b findAdand &

¢ Find an expression for the time at which P first comes to rest. [E]

Solution:

PhysicsAndMathsTutor.com
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o

"""""" i =a
e .
Bl & 2ma — A= 2mota
X
————— .'.. -— =
! p
-'!! r
mg
Hoole's law:
7 ,-‘_x _ 2t a (e+x)
! @
Fo=pun
dx &
mg—T — 2mo— = m—f
de ot
In equilibrium: The equilibrium tension 15 equal to the
2m-.-.}:‘ae / Wﬂight of F.
@
Dmntae  2motale +x) dx d*x
e —2 ) — = B—
a @ ot dt
& dx
—f =l omiy—Sm-L
2
d—;: + 2&1E+ 202 =10
ot de
b x=¢ “(Acoswi+Bsin k) «——— The general solution of the differential
i=0z=0=0=4 equation was given inthe question,
= = —we ? Bsin ok +me "B cos o
s
dx
t=0—=—=U
ot

sy —opppe

e
&

]

sAd=0and 8=

&|&

=0 when F iz at rest.

I
=
'y
& &

it
= 0 =—wwe ™ —(sin e — cosws )
e

LA (0F = cos(of
tan o =1
T

Fri= i
deo

. P first comes to rest when £ =——
deo

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 5

Question:

A light elastic string, of natural length 2a and modulus of elasticity g, has a particle
F of mass m attached to 1ts mid-point. One end of the string 1s attached to a fized point

A and the other end 1z attached to a fixed point & which 15 at a distance da vertically
below A.

a Show that P hangs in equilibrium at the point & where AX = %cx .

The particle F 1z held at a distance 3a vertically below 4 and 15 released from rest at
time i =0 "Whenthe speed of the particle 15 v, there 15 a resistance to motion of

magnitude 2wy, where k= [E] .
a

Attime 2 the particle 15 at a distance |%cx + x| from A

d*x

b Show that —+ 293:E +2kix=10.
i i

¢ Hence find x in terms of £, [E]

Solution:

PhysicsAndMathsTutor.com
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a ! = @  «——— Treatthe two halves of the string as
separate strings of natural length &

R(N) F=T +mg

Hoole' s law:

Ax  mge
T; = T = _g
a
mg
L= T{EQ —e) 4+ The combined extensions equal Za.
et E{&z -2 Hmg
a

e =D3a e=—a
AE=—ga = Eemember to add the natural length of
the upper “half’ string to the extension to
obtain the required answer,
| SRR s
B I
i
e="5 o _f]
- _t T
~=g | T
T 1m8 l
3 I3

Hoolke s law:

= E E.:z+x | < x 15 measured from the
a2 / equilibrium level
i 1 N
T,="8 _4—x |
i

Equation of motion:

mg( 1 ) _mg(3a ) dx _ d'x  2@g 3 dx
d* dx
dﬁ—§+2ka+2k2x =0 sincek’=%
@

PhysicsAndMathsTutor.com

d*x
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Equation of motion:

IJ ‘I IJ ‘I 2
AT, (W EYL . N
a2 a b2 i dz e a
& e
dﬁ—§+2ka+2k2x =it

el
¢ Auvziliary equation:
m’ +20n+2k =0
m=-kth
Complementary function:

x=e " (dcoskt+Bsinks)

i =U,x=lcz=‘a ﬁ=la

%=—ﬂ:& “(Acoske+ Bsinkt )
+e ™ (—kdsinkt +kB cos iz )
:=U,E=U
dt
= O =-kd+iE
B=A=la
2
gt =%ae * (cos kt +sinke)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

dx
T L
x mdﬁ o

d*x
a4
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Review Exercise 2
Exercise A, Question 6

Question:

A light spring PO iz fized at itz lower end 0 and 12 constrained to move in a vertical
line. At itz upper end P the spring is fixed to a small cup, of mass #e, which contains a
sugar lump of maszs #2. The spring has modulus of elasticity Bz and natural length 7

Criven that the compression of the spring 15 x at time ¢,
: 5 : P aoedlar
a show that, while the sugar lump i in contact with the cup, —z—i-i =

i

: _ )
b (Given that the system is released from rest when x=— and ¢ =0, show that the

lump will lose contact with the cup when ¢ = 45 i : [E]

g

Solution:

PhysicsAndMathsTutor.com
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A=8mg

Hooke's law: T = fj_x = Brnégx

x4

Sz dew

de !
b Auvziliary equation

m2+4Tg=U |

Solwe the differential equation using the
methods of book FP2 chapter 5

m=i2i\/g
i

Complementary function:

x=Acos Eﬁﬁ ‘+Bsin 2\/%‘

Particular integral: try =&

r=0xz=0
K !
gj g 5
~x =Acos EJgﬁ ‘+Bsin E,Jgﬁ ‘+£
| { .. | ! | 4
A
4 4 2

E =2J§[—A3in 2\{%5‘+Bcos 2\{% ‘]

PhysicsAndMathsTutor.com
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< 4— The sugar lump and the cup mustbe
considered separately to find out when the
g * lump leaves the cup. Be sure that you can
T¢ ne 2 identify the forces on each
R+ mg
For sugar lump:
F = ma
mg—R=mx @
For cup:
mg+E-T = m¥
mg + R — Sih @
When E=10 + Thiz iz when the sugar lump loses
=g conttact with the cup.
g ai From @
8er_
i s =S
x =0 ™ From @
[ O IR :
x=—cos| 2, =% ‘+— +— Fromthe solution of the
2 { 4 differential equation
x=0 cos| 2|5 ‘=—l
W 2

! 3
T\F
fr=—l—
ER ¥4
T

. The sugar lump loses contact with the cup when t == [—
b4

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 7

Question:

A truck 1z towing a trailer of mass a2 along a straight horizontal road by means of a
tow-rope. The truck and trailer are modelled as particles and the tow-rope is modelled

as a light elastic string with modulus of elasticity demg and natural length % . Where &
s

1z a positive constant The effects of friction and air resistance on the trailer are
ignored. Initially the trailer ig at rest and the tow-rope is slack. The truck then
accelerates until the tow-rope is taut and thereafter the truck travels in a straight line
with constant speed z. At time £ after the tow-rope becomes taut, its extension 13 x, and
the trailer has mowed a distance ¥,

=how that, whilst the rope remains taut,

a y+x=ut,

b "% +4n*x =0,

¢ Hence show that the tow-rope goes slack when § = ;—n.

d Find the speed of the trailer when ¢ = %

e Find the value of ¢ when the trailer first collides with the truck. [F]

Solution:

PhysicsAndMathsTutor.com
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a I
—_—
: - . : A=dmg
[ F—eT ] [1_ ;_8
\ g I p T
R o | l e
| "= [ |
| |
: [
After ::sccmlds | -— Ul — : Draw diagrams to show the
[ T: T sttuation when the tow-rope
: [ 1 =1 = E i¢ first taut and the situation
| - Y ”ﬁ: B | ¢ seconds later.
E _ £ m . ’
Y+—+x="+u < TTze the diagrams to equate distances,
a w
y+x=ut

g g

y+—=+x==+ut * | Usethe diagrams to

M H
Y+x =ul

b For the trailer:

erquate distances.

T =mj @

Froma y+x=uf
yY+i=u
V+i=0 2

Hooke's law:

_Ax
{
4
T = dimgx x— = dmnx
g
From @ and @&:
T = g = —mii

ek = At
2
% +dniz =0

Tsing & = ma

¢ Auxiliary equation: m” +4x” =0

= t2in

Feneral solution:
x=Acos2nt + 5 5in 2ni

=0 x=0= A=0
Tow-rope slack when x=10

0 =Bsnini +——— Value of & not needed here.

sin 2pi =10
HE =1
ﬁ=_

2n

PhysicsAndMathsTutor.com
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d

£ =2ZnBcoslni

y=u—x

Sy =u-2nf COM

i=0y=0
senb=w
g
2m

LY S —ncos Snt
g:i P I]— il
= ¥ ul‘. cos = |

2

pouva) 3

Tow-rope slack when ¢ = 4+ Fromc.

25
P=u—ucosl = 2u

— 2u

Once rope is slack

4—— The speed of the trailer iz ¥, not x.

From differentiating v +x =
{done in ).

—

T

Closing speed = 2u —1 =1

Eelative distance travelled=£2*_— Tsze your knowledge of relative

motion for an efficient solution!

M
£
: s g
Time == —
I x
Total time (£) = —+-5- ¢ |

The time from the moment the
tow-rope becomes taut i3
required,

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 8

Question:

Seats on a coach rest on stabilizers to enable the seats to return to their initial positions
smoothly after the coach hits a bump inthe road. In a mathematical model of the
sttuation, the following assumptions are made: each stabilizer 15 a light elastic spring,
enclosed in a wiscous liguid and fixed in a vertical position; the spring exerts a force of
1.8 M for each cm by which it 15 extended or compressed, the seat, together with the
person sitting on it, constitute a particle M attached to the upper end of the spring

which is vertical, the lower end of the spring being fized; the wiscous liguid exerts a
resistance to the motion of P of magnitude 240v N when the speed of Pis vm 571

Given that the mass of F iz #2 kg, and the distance of P from its equilibrium position at
time £ seconds 15 x metres measured in a downwards direction,
: : : . d*x dx
a show that x satisfies the differential equation m? + 24UE +180x=10.
b Show that, when F 15 disturbed from its equilibrium position, the resulting motion
1z oscillatory when se = 80
A man 1s sitting on the seat when the coach hits a bump in the road, giving the seat
and initial upward speed of Um 57! The combined mass of the man and the seat is
80 kg
¢ Find and expression for x in terms of £,
d Find the greatest displacement of the man from hiz equilibrium position in the
subsequent motion [E]

Solution:

PhysicsAndMathsTutor.com
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When in equilibrium, T =g

Ecquilibrium compression = tn

= 18x100e =mg =
When xm below the equilibrivm lewvel,

T =138+ =100
=mg+18=x100x

F o=

g — T —240% = i

mg —mg —1.E8x100x —240% = pmaf

skt 2405+ 180x =0

]
3 240 % 11802 = 0
ds ds

b The motion 1z oscillatory if the auxiliary

equation has complexroots Le. 240° < 4m x180

2407

4 %180
m o= B0

o=

me = B0
2

2097 4 240% 41802 = 0
ds dt

2
4d—§+12E+9x=0
& dt

Auziliary equation: 4wt +12m+ 9= 0
(Zm+3P=0

i > {twice)

PhysicsAndMathsTutor.com

Ee careful about the units.
The tenzion f thrust 1z 1.3 17
for each cmm of extension or
COMpPression,

—|

How solve the differential

equation using the methods of
book FP2 Chapter 3.
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General solution:

3 3
x=(A+8¢)e 22+BE a*
i=0x=0=0=4
o
x=2FHie?
gt B
t=0i=-U=-U=3

N
nx=-—Lke ®

d Wlaximum displacement = x=10

3 3
;ozgmef—yef

3I.- 1
Ekzwgz—q=0
|27
5
£==
3
2 1
g e e
X :

_ _ _ .2
1.e. maximum displacement of the man 1z 3—
E

© Pearson Education Ltd 2C
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Solutionbank M4
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Review Exercise 2
Exercise A, Question 9

Question:

A particle F of mass #2 15 attached to the mid-point of a light elastic string, of natural
length 27 and modulus of elasticity 2mk?Z, where & is a positive constant. The ends
of the string are attached to points 4 and 5 on a smooth horizontal surface, where
AL =73L The particle 15 released from rest at the point C, where AC =21 and ACEH
15 a straight line. During the subsequent motion P experiences att resistance of
magnitude 2miy, where v 18 the speed of P At time f, AF=15L+=x

dix

a Show that —+ 2»3:E +ditr=10.
dt ot
b Find an expression, in terms of ¢, k and L, for the distance AP at time £, [E]

Solution:

PhysicsAndMathsTutor.com
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: 7 :p T
A ~—L—e—e———38 A= Zed L
I.:-"l;, | i |
! R
Hoolke's law:
Ax 2wt L0051 4 %)

= 2k (0.5 +7)
T, = 2mk* (0.5L - x)

F=wma
T, =T, — 2ok = it
Dwmek® (0.5L—x)— 2wk (0.5L+x) — 2mbkit = miit

2
d—§+2£:E+4£:2x =0
d& d

b Auxiliary equation: m® +2en+4k° =0
2k (4K —16k* )

2
=~k ki3

M=

General solution:
x=¢ "(dcosk 3+ Bsink %)

£=0,x=lL=‘a A=l£.
2 2

F=—ke ®(dcoskV3A+Bsink N30+ e ¥ (—kV 34sink VX +kV 3B cos kb 3%)
f=0i=0=-KA+k" 38 =0

=
Il
iLh
[
+
-
F 9

Length AF 1z needed, not just x.

AP =15L+¢"| %Lcoskh 35+%smkn 3 |

Lt
243

AF =155+

(V3cosk W Ef4eink V3

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 10

Question:

A Lm B f'
HABAAAANAANAR A »
. LU U U U
xm - __I
- (L+03+ym

The diagratn shows a sketch of a machine component consisting of a long red A8 of
length &, m. The end A is attached to the circumference of a flywheel centre &, radius

0.2 m, which rotates with constant angular speed 10rad 51 The other end B is

attached to a ring constrained to mowve in a smooth horizontal tube. The length of the
rod 15 very much greater than the radius of the flywheel and it may be assumed that, at
time £ seconds, the distance x m, of B from O is given by the equation

x=L402c0s10%
Attached to B is a light spring BC of modulus 375 I and natural length 0.2 m, at the
other end of which is a patticle O of mage 0.5 kg which iz alzo constrained to mowve in
the tuke When 2 =0, the flywheel starts to rotate with B and C at rest and with the
spring BC unextended.
a Show that, if the distance OO = (L4034 y) m , then v satisfies the differential

2
equation fh—j-i- 20y ="5cos 10z

b Find an expression for v in terms of £, [E]

Solution:

PhysicsAndMathsTutor.com
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a -
B C
| | T |
_& | - $»
| —— | v
| X a4
L (L+03+y)

+—| Draw a diagram showing all the
information. Be particularly
careful about the lengths.

Length of spring = L+053+y—x

=L+034+y—(L+02c0os108)

=024+y—-02cos1l

~Exztension = y—02cos10f 4+—

Hoolke s law:

TTze the lengths in the diagram to
obtain an expression for the
extension

Ax 3215
T=——=""{v—02cos1k
i 0.3 o4 )

F=125y—-02coz108)
Consider particle O

F =ma
-7 =05y
055 ==125w+125x0.2cos 10k
Fo=-20y+20x02cos10¢

dg_y

?+25y = Scos 10

d Auziliary equation: s +25=0
=151
Complementary function:

Solve the differential equation
using the methods of book FP2
Chapter 5.

y=Acosd+Fsn

Particular integral:

try ¥ = prosllé +qsin 10z
¥ =—10panl10i+10gcos10¢
¥ =—=100pcos 10§ — 100 sin 10¢

S=100p cozl0: —100g sin 102 +25(peos 102+ 2in 102) = Scosllz

—opcoslli—Fogen 106 = Scos 106

=-Tip=5 p .

15
g =0
Complete solution:

¥ =Ac055i+Bsin5ﬁ—%n:oslU£"—“

f=0y=02—02=d— L
15

From a.
extension =y — 0. 2coz 10 and
when ¢ =0, extension = 0.

1 4

1

9.8 45
: . 1 .

¥ =—5Asm5£+5.8cos5r+ﬁsmlﬂz
t =0, y=0=0=35,E=0

L= icosﬂz—icoslﬂz
15 15

PhysicsAndMathsTutor.com
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Review Exercise 2
Exercise A, Question 11

Question:

L particle P of mass me kg can move on a stnooth horizontal takle. Tt iz attached to one
end A of an elastic string A8, whose natural length iz [ metres, and whose modulus of
elasticity is 10 #ik” newtons, where k is a positive constant. The string and particle

are lying in equilibrium on the table, with A8 =1 metres. At time £ =10, the end 5 of

the string is forced to move horizontally with speed P m s~ in the line of B4 and ina

direction away from . The end B 15 forced to maintain this constant speed throughout
the subsequent motion. As & moves, it experiences air resistance of magnitude

Py newtons, where vm s is the speed of F. After £ seconds, the distance of F from

its initial position 15 x metres.
By considering the extension of the string at time ¢,

2
a show that x satisfies the differential equation ?ii_f + 2}:% +10&%x=10&"07 .
b Find an expression for x in terms of ¢, &k and [F]

Solution:

PhysicsAndMathsTutor.com
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A =102 I

P Im s

I
B TN AP 2 .
- . — 2k X N

- -'l—h-l

Vms! xmo |

-
ims32
a Attime £

Bhas moved Fim
Fhas moved x m

clength A8 = (Fr+! —x)m

cextension = (FI—x)m
; Ax
Hocke'slaw T = T

¥i-x)

T =10mai?

T =10mk* (Vi-x)
For P F =ma

T — 2wk = max
100522 (F — x ) 2omde = e
dx dx

?+ 2;:E+10;c2x =107

b Auxiliary equation: m° +2ken+10k* = 0

2k (4E - 40kY) o]

2
mr = —k 3k
Complementary function:
x=e ®(Acos 3k + B sin 3k)

Particular integral: x=ai+h
=xi=axr=0

2k H10%2 (at +8) = 1058

TTze the methods ofbook FP2
chapter 3 to solve the differential
equation.

Sha+10k% =0 +——]

Equating constant terms,

P
10k*a _mw%

Equating coefficients of £

=ag=F

10k*h = -2k
=
T

PhysicsAndMathsTutor.com
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- Complete solution 1s
x=e ®(dcos 3k + Bsin 3&]+Vz—%

¢ =10, x=U=:~U=A—£
Sk
¥

Sk
x=—ek ™ (Acos 3+ Bsin k) +e ™ (—3kdsin 3k + 3kB cos 3z )+

t=0x=0= 0=—kd+3E8 +"

kB =V—E
5
gl
15k
- Eh ) P
sx=e | —cos3kt— —sin 3kt |+Pt——
| Sk 15k Sk

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 12

Question:

A particle P of mass e iz attached to one end A of a light elastic string A5, of natural

length ! and modulus of elasticity mlx® , where » is a constant. The string is lying at
rest on a smooth horizontal table, with A5 =17 Attime { =0, the end B 1z forced to

move with constant acceleration Fin the direction A5 away from A. After time £, the
distance of P from its initial position 15 v, and the extension of the string 15 x.

a By finding a relationship between x, v, fand £, show that, while the string remains
2

taut, l—i-ﬁ-nzx:f

b Hence express x and v as functions of £,

¢ Find the speed of 7 when the string iz at itz natural length for the first time in the
ensuing motion

d Show that the string never becomes slack. [F]

Solution:

PhysicsAndMathsTutor.com
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Ag——s B A= main®
m |
, A ¢ f _].’ g ¥ Draw diagrams showing the
! gl initial situation and the situation
—e+ J = f after time £.
a Attime z, distance moved by 5
[
=~ #
2
L
=length AB=7+ Eﬁ -V +— Tl:e the lengths in the diagram to

obtain the suggested relationship.

: 1
cextension = x=§j1‘.2 -y @D

Consider particle P 7 =
T =my @
From O

_ 2
W= Eﬁ X +— T will be a function of the extension, x,

y=fi— souse I to obtain ¥ interms of X,

F=s-%

Hooke™s law:

PhysicsAndMathsTutor.com
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b Auxiliary equation:  m® +x° =0
= tin4— Zolve the differential equation
Complementary function: uzing the methods of book FP2
Chapter 3.

x=Acosni+ Hsinsnt
Particular integral: try x=%
x=zxz=10
=uk=f
.
b
Complete solution 1s
x = Acosnt+Bsinnt +
s

J

t=0,x=0=0= A+
M

)
e
T =—HAnsnni+ Sncosnt

t=0,i=0=0==-F8», =0

ik =—igc-::usn.t+i2
# e
b
and ¥ =§fi ik

1
¥ =—ﬂ2+i2c:osnf.——2
# "

Extencion iz zero when the string

¢ rx=0=cosut=1 44—
ni=02m iz at itz natural length,
4
at start
o gient] i :
= X2 — o Xusinsul «——— i icthe rate of increase of the
o or f extension The speed of P iz 3.
t==— y=fFfx"—Zanlr
b n ox
2fn
3 =T
”
2fn

The speed of P iz
a

d extension =x=—"Fcosal + 5
b b

—l=cosa =1
= i 1- i) 1 ti
= x= 5 (1—cosat ) 15 never negative

.. string never becomes slack.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Pagel of 2

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 13

Question:

A particle P of mass 0.2 kg is attached to one end of a light elastic string of natural
length 0.6 m and modulus of elasticity 0.96 1. The other end of the string 15 fixed to a
point which 1z 0.6 m abowe the surface of a liquid. The particle 15 held on the surface
of the liquid, with the string wertical, and then released from rest. The hiquid exerts a
constant upward force on P of magnitude 1,458 N, and alzo aresistive force of
magnitude 1.2v M, when the speed of P 1z vm 57 Attime ¢ seconds, the distance
travelled down by F i3 x metres
. . . . x| L dx

a Show that, during the time when & iz mowing downwards, ?-l- GE +Ex=24
b Find x interms of ¢,
¢ Show that the particle continues to move down through the liquid throughout the

o tion. [E]

Solution:

PhysicsAndMathsTutor.com
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- P
148N 12N
2=096N "'I’“ T N
!=06m = —-=== uP—____ $
Fms—
Hooke's law: 0.2¢N
= Ax
i
7 =227 1 6x
F =wma
02g-16x—148—12F =0.2%
¥=98-8x-74

dx
+h—+Bx =24
A &

b Aumiliary equation:
m:+6m+8 =0
(mt+d)m+2) = 0
m==4 or m=-2
Complementary function:
x=Ae™ +Be ¥
Particular integral:
x=a
x=x=0
= Hx =24
a=1073
cx=Ae+Be¥+03
t=0x=0=0=4+8+03 @
F=—44e M -28: "
i=0ki=0=0=-44A-28
24=-8 @

=6 T g=98ms"

O0=A=24403 4—|
A=038=-0¢

Solve @ and @ simultaneously.

cx=03Y-06e¥+0.3

e F=-12eM412e¥
=172e ‘“(em 1)

g 51 foral (=0

4—— For P to move downwards throughout the

motion X must always be positive for

Sx = 0 threughout the motion (except for £ =0)
1.e, the particle continues to move down through the liguid throughout the motion,

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 14

Question:

A particle P of mass e iz attached to one end of a light elastic string, of natural length
a and modulus of elasticity 2mak®, where & is a positive constant. The other end of
the string is attached to a fizxed point A. At time =0, F 1z released from rest from a

point which iz a distance 2o vertically below 4. When P iz moving with speed v, the
ailr reziztance has magnitude 2meke. At time £, the extension of'the string 1z x.

2
a Show that, while the string is taut, % + 25:%-!— o b -3
Tou are given that the general solution of this differential equation is

x=e®(Csinkt +D cosh}l-l-z%i;. , where Cand 20 are constants,

b Find the value of " and the value of 2.
Azsuming that the string remains taut,
¢ find the value of f when F first comes to rest,

d showthat 2&%z < g(1+e"). [E]

Solution:

PhysicsAndMathsTutor.com
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N I =

A= Zmak?

.YI- o -T-+-2mk\'r

g * i

F =ma
mg — T — Zwdkx = mx
Hooke's law:

b x=eh(C’sinﬂa‘+Dcosh}+2—gzd———

i =U,x=a=‘:-cz=D+i2
2k
g
Y=
i=—ke " (Caink +Drooskt)
+ e (Cheoskt — Dicsin &t
i=0, #=0= 0=-D+i_
SE=

albi=t=nets
2k

c x=10
SeChsindd — Diccos i
+lhrcoslE—Dkan k=10
O=0D = sinig=0
=

__ i ,‘___

Ffirst comes to rest when £ = ;

PhysicsAndMathsTutor.com
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Given in the question

Avoid substituting for & and D
unless it becomes unavoidable.

Cnly the first non-zero walue is
required.

Page2 of 3



Heinemann Solutionbank: Mechanics 4 Page3 of 3

d When t=_
Ko=tig ,/J'__)cc:-sf+i2
2k
x= —De iz
2k
o T 2 T 3 :
rer =t |c1 —‘ 4— The expression for 2 must be
2k | gy
- - used now.
n g x
e = — (e +1l}a
5 1)
=l = E(ER +1\}:‘ 2ka +— String remains taut so x> 0.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 15

Question:

I-l L, metres h-I

JJ
|'l & Imetres n-.E'Jf‘-.':iﬁ-(‘:ﬁﬁiﬁ-.‘:ﬁ-.';i-.‘:-ﬂt--.';i‘ﬁ’ﬁi‘E
A

In a simple model of a shock absotber, a particle P of tnass s kg is attached to one end
of a light elastic horizontal spring. The other end of the spring is fized at A and the
motion of P takes place along a fized horizontal line through A, The spring has natural
length 7 metres and modulus of elasticity 2l newtons The whole system iz
immersed in a fluid which exerts a resistance on & of magnitude 3mv newtons, where
vin 57" is the speed of P at time ¢ seconds. The compression of the spring at time
seconds 15 x metres, as shown in the diagram.

2
a Show that d—f+3ﬁ+2x=0.
di di

Given that when t=0,x=2 and ?=—4,
£

b find x in terms of' £,
¢ =ketchthe graph of x against £,
d State, with areason, whether the model iz realistic, [E]

Solution:

PhysicsAndMathsTutor.com
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Imi P

I
I
I —
I
I
I

-

- T ) J'i., = ZmL

X

a Hooke's law:

o X
!
7= 2m£x=2mx
F=wmua:
=T —3mx = mx
mx+Zmmx+ES3mr =10
F435+2x =10
2
or d—§+3ﬁ+2x =1
di ds

b Auxiliary equation:

+— The spring iz compressed so it
exetts a thrust on F.

W+ Imt2 =10 -—

m+ 2 (m+1 =0
m=—1-2
General solution:
x=de 't +5e ™
=0 x=2=2=4+28 o
F=—Ae? - 25
i=0,i=-4 —-4=-A-28

How solve the differential equation using
the methods ofbook FP2. Chapter 5.

4=4+28 @
s2=FA=10 - Solving equations @ and &
= Da simultansously,
c oy
r
2 +— Eemetmber £ must be on the horizontal

0

d The model 15 not realistic as x=—4e
(x=—4e ™ is never zero.)

© Pearson Education Ltd 2C
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axiz and you only draw the part of the
curve for which £ =0

and o F iz always moving

Page2 of 2



Heinemann Solutionbank: Mechanics 4 Pagel of 3

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 16

Question:

A light elastic spring, of natural length @ and medulus of elasticity Smawe®, lies
unstretched along a straight line on a smooth horizontal plane. & particle of mass w2 is
attached to one end of the spring. Attime £ =10, the other end of the spring starts to
move with constant speed O7 along the line ofthe spring and away from the particle.
Az the particle moves along the plane it is subject to a resistance of magnitude 2paay
whetre v 15 its speed. At time £, the extension of the spring 18 x and the displacement of
the patticle from its initial position 13 » Show that

a x4+y=1Lk,
2
b SBgs, B
ot e
¢ Findxinterms of w, Uand £ [E]
Solution:

PhysicsAndMathsTutor.com
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- a _ Ml -
F=i— e Diraw a diagram to show clearly the
L 2moy T situation when =0 and at time £
t=r' . —
T G- A= S’
—— 1 ;=4
a a+li=y+atx

+— Tlze your diagram to establish the

= x+y=1Lk required equation connecting x and ¥

b Hooke's law:

A
{
T = Smacn® .
a
T =Sm’x
F o=mu
T —2pany = pgi
S’ x — 2may = ny
TTaing:
ALl 4+ Youneed to eliminate ¥ and ¥ from
A=t the equation of motion.
and F+i¥=10
LSt - 2ol — %) =%

F+2mx+50°x = 200/
2
or d_:r + 2mE +5wtx = 2ol
ds di

¢ Aumliary equation:

2 4 +—| MNow solwve the differential
e+ 2mo+omt =0

equation using the methods of

—201V (@e - 200°) book FP2 Chapter 5.
m jrres}
2

m=—wtim

Complementary function:
x=e " (Acos 2w¢ + Bsin 2wt )

Particular integral:

try x =k
F=5=0
5wk = 2elf
P
S

PhysicsAndMathsTutor.com
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Complete solution:

x =& (Adcos2e+ Fsin 2ok )+E

S
3 =Ux=[]=t~0=ﬂ+2U
5L'r}
207
sl =i
Do

% =—me " (Acos 20 + Bsin 200t )
+e ' (—2mdsin o + 2008 cosot )
(=0 y=0=x=U

S =—wA+ 2wl
77 = —m /|' L O
wlel]
28 =17 — E i
5
5=
10co
=i ot £sin 2ot —E cos 200 I+E
)] S ] S

© Pearson Education Ltd 2C
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When =0 Fis at rest and ¥ is
the speed of P
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Review Exercise 2
Exercise A, Question 17

Question:

ABCD iz arhombusz consisting of four freely jointed uniform rods, each of mass m and

length 2. The rhombus s freely suspended from A and iz prevented from collapsing

by two light springs, each of natural length @ and modulus of elasticity 2mg Cne

spring joins A and C and the other joins 5 and [, as shown in the diagram.

a Show that when AF makes an angle & with the dewnward vertical, the potential
energy ¥ ofthe system iz given by " =—8mgalsin f +2cos ) +constant

b Hence find the value of 8, in degrees to one decimal place, for which the system is
in equilibrium.

¢ Determine whether this position of equilibrium 15 stable or unstable. [E]

Solution:

PhysicsAndMathsTutor.com
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D

2a 2a

a length 80 = 2x2asind

i
~Energyin BD = lfi +— BD iz anelastic spring and zo the
2 elastic potential energy must be found.
=l.* g {4asinH—af
2 a
=mgal(dsin b —lf

length AT = 2x2acos

SEnergy in AT = mga (doos —1}g L E—

AC 1z an 1dentical elastic spring.
TTze the work done abovwe to write

down the EP.E.

CGrawvitational P.E. of rhombus

= dmg 2 2acosh 4

Tale A as the zero level as A 1=
fized.

= wmga (4sin B Uz +mga (4cos B _lf 4+— iz the sum of the potential

—Bmga cos B +constant

energies found abowve,
Including a ‘constant” removes

the need to specify a zero lewvel

V= mga (lﬁsin:" B—8sin @ +1+16c0s” H—BcosH+1)

—Brga cos B+ constant

V=mga(ls—3smb—-8cosl ) 4+—ri 1

—Zmaga cos  +constant

sn?B +eosfo=1

V= —mga (@ sin @ +16cos 6 )+ constant s———

Vo= —Bmge (sin 6+ 2cos B )+ constant

18mza can be absorbed into the
‘constant’

PhysicsAndMathsTutor.com
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4

b —= Emgalcost - 2sinb) +— Equilibrivtn occurs when I has a
d:’ maximumn of minimum value.
—=0=cost =2zinH
dg

1

tan H = —

6 = 966" Determine whether ¥ 1z
' MAXIMN of minimum when
44

¢ — = —vmgal—sinf—2cosd
o ga | )
2
%=8mga{sinH+2cosH}

=266

46
A4 P

When #=266,2" >0
de

2
f 1z acute so b 15 positive. There 15 no need to

2

evaluate — .
dd

= Equilibrium is stable o« |

F has a mimimum value when & = 26.6°
so equilibrium 1z stable.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 18

Question:

A non-uniform rod BT has mass ¢ and length 37 The centre of tmass of the rod 15 at
distance f from B The rod can turn freely about a fized smooth horizontal axzis through

£ Cne end of a light elastic string, of natural length / and modulus of elasticity E, 1z

attached to O The other end of the string 15 attached to a point & which 1z at a height
3l vertically above 5.
a Show that, while the string is stretched, the potential energy of the system is

mgl(cos® 8— cosf) + constant, where # is the angle between the string and the

: T T
downward vertical and —— =8 < — |

b Find the values of 8 for which the system 1s in equilibrium with the string
stretched. [E]

Solution:

PhysicsAndMathsTutor.com
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= 4
g s
4 &
3! natural length =/
B o
2
mg

length PO = 2x3 cosfl

a
EPE.in PC =14
5

1 mg
=_x—=(&fcosH -]
TR J

_ mgl Talke B as the zero level as 515 fized.
=—|@ cosh'—l)2 o
12 APBC 1z 1sosceles, so the angle between

GPE of rod = —mglcos 26

S %(36::032 6—12cosf +1)
—mgl cos 20+ constant
V= mgl (3cos?H—cosB+1)
—mgl (2 cos® O — l}+ constant
V=gl (3coszH—cosH—2c:oszH)
gl + gl +oconstant

=gl {’cosj f—cozf }+ constant

diF”

b —H=mg£{—2cosHsinH+sinH}

4

+— AFBC 15 1505celes.

BT and the downward vertical 13 28 .

The required answer does not contain
26, souse cos 28 ="2cos 6 —1to

change te cos® 6.

2wl can be abzorbed into the constant,

4— When the system is in
equilibrium, Fhas a mazimum or

— =0=snfB(-2cosB+1)=0 minimum value.

dd
sand =0 #=0
of ZcosH =1

T

cosf =

o] —

2

.. The walues of 8 are & and i%

© Pearson Education Ltd 2C
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o=+ +—]

Ife= i%JPBC 1z erquilateral, so the string has

length 3/ and iz stretched.
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Exercise A, Question 19

Question:

Solution:
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a PE of R=—"2mgacos 26 g

PE ;flE& hand mass 4+— Take the level of AR as the zero
= —Emg (:Ecz — 2asin (45 +6 }} lewel for P.E as AR 15 fized.

P E ofright hand mass
= —gmg (24— 2asin (45-8))

S = =N 2mgaco: 26

- gmgcz (2— 2sin (45+0))

= Emga (2— 2sin (45— 6 ) +constant *+— Including * + constant’ removes
2 the need to specify a zero lewel

Fr=—vZmgacoes 20 + Smgasin (4546 )
+3mgz sin (45— 8 )= 3miga — 3mga +constant

1 1 . 1 1
F=—"2mgacos 20 + 3mga GcosH+€smH+3cosH—GsmH +constant

'\

Expand sin (4540 ) and

1
=" H L e :

4 2eage cos 20 + Jmga <2 T cos B +constant s (a5 =@ andnbist —bmgs

V = 2mga [3cos 0— cos 20 |+constant into the constant.
i . : —

b —— =+ Zmga (—3sin 0+ 2sin 26 ) 4+ When the system 15 in
dd; equilibrium, Fhas a mazimum or
R P W T W minimum value.
46

sinB{decos-3)=10
sin@ =06 =10

| Tlze sin 20 =2sn Bcosd and
factorize.

3 { 33
orcostl = — H#=%rcos 1|—| .
4 \ 4| 4 Youcan give the exact answers or the

decimal equivalents (+0.723%).

PhysicsAndMathsTutor.com
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4%

(" S P,
d6°

= Zega (—3cos B +4cos 20)

cos = ; cos28 =2cos® B—1

= Z/E—l
16
1
8
a Fi %
i = Zmga| =3 /E+4 /l <0 . P
46 | 4 g )

~ounstable equiiibrium.

© Pearson Education Ltd 2C
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iz a mazimum, so equilibrium
15 unstable.
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Exercise A, Question 20

Question:

Four equal uniform rods each of length 2a and mass #2 are smoothly jointed to form a
thombus. This 1z used by a gardener to measure areas of lawn for treatment. When not
i usge it is stored resting on two stmooth pegs, which are at the same level and a

: 1 : : : . .
distance Ea apatt, with the rhombus in a vertical plane, as shown in the diagram.

Given that each of the rods make an angle & with the vertical,

a show that the potential energy of the system 15 mgacot @ —Bmgacosd 4o, where ¢
1z a constant.

b Hence find the walue of # when the system 1z in equilibrium. [F]

Solution:

PhysicsAndMathsTutor.com
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a AP=la: cotf #— The level of the pegs must be used to calculate the P.E. as
: this level 12 fized

DE of rod A8 = —mg[ aCos H—%a cot @ |
PE of rod BC = —mg[ ] cosH—%a cot & |

i ] 1 i
SPE of system = 2mgﬂ:| —cos H+Z cot@—3cos H+EcotH +constant

f 1 \
= 2mga| —4 cosH+§ cot ‘+constant

= mga cot 0 —Bmga cos B4 constant

di" . .
b — = —mmpacosec t + Bmga sin 6 4— "When the system 15 in
46 equilibrium, Fhas a mazimum of
ﬁ = (0= Zsin @ = cosec M minimum value.
da
. 1
Bsin Bl = —
sn” o
_ 1
sin @ ==
8
: 1
sinf ==
2
==
&

T

The system iz in equilibrium when 6 = e

© Pearson Education Ltd 2C
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Exercise A, Question 21

Question:

A ouniform rod A8 of mase 2a and length ie freely hinged about a horizontal axis
through A The end & iz attached to a light inextensible string of length &, 2a <b < ba,
which passes through a small, smooth ring at C. A particle P, of mass #, 15 attached to
the other end of the string and hangs freely. The point O s vertically abowe the point A
and AC =4a The angle CAF 1z denoted by 8, as shown in the diagram.

a Show that the total potential energy of the system 1z given by

2mgaicosf ++/ [5—dcos@] 4 k), where k is a constant.

b Find, in degrees to 1 decimal place, a value of #.0< 8 <150", for which the system
1z in equilibrinm, [E]

Solution:

PhysicsAndMathsTutor.com
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4a mg

a CEB = (4a” J+ (2a f —2x4ax2acos ) 4——— The length of C'5 is needed
CB* = 20a° —16a° cos 0 to obtain the length of C'/P.
OB =2av(5—4ces0)
AP =g _[g;._ga V(5-4 cosH}] +—— CF =total length of the string —CF
=b—-2aV(5—4ces8)

~PE of P =mg (4.;1—[5;- —2a v (5-4cos H)]}
PE of rod = 2mgacostl -

Tzing the level of A as the zero
SPE. of system = dwmga —mgh +2mga V(-4 oozl ) lewel for P.E as A 1z fized.

+2mga cos B +constant

= Zmga {:c:osH+ V[E-dcose I)+constant ‘1\
Abhsorh dmga —mgh

/ ; into the constant

A
h = 2mg¢z| cos B+ (5—dcos 6)2 |+|:0nstant

.f 1 \
ﬁ = 2mgcz| —sinH+l{5—4|:os &) T wdsin O | +— When the system i in
46 2 equilibrium Fhas a mazimum or
di . 2sinf minimum value.
== -snf+— =
dé W{S—dcezd)
sin d 1—# ‘ =10
| Vi>—4coe:z8))
sin = O—nosolution in range 0= 8 < 180°
2 —
V(G—4cosd)
2 =V(O—4coesh)
4 =5-4dcost
deosfl =1
cosH el
g =7552 1 Ouly one value of 8 1z required.
.8 =757

The system 15 in equilibrium when 8 =755

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 22

Question:

A uniform rod PO has mass 2 and length 28 A smooth light ring is fized to the end P
of the rod. Thiz ring is threaded on to a fized horizontal smoaoth straight wire, A
second small smooth light ring & 15 threaded on to the wire and 15 attached by a light

elastic string, of natural length J and medulus of elasticity kg, to the end & of the rod,
where & 15 a constant.

a Show that, when the rod PO makes an angle & with the vertical, where 0 =8 < g

and O is vertically below &, asz shown in the diagram, the potential energy of the
system is magl] 2k cos” 0 — (2k +1)cos 8]+ constant .

Given that there 15 a position of equilibrium with 8 =0,

b show that &= % [E]

Solution:

PhysicsAndMathsTutor.com
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A = kmg
a length RD = 2icozf
12
EPE =
2
1 o
=§.« jg{?.;’l:-:nsh'—ai'J2
= @{21305 H—lf
2
G PE of rod = —mglcosl #——

dongl
Total P.E. of the system = Tg {4 cos 0 —4cos H+1}

—mgl cos B+ constant

Talze lewel of the wire as the zero
level since this 15 fized

= gl (Ekcosg f—2kcos @—cos H}

Izl
+T + constant

= migi (2»3513052 B—(2k+1)ces H}

+constant

Page2 of 3

/ Absorh E:e?;gf ifto the

cohstant.

b Vo= mgl (Ek cost H—(2k+]]cosH)+ constant
ﬁ = mgl [—45:::05 Hein B+(2% +1)sin H| +— "When the system i in
do equilibrium, Fhas a
L 0= sin B[4k cos B+(2k+11|=0 e AR S
dd value.
sinf@= 0 HB=0naotapplicable
o 2+ \
SRR A Cutzide the given range
Uﬂ:H*-_iii:vlbcosHEl -— | il . .
3 o TTze the condition on 6 given in
Sk +1 the guestion.
i = 1
4k
2k+1 = 4k
1= 2k
k= l
2
2k+1 1
atd =2 = +—| Check that the other inequality
4k 2 doez not give rise to any problem.
2k+12 2k
always true for any &
ksl
2

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 23

Question:

fa
Ny

Jja

B

e ——,
A

A uniform rod AF, of length 2a and mass B, 13 free to rotate in a vertical plane about
a fized smooth horizontal axis through 4. One end of a light elastic string, of natural

length @ and modulus of elasticity %mg, 1z fized to 5 The other end of the string 15

attached to a small ring which is free to slide on a smooth straight horizontal wire
which 15 fized in the same vertical plane as A5 at a height Ya vertically above A The
rod A5 malkes an angle @ with the upward vertical at A, as shown in the diagram.

a Show that the potential energy I ofthe system is given by

= 83;3?35.:3{13-::52 #—coz @) 4 constant

b Hence find the values of 8, 0< 8 <<, for which the system 15 1n equilibrium.
¢ Determine the nature of these positions of equilibrinm. [E]

Solution:

PhysicsAndMathsTutor.com
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— s
Il Il
Bouh] I

Ta

Smg

a length of string = 7o — 2acos 8

csextension = 6a—Zacosd

= 2a(3—-cos )
: ) ;
LR T
2 2 5 2
. 2
= gmgﬂ(B—cos iy
GPE of rod=Emgacost e 4

TTzing lewvel of A as zero level as 4

15 fimed.

~Total PE =Bmgacos 6 + %mga (3 6cos @ +cos® B) + constant

= %mgﬂ(?—tﬁcos B+ cos” @+5co0s &)

+ cotiatant /
8

Ahsorh gmga <9 into the

constant.

M= gmgcz(cosg f —cos ) +constant

b 3—z=8m€a{—2cosHsinH+sinH}4——
ﬂ =0= —Z2cozfanf+an =10
dd

sin B (1—2cozf)=10

sind =0 #=01

orcosfl = — H:i

2 E

dgV_Smga
46

di _ Bmga

H:I:I P e Y e
de 5

S F s maxitmum and equilibrium iz unstable
o i
4V /8mg¢z B

(—2 cos® B +2sin’ H+cosH}

=10

— b s R 0

2 4 5
S ounstable

s f P )
_r &V _ Smga _2,l+2,‘~_3| ol

3 d4¢° 5 4 L2 s 2

_Bmga 3¢
58 © 0

SoFies a minimum and the equilibrium is stable,

PhysicsAndMathsTutor.com

When the system is in
equilibrium, Fhas a mazimum or
minitnutn value,
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Review Exercise 2
Exercise A, Question 24

Question:

e 0

A uniform rod PO, of length 2a and mass w4, 15 free to rotate in a vertical plane about a
fized smooth horizontal axis through the end P, The end ' is attached to one end of a

light elastic string, of natural length & and modulus of elasticity % The other end

of the string iz attached to a fized point O, where OF 15 horizontal and OF =24 | as
shown in the diagram. ZOF0 1z denoted by 26

a Show that, when the string is taut, the potential energy of the system is

mga : :
— Zeos 26+ 3sin 28 4+ 2 sin @)+ constant .
V3 :

b Verify that there iz a position of equilibrium at 8 = %r

¢ Determine whether this iz a position of stable equilibrium. [E]

Solution:

PhysicsAndMathsTutor.com
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a length OO = 2x2g s & since AOPD 15 15oceles
cextension =aidsin 6 -1)

1Ax* 1 mg a’(@sinf-1)°

EPE =
5 ¢ Dona a
=82 (4 5in 9 -1)°
443

GPE of PO = —mgasin 26 +— Tsing the level of OF as the zero

tevel agthisis fxed
:.Tota1P.E.:;”_g§(1asin3H—ssinml) AR AR EURS RS

—mga sin 26 +constant

- mg; . sin® 6 ~2sin Whesngubin s vonsad) MEL | can be absorbed into the
43

constant.
mga : _
=i 3 [2(1-cos28) —2sin 6| . Use cos20=1-2sin" @ to remove
N .4 .
—wmga sin 26 +constant sin” & from the expression.

mga : - F—
=———[2cos 26 + 25 6+ 3sin 20
43 kg i ikl i can be absorbed into the

+ constant

constant.
dif  —mga :
]J Ez —il:—zlslﬂ 2H+2COSH+2 k) BCC'S 2H]1—— men the Sygtem j_s in
_ i equilibrium, Fhas a mazimum or
i g minmmum value.

ﬁ ~iTVHER —4sin£+2cos£+2% 3c05£
da W3 3 ) 3

i

- There 1z a position of equilibrium when 6 ==

PhysicsAndMathsTutor.com
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4
L T
46

7]

A

46

d*
d6°

= nes [—81:05 20 —2an H—4% 3an EHJ

3

= THER —8 cosi—Qsini—él 35111i
V3 3 & 3

e G g Lo gyl 280
V3 2 "3 2

—gd

Y 3

1 lpmage

[4-1-6]=

=0 50 F 13 a mintmum and equilibrium iz stable.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 25

Question:

Two uniform rods A8 and AC, each of mass 2me and length 27, are freely jointed at 4.
The mid-pointz of the rods are D and & respectively. & light inextensible string of
length = is fized to & and passzes round small, smooth light pulleys at Dand 4 A
patticle P of tnass me iz attached to the other end of the string and hangs vertically. The
points A, 5 and C' lie in the same wertical plane with B and ' on a smooth horizontal
surface. The angles PAR and PAC are each equal to 8 (8 =0, as shown in the
diagram.
a Find the length of AP in terms of 5, L and 8.
b Show that the potential energy ¥ ofthe system is given by

F=2mgli3cos 8+ ain )+ constant .
¢ Hence find the value of @ for which the system ig in equilibrium.
d Determine whether this position of equilibrium iz stable or unstable, [E]

Solution:

PhysicsAndMathsTutor.com
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a AP=s—(AD+DE)
=s—(L+2Lan0)

b V=2x2mg < Leost+mg (2L cos @ — AF + constant +— Using the level of B as
zero level as this is

V=dmglcosti+Zmglcosi—mg (s—L—2L2m 6 J+constant P
ized.

Fr=dmglcost+omgloos 0 +2mglsin 0 —mg (s — L Hconstant
V= 2mgl(3cos B +5in 0 Hconstant Wossmunes

—mg (5— L ) can be abserbed into

di : the constant.
¢ — =Zmgl{-3snf+cost)
di . 5 3
—=0=3anfl=rcosf WWhen the systerm is in
46 ecuilibrium, Fhas a mazimum or
1 TR
g minimum value.

~6=0322 (3s£)

43 :
d — =2Zmgl (—3cozf—and
a6 gl { )
d44 el -
9=0322=—<0 f 1z acute so cos @ = 0 and
t sin @ =0,

s s maximum and the equilibrinm 1z unstable.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Pagel of 2

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 26

Question:

B

& emooth wire A8, in the shape of a circle of radive », i fized in a vertical plane with A5
vertical A small smooth ring X of mass m 12 threaded on the wire and 15 connected by a
light inextenzible string to a particle & of mass # The length of the string is greater than
the diameter ofthe circle. The string paszses over a small smooth pulley which iz fized at

the highest point A of the wire and angle RAP =8 . as shown in the diagram.

a Show that the potential energy of the system is given by

2mgrcos f —cos 8) 4 constant.
b Hence determine the values of 8,8 =0, for which the system 1z in equilibrinm.
¢ Determine the stability of each position of equilibrium. [E]

Solution:

PhysicsAndMathsTutor.com
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mg radius = r
B

a length AR = 2rcos — | LARE=90" - angle in a semicircle

PE of F=—-mg(L—-2rcost) 4——— The length of the string is
where L is a constant constant - call it L.
PE of R=-mgARcos
= —mg x2rcos’ 0 <
S P.E. ofthe system
= —pmgl + Zmmgr cosf — 2emgr cos® 6+ constant

Take the level of A as the zero

level as A 15 fized

P . .
= Zmgr ('3'3'3 H—cos H)"‘ constant 4+——————— mgl is constant, so it can be
absorbed into the constant,

b V = 2mgr (cos 6 —cos” 6 )+ constant
ﬂ = Zmgr (—sin B+ Zcos Bsin 6 )4 When the system iz in
de equilibrium, Fhas a maxitmurn or
i—i =0=sint(2cos-1)=0 minimurn value.

sinf =0 6=0

T
orcosfl=— H=—
a

LX)

P 3 2
c F=2mgr(—cosﬁ—251n B+2cos H)

B

d°F
=0 —=2mer(-1+2)=0
T

> Mg a minimum and equilibrium 15 stable,

= Fiz a mazimum and equilibrium iz unstable,

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 27

Question:

& uniform rod A8 has mass # and length 2. One end 4 15 freely hinged to a fized

: : : : 1 :
point. One end of a light elastic string, of natural length & and modulus Emg, iz

attached to the other end & of the rod. The other end of the string i1z attached to a small
ring O which can move freely on a smooth horizontal wire fixed at a height of 3a
abowe A and in the vertical plane through A, as shown in the diagram.

a Explain why, when the system is in equilibrium, the elastic string 15 vertical
b Show that, when BC 15 vertical and the rod A8 makes an angle @ with the
dowmward vertical, the potential energy, ¥, ofthe system 1z given by

IV = mgalcos® 0+ cos ) + constant .
¢ Hence find the walues of 8, 0<8 <<, for which the system 15 1n equilibrium.

d Determine whether each position of equilibrium 1z stable or unstable. [F]

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4

Bl i=qa
mg -
A==
5 =y

a Wire 1z smooth, so the reaction from the wire
ot the ring iz wertical If the ring is in equilibrium
the tension in the string must be vertical as the
third force on the ring iz its weight.

b Length 50 =3a+2acoect

EDE ingc = 1A%
2 1

=l/l—|2a+2acosh‘l -«
2 2 oa

Extensionis 50 —a

2
= mga (1+cos )

G.PE of rod = —mgacos 8 +— Using level of A as the zero level
as A 1z fized

SV = mga (14 2c0s O+cos” 0)

—miga cos B+ constant

= miga (lcosg i+ cos 8]+ constant  «——|

Absorb mga into the constant.

4

¢ — =mgal(-Zcosfanb—zind) 4— TWhen the system ig in
de equilibrium, ¥ has a maximutn o

3_2 = 0= sin 6(2c0s 6 +1)=0 i ek
sinf =0 8=0,71
cosfl= —l a= E—T
3
& - 2
d — =mga[251n 6 —2cos” 0 —cosb )
d6 '
2
g=10 3—;—mga/ 3<0
=¥ 1z a maximum and equilibrium is unstable
2
fi=m j—;=mga #x=1=10
= 1z a maximum and equilibrium 18 unstablﬁ
o 4 V]
g=" i) (e Tl =
y e \ (2] )]
=mga‘lé—— ‘_3mga 0
ok

— ¥ is a minimum and equilibrium 1z stable.
© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 28

Question:

da §

A uniform rod A8, of mass s and length 2a, can rotate freely in a vertical plane about
afized smoocth horizontal axzis through A The fized point O iz vertically above A and

A =4da A light elastic string, of natural length 2a and modulus of elasticity émg .

joins Bto O The rod A8 makes an angle @ with the upward vertical at A, as shown in

the diagram.
a Show that the potential energy of the system is

—mgalcosf++ (5—4cos 8+ constant .
b Hence determine the wvalues of # for which the system 15 in equilibrium. [E]

Solution:

PhysicsAndMathsTutor.com
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(] BC: i =2a

B2 | o—

a length BC = \"[(4a)2 +(2af —2xdaxla cogH]"'—— Tse the cosine rule to obtain
B

= [2043 —16a% cos H]

=2a\ [5-4cos6]

SEPEqMn BT
1A% 1 _1mg : 1
= 53——?’5%[2@ {(5-4cos8)-2a
mgar. 2
= W = H -
2 [ Sl 1] Taking level of A az zers level
GPE of rod = mgacosf since A s fixed.

SPE of system = mgacosd +m+§a[{5 —droosf )2V (5-dcosh }+1J
+ constant

= mga|:cos H+§— 2ros =" (0—4cos H)+li|+constant

=iz o . - s
mga[n:osh'+ (5—4cos H)]+u:onstant Absorh mga 5 inte the constant.

1
b V=—mgcz{cosﬁ'+ (5—4cosH}5}+constant

1 .
ﬁ = —mga[— sin B +1{5 —dcosf) T xdsin H} 4——— When the system 15 1n
& 2 equilibrium, Fhas a mazimum of
dar minimumn value,
ETRE
= 5n 1—; =0
V(o—dcosh)
sin@ =0, 7
ViS—dcozt)
4 =5—-4cosf

cosf = l You may give the exact
4 / answer if accuracy has not
F, SO 1" &]:1.320 (3af) been specified.

The system 15 in equilibrium when 6 = 0.132° &

PhysicsAndMathsTutor.com
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Review Exercise 2
Exercise A, Question 29

Question:

A uniform rod A8, of mass s and length &, can rotate 1n a vertical plane about a
smooth hinge fized at 4 on a vertical wall. & point O on the wall is at a height &
vertically abowe 4. One end of an elastic string, of natural length & and modulus of

elasticity 2rmeg, 15 attached to O and the other end 15 attached to the end B of the rod, as
shown in the diagram.
a =how that, when the rod A5 malkes an angle 28,8 = 0, with the downward vertical,

and the string 1z taut, the potential energy, ¥, of the system 15 given by
= —%mga cos 20 +mga(2cos § — 132 + constant.

b Hence determine the walue of # for which the system is in equilibrium
¢ Determine whether this position of equilibrium 1s stable or unstable. [F]

Solution:

PhysicsAndMathsTutor.com
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B0 l=qa
A= Zmg

a  length B0 =Zacos @ 4———— AABC isisosceles with

e Bg
EDE.in BC =%’Tx G=F=n

. g

(Zacos H—af

1
2
=mga{2u:osH—])2

Ar-""ff,/ Teing level of A as the zere level

since A 15 fized

GPE of AR = —mg /%acos 24

= %mga cos 28 +mga (2oos B— 1f + constant

b ﬁ =2 lmgcz sin 20 + 2mga (Zoos 8 —1 )2 (—2sin 6 ) +——— When the system is in
do 2 equilibrium, ¥ has a
ﬁ =1 NAXULn of minimum
dtt value,

gin 260 —4sin B (2cosi-1) =0

ZainbBeos—4sn B(Zcost-1)=0
sinH(u:os 6-2(2cosB-1))=0
san B (2—3cos) =10
sin =0 #=0,7notapplicable == 8 =>0 andif 6=m,

268 =21 and the situation
15 the same as when =10

cos f =E
3

. Equilibrium occurs when

i i
H=rcos 1‘ E | =0.241 +— Youcan give the exact answer as
o accuracy 15 not specified.
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di ; : :
E = mgasn 20 —Bmgasin Hcos 0+ dmgasin 6

=mgal—3sn 260+4sin ) l . v
A2 simplify — to make the
— =mga(—fcos2B+dcoszd) do

46’ necessary differentiation easier.

cos =% cos2l=2cos® B-1

4
=2w—=—l
9
et
9
& { -1 2)
e —6x— +4xZ
T mgczlﬂ /9 /3;
10
= _‘:scl
Bmgcz

S aminimum and equilibrium is stable.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 30

Question:

J’J‘

|r-.' e

& emall ring B, of mass #, iz free to slide on a smooth wire in the shape of a circle
with radius & The wire iz fized in a vertical plane. & light inextensible string has one
end attached to £ and pasees over a small smooth pulley at P, where P iz one end of
the horizontal diameter of the wire. The other end of the string 15 attached to a mass
fzz (k<= 1) which hangs freely, as shown in the diagram PR makes an angle # with
the horizontal

a Show that the potential energy of the system, V, iz given by
F=pgaisin 20 + 2k cos &) 4 constant

Given that & = % :

< 8 < —  for which the

b find, in radians to 3 decimal places, the values of 8, —

ro |
ro |3

systetn ig in equilibrium,
¢ Determine whether each of the posttions of equilibrium 1z stable or unstable.  [E]

Solution:
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k mg
a AR =Z2asnf | ZARP=90" (/ insemicircle)
SR = ARcosd

= Zasin Hoosf
= @ sin 26

~PE of B =mgasin 2t 4 Using AF as zere level as this

PE of hanging mass lewel 15 fized.

= —kong (L—RF)

where L 13 the length of the string.

EF =Zacost
AV =mgasin 20 —leng (L — 2acos B 4+ constjy Abzorh — mg L into the constant.
F = mga (sin 20 + 2k cos 8 Hconstant
b il
2
= = mga(sin 20 + cos @) + constant
dF _ .
— =mga(loos 20 —san ) - TWhen the system 1z in
46 equilibrium, ¥ has a mazimum
ﬁz 0 2cos?0—sinf=0 of tinimum value,
44

2(1- 2sin® @) —sin @ =0
dsin B +sin6—2 =0

{4
P 124 {1+32)
2
14
sin @ =—1_ =
8
H =06348 .
or B =-=1.002%__.

. Equilibriuvm occurs when 6@ = 0635 or —1.00% (3 dp)

2
c %=mga (=40 26 —cost )
2
f=06348 3—;=mga “(—4.63..)=10
Fis a mazimum = Unstable equilibrivm when 6 = 0.635
2
f=-1.003 j—;=mga #3089 =10

Fiz a minimum = Stable equilibrium when 8 =—-1.003

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Page3 of 3

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Pagel of 3

Solutionbank M4
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 31

Question:

Four identical uniform rods, each of mass s and length 2a, are freely jointed to form a
thombuzs ABCL) The rhombus 15 suspended from A and 1z prevented from collapsing

by an elastic string which joins A to O, with S840 =28 0<68< %*rr, as shown in the

diagram. The natural length of the elastic string is 22 and its modulus of elasticity iz
dimg.
a  Show that the potential energy, ¥, of the system 15 given by
V= dmga[(2cosf —13* — 2cos 8] +constant .
b Hence find the non-zero value of @ for which the system is in equilibrium.
¢ Determine whether this position of equilibrium 15 stable or unstable. [E]

Solution:
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D B AC
A= dimg
2a 2a {524
C

a length AT =2x2acosd

y 2
o
51

zl/4mg

2 Z2a
= mga(dcos 6 — 2)°

(dacos —2a)*

G.P.E. of rods = —2xmgacos 6 +— Take 4 as zero level for P.E as 4

—2xmg x3acos 18 fized.

= —Bmgacos
V= —Bmgacos O +dmgal2cos 6 —1F +constant
= dimga [(2 cos @—1)* —2cos H] +constant

A" : : 5
— = g |2(2 cosH -1 =i{—2an ) +2sn B | 4+— When the system 1z in
o equilibrium, ¥ has a
ﬁ = fnazimum of minimum value.
dd

= —dain B (2cos -1 4 2ein b =0
25in B|1-2(2cos B8-1)| = 0

sin@=0 &= 0ot required answer) +—

of 1-dcosf+2=10

1 ,
0=<@==g butanon-zere value is
3

required (see question),
cosfl=—

SO =cos0.75 or 0.723(3s.£)

PhysicsAndMathsTutor.com
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c j—z=4mgaI—BsianosH+4sinH+25inH]
42 . .
— =dmga| —Bcos® @4+8sn” H+6cosd
cosH=E=‘,~ sinzH:l -
16 "
2
.‘.d—z=4mga sgsed g b agsd i@
46 16 16 4

= 1demga = 0 TTze 3 to ohtain the

Co s a minimum and equilibrium s stable. )
el value of sin“ 6.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 32

Question:

The diagram shows a uniform rod AF, of mass m and length da, resting on a smooth
fized sphere of radius & & light elastic string, of natural length @ and modulus of

elasticity gmg . has one end attached to the lowest point O of the sphere and the other
end attached to A The points A, B and C' lie in a vertical plane with ZFAC = 28,

T
where & < —.

Griven that AT iz always horizontal,
a show that the potential energy of the system iz

% (16zin 26 + 3 cot® 6 — & cotf) 4 constant,

b show that there 15 a value for 8 for which the system i3 in equilibrium such that
0.535<8=0.545,
¢ Determine whether this position of equilibrium is stable or unstable. [E]

Solution:
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PE. of rod = mg x2asin 26

\

length AT = acott

,-.".,2

A
A= 3m
{ =
l=a
4— Tlaing AT as the zero level as this

15 a fized horizontal level.

AT =AY and AD bisects L CAX

SEIDE S A
2 I
T (acot O—a)
=k /_mg =i S T
2 4 &
= 3”*'83“‘ (cot 8 —1)°
S Total PE
: Imga ]
= Zmgasin 260+ 2 (n:ot H—2|:otH+1}+c:onstant

= % (16sin 26 +3cot® B —fcot H}+ cotistant

Mg

Ahsorh gmga into the constant

b V=?(165in 26 +3cot? 6 — 6 cot @) +constant

j—z = % (32cos 26 — oot Boosec® + boosecB) +——— When the systern is in

0= 0535 equilibrium, ¥ has a mazimum
ar _n.z o of tninimum value,
2 =R o (0501.)<0
da 8

o lizio Pivesigatsthedlondtic Sileend

vestigate the sign of — atthe en

8 (0.299)5 0 _ o de
d ] points of the given interval

Change of sign = j—z =10 in the given

interval and so there 15 a position of equilibrium.

4

¢ AtO=102535

AtH=0545 —=10
da

Co s a minimum

= This position of equilibrium is stable

© Pearson Education Ltd 2C

— =
di”

There 15 no need to differentiate

. : 4
again as vou know the signs of 7

on either zide of the turning point.
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