Heinemann Solutionbank: Mechanics 2

Solutionbank M2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 1

Question:

Find the position of'the centre of mass of four particles of masses 1 kg, 4 kg, 3 kg and
2 kgplaced onthe x-amiz at the points (&, 00, (3, 0) (2, ) and (4, 0) respectively.

Solution:
(X6 +(d=x3N+ G+ 2x4) =x(1+4+3+2) | Use Sz, = o,
41246465 =10x ﬁ__._‘_‘___‘_‘_‘_‘_
22 =10% Simplify.
solve for X
Centre of mass iz at (3.2, 0], e

give both coordinates.
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Heinemann Solutionbank: Mechanics 2

Solutionbank M2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 2

Question:

Three maszes 1 kg, 2 kg and 3 kg, are placed at the points with coordinates (0, 23,
{0, 5y and {0, 1) respectively. Find the coordinates of (3, the centre of mass of the
three masses.

Solution:
(I 2+ 2= +3x D) =5 (1+2+3) — | Use Zogy, =y Zm,.
241043 =67
15 = 67 G Simplify.
25=y — ]

Solve for ¥

Centre of mass 13 at (0, 2.5). . o S

give both coordinates.
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Exercise A, Question 3

Question:

Three particles of mass 2 kg, 3 kg and 5 kg, are placed at the points (—1, 00, (—4,0)

and (3, 00 respectively. Find the coordinates of the centre of mass of the three
patticles.

Solution:

(2x—1) +(3x —4) +(5% 5) = T(2+ 3+5)
—24+—12425=10%

r

Use Zegx, = K20y,

r 3

11=10% Simplify.

11=%

F Y

Solve for X

Centre of mass 1z at (1.1, 1), o—

1ve both coordinates.
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Exercise A, Question 4

Question:

A lightrod PO oflength 4 m has particles of mass 1 kg, 2 kg and 3 kg attached to it at
the points 5, O and B respectively, where PR =2m  The centre of mass of the
loaded rod 15 at the point & Find the distance PG

Solution:
P 2m R m {.‘l .
- . i 1 Draw a diagram.
s o . The rod has no mass.
(1 0) + (3% 2+ (2x4) = T(1+3+2) A s e akeniasitheqotiginiand
0+6+8=6% ,\USE Lo 2y = X 2wg;
% =% Simplify.
o \
PG—EEm Solve for .
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Exercise A, Question 5

Question:

Three particles of mass 5 kg, 3 kg and m kg lie on the y-axis at the points (0, 43, {0, 2)
and (0, 3% respectively. The centre of mass of the system iz at the point (0, 4). Find the
value of a2

Solution:

+t—

(5% 4) + (3% 2) +(mx 5) = 4(5 +3 +m1)

Use iy, = VEm,.

20464 5m =324 E e N
Simplify

m=6 \

Solve for m.
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Edexcel AS and A Level Modular Mathematics
Exercise A, Question 6

Question:

A hightrod PO of length 2 m has particles of masses 0.4 kg and 0.6 kg fixed to 1t at
the points & and B respectively, where PR =0.5m . Find the mass of the particle

which must be fized at ( so that the centre of mass of the loaded rod is at its mid-

point.
Solution:
The rod, being light, has no
- 1 m - tmnass.
04 kg (L6 kg r i kg
’ : - . .
A T 0 % ad Draw a diagram showing all

the information.

7 15 the centre of mass.
Agzume the mass of the
particle required 15 m kg

Take F as the origin.

4— Use Zmyx, =T X

(0.4 3% 0) + (0.6 0.5) +(mex 2) = 1 (0.4 + 0.6 +520)
03+2m=10¢tm e e

=107 —

The mass of the particle 15 0.7 kg

Solve for m.
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Exercise A, Question 7

Question:

The centre of mass of four particles of masses 2wz, 2, i and Be, which are
positioned at the points {0, @), ({0, 23, (0,—1) and (0, 1) respectively, 15 the point &
Given that the coordinates of G are (0, 1), find the walue of 2.

Solution:

(Cmxa)+ (Gmx )+ (Tmx—1) +(Bmx 1) =1x (2m +3m+ T +Bri) 4 Use Ty, = 7w

2rae G — T 4B = 20 -+ Divide by 2.
2a+7 =20
— 6% “ Solve for a.
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Edexcel AS and A Level Modular Mathematics

Exercise A, Question 8

Question:

Particles of mass 3 kg, 2 kg and 1 kg lie on the y-axis at the points with coordinates
(0,=2Y, {0, 7 and {0, 4) respectively. Another particle of mass 6 kg 15 added to the
system so that the centre of mass of all four particles ig at the origin. Find the position
of thiz particle.

Solution:

Suppose the particle 15 placed at (0, 7).

Bx=Z+ @D+ (XN +Exy) = 0x(B3+2+14+6)  *+—— Use Zmy, = 7m,.

—64+1444+6y =0 - SO

Gy=—12 simplify.
y=-—2 @ — |

Solve for .

The particle must be placed at (0,—2). 4 Givabaih _
ive both coordinates.
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Exercise A, Question 9

Question:

Three patticles 4, B and C are placed along the x-axiz Particle 4 has mass 5 kg and is
at the point (2, 0). Particle B has mass w2 kg and is at the point (3, 0) and particle &
has mass #, kg and 1z at the peint (—2,0). The centre of mass ofthe three particles 15

at the point (1, ). Given that the total masz of the three particles 12 10 kg, find the
values of »2 and », .

Solution:
S+t =10 * Tse the total mass.
oty =5 (1)
(5% 20+ (o 23 4 (o x—2)  =1x10 | Use Zmx, =T Zmy, and my =10
104 3m —2m, =10 s Bt R S e
T —2m, =0 (2) simplify.
Adding (2) 4 2x (1) 2y + 2pe, =10
Swy =10 - Eliminate m, .
o =2 ¢ Solve for my.

wy =3 <—~________‘R_______‘_ﬁ
TTze (1)
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Edexcel AS and A Level Modular Mathematics

Exercise A, Question 10

Question:

Three patticles 4, B and C' have masses 4 kg, 1 kgand 5

kgrespectively. The particles

are placed on the line with equation 3w —4x =0 Particle 4 is at the origin, particle 5

iz at the point (3, 4) and particle C ig at the point (2, 12).
centre of mass of the three particles.

Solution:
vi L o y=4x
L 3
.3 SRR S R ——— . /_]\
// 5 kg
////
/f/
G
B -~
4
/’“-‘]ku
A 4 b
‘_///
A e
/‘ ] C ';
P 4 kg J
ABE JBRL47 =5
AC=yygt 128 =15

Find the coordinates of the

Draw a diagram
showing the
positions of the three
patticles.

*—___._____)_._._.—-—-——— We need the distances along

the line.

@ X0+ (1 5+ (5x15) = TE+1+5) +—]

Taking our axis as the line
Ay —4x=10 and A as the origin.

e Tz, =T 1wy

Solve for T .

O+54+75=10x% V\
e, AF=8§
Since AR =5,
—— a3
AF="x A8 == +—
504

+«—Multiply out.

The coordinates of F are (4.5, 6.4,
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The vectors AF and
AT are parallel.

section 2.2 will show youa
neater and easier way to
zolve this problem.
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Exercise B, Question 1

Question:

Twro particles of equal mass are placed at the points (1,-3) and (3, 7). Find the centre
of mass of the particles.

Solution:

= (w42

]|

I
)
£

=

I
)
£

=

X

¥

Centre of mass 15 {3, 23,
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r 3

Tse Emyr, =T e

3

cimplify by dividing
both sides by .

Thiz 1z the mid-point of
the line joining the two
points.
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Exercise B, Question 2

Question:

Four particles of equal mass are situated at the points (2, 0%, (—1,33.(2, = and
(—1,-2). Find the coordinates of the centre of mass of the particles.

Solution:

| Use Zmyr, =T Zm

as before,
2 x
—3 ¥y F""“‘*—-—-R__hh . .
¢ Divide both sides by e
7| x
3 7 | Solve
]

Centre of mass 15 (%—E)
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Exercise B, Question 3

Question:

A system of three particles consists of 10 kg placed at (2, 30, 15 kg placed at (4, 23

and 25 kg placed at {6, &) Find the coordinates of the centre of mass of the system.

Solution:

102 415[* | 5[] = 50[F
3 2] " |s 7
N0 =10/ <« Divide both sides by 5.
6|7 16" |30 7
46 T
=10|" ———— Simplify.
42 ¥
e | “ Salwe.
42| |y

Centre of mass 15 (4.6, 4 23
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Exercise B, Question 4

Question:

Find the position vector of the centre of mass of three particles of masses 0.5 kg,
1.5 kg and 2 kg which are situated at the points with position vectors
(61— 330, (214 57) and (3i+ 270 respectively.

Solution:

& 2 3 7
0'5[_3} 1'5{5]+2[2 =4 . * 4 is the total mass.
—1.5 7.5 4 ¥ It's easier to use
12] P z column vecters.
10 ¥
3 T
[2 5 = e *— Youcould leave your
' Y answer as a column

vector.

The position vector 13 (31+ 2.3§).
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Exercise B, Question 5

Question:

Particles of masses me, 2, Sem and 2m are situated at (—1,-10,(3, 23, (4, -2) and
(—2,5) respectively. Find the coordinates of the centre of mass of the particles.

Solution:

m| |+ 2m : + S § +2m = = 10m| "
= 2 —2 3 ¥
-1 (& 20 —4 7 &— Divide both sides by
+| |+ + =10
[—l] [4] [—10] [10 y il
21 T L
=10 +— Simplify.
3 y
el = : *— Solve
0.3 ¥

Centre of mass iz at (2.1, 0.3},
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Solutionbank M2
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Exercise B, Question 6

Question:

A light rectangular metal plate POERS has PU=4 cm and 5 =2 cm . Particles of

masses 2 kg Skg 1kg and 7 kg are attached respectively to the corners P, 0, K and &
of the plate.
Find the distance of the centre of mass of the loaded plate from

a the side PO,
b the side PS5
Solution:
; : *+— Draw a diagram.
The I kg (Iote that the plate
. iz light)
. 3kg kg L *—| Draw the rectangle
P Sem @ with the 2 “axes” (P
atd P in the bottom
L. H corner.

Taking F as the origin, and axes, PO and PS5, F iz (0, 00, D1 (4,00 Ris (4, 2);
Sz (0,2).

3[3]"'5[2]"'1[2]"'?[2 =16 ; +— Total mass iz 16 kg
o)l =l
o] o] 21 |14 ¥
24 T
[15 =16 5 ———— Simplify.
[1_5 E
1] |3 R <) |

a  Distance from PO iz 1 (7).
h Distance from P& is 1.5 (%)
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Solutionbank M2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 7

Question:

Three particles of masses 1 kg, 2 kg and 3 kg are positioned at the points (1, 07, (4, =)
and (p, ¢ respectively. Given that the centre of mass of the particles 1z at the point

{2, 0, find the values of p and ¢

Solution:

1[1]+2[4 437 =(1+2+3)[2]
R e P 0
1 (8] (3] (12
o7
943p) (12
6434 =[o]
Qa3 =10
43 =10
=p=1
g =—2
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simplify.

Collect terms.

Equate i and j components.

Solve forp and g
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Exercise B, Question 8

Question:

A system consists of three particles with masses 3m, 4 and Se. The particles are
situated at the points with coordinates (=3, -4, (0.5, ) and ({0,-3) respectively.

Find the coordinates of the pozition of a fourth particle of mass 7, given that the
centre of mass of all four particles iz at the origin,

Solution:

—3 05 0 0 - T =T 2t
| |+dm|  |+5m| |+ | | = 19m Rseidt =T,
—4 4 =5 ¥
Divide by 2 and
-9 2 0 7 0
+ + + e / simnp lify.
=12 [1&6] |=25] |7y 0
—I+7x] [0 44— Collect terms.
—214+7y 0
—J+7x =0 +—| Equate i and j components.
—21=-Ty =10
x =1 * Solve for x and y.
s
/ State angwer,
Coordinates of particle are (1, 3.
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Exercise B, Question 9

Question:

A light rectangular piece of card ABC D has AF =6cm and AD=4m  Four

patticles of mazz 200 g, 300 g, 600 g and 100 g are fized to the rectangle at the mid-
points of the sides AE, BT, CA4 and AD respectively. Find the distance of the centre of
maszz of the leaded rectangle from

The card iz light s0 has no
tmass.

Draw a diagram showing
all the information.

a theside A5,
b the side A
Solution:
600 g
D L 2 1 C
2em 1\
100g ® ® 300 ¢
2cm
Jcm 3cm
A L B
200 g

Taking axes through A, the coordinates of the

taszes are (3, 00, (&, 2, (3, 4) and (0, 27,

=0,

200 = + 300 ° + &00 : +100 -
0 2 4 2

5ol

a Distance from AB 13 2% ot (V)

h Distance from AT iz 3% cim (%)
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PhysicsAndMathsTutor.com

-~

Here you have to set
Up YOUr 0WH AXES.

X
1200 o] %
2a00) T l200] =% 5 «—| Simplify and divide by
100.
427 [12x
32| 12y 1 Collect terms.
42 =12% : :
32 =12y ' — Equate i and j
components.
35=x
26=7 d = Solve for ¥ and ¥.
g 7| State answer,
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Solutionbank M2
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 10

Question:

A hight rectangular piece of card ABCD has A8 =8cm and AD=+6cm  Three
particles of mass 3 g, 2 g and 2 g are attached to the rectangle at the points A, 5 and &
respectively.

a Find the mass of a particle which must be placed at the point 2 for the centre of
mass of the whole system of four particles to lie 3 cm from the line A8,

b With thiz fourth particle in place, find the distance of the centre of mass of the
system from the side AD.

Solution:
¥ mg i
-. — : :_I
-— ;
Draw a diagram.
100
4— The card has no mass.
Here *g’ 15 grams!
ip @ 2g

A Hom o

Let mass of particle of Dbewm g

Here we hawve to set
; : Up oUr OWh AXes.
Taking axzes through A, the coordinates of the
patticles are (0, 00, (8, 00, (B, 6) and (0, &)

0 8 8 0 T : :
3| |+2|- |42 |+m| |=G+2+2+4m|T| ¢ 3cmirom 4 means
0 0 & 6 3 T=5,
D+16+16+0 (7‘|‘:'f S
= A
o) lo) L1z 6w "3 HIDRE
32 = (7 +m)x *«— Collect terms.
12+46m 214 3m
124-6m=2143m *— Egquate j components,
B =18
=73 1 Zolve form
32 =10% *—__E—-—-—-—_‘_
o Equate i component and
'\ SubStitutE fOI' .
4 =3 Solve for T,

4—— State your answer.
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Exercise C, Question 1

Question:

Find the centre of mass of a uniform triangular lamina whose vertices are
a (1,2). (2, 6 and (3, 1),

b (1,4, (3, 5 and (7, 3)

c (=320, 0 and (0,1)

d (@ ), (G, 2a) and (da, 6a).

Solution:
a (Gis (ﬂ @) - Find the mean of the
: 3 . vertices of the
Le (2.3) triangle.

=1 7 543
1] 713 ( —le_ ,4++ ) Find the mean of the

Pe (3 4) vertices of the triangle.

S =EAH 240-H
c iF iz ( ) 4+——— TFind the mean of the

3 Gl

vertices of the triangle.

: 1
146 (§=1)
d T (a+3a+4a ; a+2a+6a) “ - Find the mean of the
3 H vertices of the
1LE. (8;,3.::) triangle.
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Exercise C, Question 2

Question:

Find the position of the centre of mass of a uniform semi-crcular lamina of radius

4 cim and centre O

Solution:

For a semi-circle,

4 em

2=
P
s
LT
—_ Zrsing _ 3503
R &
o EE
2
serll
3r

-——

This result 1z 1n the
formula boolklet

provided by Edexcel

Centre of mass 15 on the azis of symmetry at a distance

E cim from the centre.
3w
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Exercise C, Question 3

Question:

The centre of mass of a uniform triangular lamina A 5T 15 at the point (2, @) Given

that A 1z the point {4, 33, 5 13 the point (&, 10 and O 15 the point (=1, 50, find the

values of @ and &

Solution:

TTze the fact that the centre of
tnass ig at the “mean point’

Simplify

I A 5
ie(a)= (ﬁj)
S0,
2= awd a=3 «
6=3+b
3=p

3

Compare x and y
coordinates.

© Pearson Education Ltd 2C
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Solve for &,
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Exercise C, Question 4

Question:

Find the position of the centre of mass of the following uniform triangular laminas:

a b

-

&
'
=
=

dgg

B

Solution:

PhysicsAndMathsTutor.com
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Page2 of 3

a . ]
B : 28 E -y
I s : - We need to set up
= our oWwhn axes here.
A .-""-'j
L)
Tsing the axes shown, 815 (0, O)
Cis (B3, Mand A s (0, 2a)
. + TTze the fact that the
Centre of mass & 15 Cetdlhia ,w :
3 3 centre of mass 15 at
: ( 2::) the “mean point’.
te [a
3
Centre of mass 15 a distance @ from
AL and a distance 23—[2 from BC d State your answer
carefully.
Fis (0.0
Az {a, )
s (0,4
b
A a B
! "%‘
x‘x.\ 4—— Tlze the axes chosen
N {zee the diagram).
\'\.\“i
[
Centre of mass & 13 (D-H;-HJ ,Dwfﬂ)
LE (ﬂ 4'2)
R
Centre of mass is a distance % trom BC and  4——| Mote that ¥ gives the
_ i distance from the y-axiz and
a distance = from AB. ¥ gives the distance from
the x-amxs.
c
."-'-.I
Fiy +— Since AC =B ie the A

15 izosceles so AR =4da .

Taking A as the origin with A5 as the x-axis, 4+———

the coordinates of A, & and & are (0, 0,

(da, I and (2a, da) respectively.

PhysicsAndMathsTutor.com

We need to set up our own
axes here.
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Exercise C, Question 5

Question:

& uniform triangular lamina 15 1sosceles and has the line y=4 as its axis of
sytmetry. One of the vertices of the triangle 1z the point {2, 1), Given that the x-

coordinate of the centre of mass of the lamina 15 —3, find the coordinates of the other
two wertices.

Solution:
.1'l i
+—— | Axis of symmetry y =4
Y Ee
+— Draw a diagratn
* (30 showing all the
| - information.
0 X
+— 4 iz 3 units below the axis

Let (2, 13 be the point A. Then since y =4 iz the line of symmetry, so the other
of symmetry, the point (2, 7) must be another vertex after wertex must be 3 units

above the axiz of symmetry.

The third vertex must be on the line of symmetry, (x, 4) say.

Then, 4+— The mean ofthe
_ gt H24x ;
3 x-coordinates must be —3.
—13=x

The other two vertices are (2, 70 and (—13,4). #+— State the answer.
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Exercise D, Question 1

Question:

=T note: I've amended the question stemn, as I'm assuming that each of these questions
will appear separately in Solution bank =

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

1
0 X

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the
cootdinates of the centre of mass.

Solution:
pis L 5
5 12 422 :(54_2)[_ | Use Zemr, =T 2o,
= 2
2
Clearly, x= 212
B ) +— This iz acceptable in an
OR By symmetry, ¥ = 25 examination.
5 s
- +4 =Ty g
5 Equate the y-components.
T F
Centre of mass is (ELE) ' State your answer, using
2714 both coordinaters.
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Exercise D, Question 2

Question:

I

—
o X

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

Solution:
][] x
6 e 1 | =G *—— There are other ways of
1 - 7 N ]
splitting the lamina up
9 24 X (see below).
+ =12|

& 9 ¥

33 T
=12|_
15 ¥
3_11 .
= a
150 8 *— Equateiandj
w4 7 components.

: 11 5
Centre of mass 13 (— —).
474

O
: 4 o T :
1007742 =(10+2) 4 #—— This splits the lamina
1 2% ¥ differently.
23 8 T
+|°|=12|"
10 ] ¥ - — | Asabove, ete.
B8 x
=12
15 ¥
OR
22 13 .
15 -3 ={15-3_ -
11 21 ¥ 4——— This uses ‘rectangle —
3 1 12 rectangle’.
3?5 B 4j 212[3]
1 1 v
i i F
222 ?2
33 =12 % “ Ag above.
5 b
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Exercise D, Question 3

Question:

et
i} L}

The diagram shows a uniferm plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

Solution:

1 &

2 2=

15[2]_.5[ 2|=(16—6) i 4| Use “square —rectangle’.

1

321 (15 i x ™ Simplify.

32 6] iy
17 —10 x 1 Equate iandj
o5 = cotnponents.
17 [%
2.6 v

Centre of mass 1z (1.7, 2.6). State your answer.
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Exercise D, Question 4

Question:

— —
i X

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

Solution:
1
o[ 1z]1ol2a] 462 —2+2+9))"
1 7 | Use Zamr, =TZm,.
2 4 '1j ¥ i
1
o O
| 8l |13l Bl 1 Zimplify.
2
391
2 —13 *+— Collect terms.
=
255
7 26 f
Centre of mass is (%%) +— Toucould uze
decimals,

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

In

The diagratn shows a uniform plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

- -
o X

Solution:
115 Hos %
121 +10 12 +4[3 ={1+10441| | Use Swgr, =F Zm,.
)
1 -
3 35 20 x
+ =i5]....
ol 10 12 _
p] 1 Multiply out.
56 -
A =15[_] *— Collect terms.
24 - &
2
113 x 495 s
30 ‘30 °
. 113 49 *+— Check that your answer
Centrennassiy (ﬁﬁ) locks reazonable.

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

— —
o X

The diagratn shows a uniform plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

Solution:
3
l CI_|_6_|_2 =18=§ +— The centre of mass of the
312 2 ] 39 3 triangle can be found by

taliing the average
(mean) of itz vertices,

Area of the triangle =%><6><3=9

3 =

2 = x

4[1]+9 3| =13 5 —— Tse Ty, =FEm,

3

8 24 X

+H =137 :

4 a7 ¥ +— Multiply out.

32 x
=13
31 v
Centre of mass iz (Eﬂ) *— Improper fractions are
g = acceptable.

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:

| . . LI
o X

The diagratn shows a uniform plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

Solution:

By symmetry, F=2
Areaof LH triangle = Lxdx2=4

]

) L ¥ base ¥ height
AreaofR.H.tﬂangle=§><4><3=6 2
x-coordinate of centre of mass of LH . T T -
triangle = ;—(U +242) =% coordinates of its wvertices.
x-coordinate of centre of maszs of B H.
triangle =3 (2+2+5)=3 | Asbefore.
=,
4 i
(4X§)+ (6x3) =10% *— Use the x-coordinates only.
Z+18=10%
M _1n=
s 10%
*— Check that your answer
Centre of mass iz (%2) looks sensible.

© Pearson Education Ltd 2C
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Exercise D, Question 8

Question:

_
2 s

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

Solution:

By symmetry, 7=2

Area of each triangle = %x Ixz=1 = Zplit the shape in to two
triangles.

x-cootrdinate of the centre of mass of each

. -1 _9_
triangle 15 §(1+2+6)—§_3 *+— Find the mean of the x-

coordinates of the wertices.

S0,

(Ix3)+(x3=(1+1)x7
3+3 =2%

3 ==

| Use Zmyx,=TZmm.

Centre of mass 12 (3, 3.

. 1 ¥
OF  Area of large triangle = =X dx5=10 <« Treat the lamina as a large

triangle — a small triangle.

Lrea of small triangle = %x4><4= 8

x-coordinate of centre of mass of large triangle #+———— Take the mean of the
:%(14.54.5):% COMErs.
x-cootdinate of centre of mass of small triangle

o bl _ 14

= §(2 +E+E)= -

So,

i
185
?—29:
I=% < Asbefore.

© Pearson Education Ltd 2C
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Exercise D, Question 9

Question:

L]

—
& X

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

Solution:

It's much easier to treat
this lamina as a rectangle
with arectangle

2l 2
20[ ]—2[1 =(2o—2)[
2 b

|

0 i 4 =18 x removed.
4 5 ¥
46 x
=18
[35 v
Centre of mass 1s EE .
2 18

© Pearson Education Ltd 2C
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Exercise D, Question 10

Question:

4

= -
o X

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the

coordinates of the centre of mass.

Solution:

3
Centre of mass of triangle = 1 [

3z
. B3
Tl
13
- 3
11
3
13
20 -2 = (20— _
Lok 11
5 Rl
20 44 i
13 =15|"
70 22 ¥
3
214 -
8 X
188 _18[—
i3
; 107 94
So, centre of mass 18 (fﬁ)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Take the mean of the

vertices of the triangle.

*+— Ztate the answer

*— It's much easier to treat

the lamina as (a
rectangle — a triangle).

*— Eimplify and collect

/ terms.
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Exercise D, Question 11

Question:

[ S (S E N — —
o X

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the
cootrdinates of the centre of mass.

Solution:

P @ This 15 the easiest
Area of triangle = Area of PORS — Area of (A+5+C) +—— way of finding the

= (6x 4)—(15>< 3% 3+%><3><4+1§><1><5)

area of the triangle.

9
=24 = £—3
221
=y
: v(=1] (2] ]2
Centre of mass of triangle = §[ ]—i—[ ]—I—[ ]} *— Take the mean of the
2 6 vertices of the triangle.

a 2 iy 2 z(ﬂ_z) x *— This iz the only viable
4 % 34 2 method here

T e L
= =
Il
X
=
f S
,—
==
p S——
Il
T
51 o
b D

Centre of mass is (2% :

© Pearson Education Ltd 2C
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Exercise D, Question 12

Question:

iy

-
X

o

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the

coordinates of the centre of mass.

Solution:

Centre of mass of triangle = 7

—_

—t—

P
L)

4 2l (st %
30| o |=12 =277 |=30-1-2)

3] |4 3

2 3

2
1207 |5| M
—|2 1= =27

105] || |

27

x

R
[ )
=29

I
e
I =
—

Centre of mass is (319 E)

Bl TRl

© Pearson Education Ltd 2C
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Find the “average’ of
the wertices,

*+— This 15 the only

sensible method here.

Check that your answer
loclks reasonable for the
lamina in question,
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Exercise D, Question 13

Question:

= -
¥ X

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

Solution:

x

—wx12[§]=(¢rx32—wxlgj
o) =
— =8
27] |3

25
24
25
T
3

MNote that we could have said ¥=3, by symmetry. % | This canbe used in
the examination.

3
wx3
3

*+— Cancel the ms.

|

+— Thiz iz the only method
possible for this lamina

=t

|

=t

I
(=)

=l

.25
Centre of mass 15 (—,3).
3 *+— State your answer,

© Pearson Education Ltd 2C
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Exercise D, Question 14

Question:

=R

| S S S N S S —
o X

The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the

coordinates of the centre of mass.

Solution:
3
Centre of mass of semi-circle = A3
ST
3
= | +4
iy
3 1
3 135 _ [y x
o s I P e [T_ ] =
™ 25
Iy 1
= | |z z(gw_l) x
- -
T4 |25
=7 -
2 =9:|T—2 X
P31 2|57
2
_ 2w=T7 _ 9r431
So, X = Ly =
Qr—2 Qao—2

Centre of mass is ,
Qr—2 Swr—2

2Fm =7 9?1'+3]]

© Pearson Education Ltd 2C
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*+— The position of the

centre of mass of a
setni-circular lamina i3

given in the formulae
booklet.

simplify,

Decimal answers would,
of course, be acceptable.
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Exercise D, Question 15

Question:

”“ ‘l‘
The diagram shows a uniform plane figure drawn on a grid of unit squares. Find the
coordinates of the centre of mass.

Solution:

By symmetry, ¥=2
A3 S

x-coordinate of centre of mass of semi-circle 13 3—I-3——
‘T T

1, | ma (3'.11'4-4) mett, _
e T Il ol B o s
Ch 2)+ 2 T g 2 I * Use Emyx, =X 2w

9+ (3n+4) = (6 + D)%

184 2Fr 436 = (124-%m)% «+— Multiply through by
18+%r  _ 2 to clear the
4430 i fractions,

Centre of mass 15 (IE-I-Dw 3).

M3’

*— Divide by 3.

© Pearson Education Ltd 2C
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Exercise D, Question 16

Question:

}

Solution:

Centre of mass of triangle

=1 [U] +[6]+[U]] £ [2] *— This iz two thirds of the way
o) lo) & 2 along the median through &
(lxﬁxrﬁ)[z] x]g[l] (s
) —T ={18—x
5 -
2 2 ¥ Use Sona, =7 5m.
36 T x
— ={18—m)| _
36| | 2w ¥
_ 3b—g _ 36—12mw
18—m 18—m
Centre of mass is [36_ﬂ-, i 211-]. 4— Check that your answer
18—m 18— is reasonable for the
lamina in question

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

Find the coordinates of the centres of mass of the shapes shown in Exercise 2D questions

1to 5, regarding thetn as uniform plane wire framewortks,

Solution:

- 1
By symmetry, ¥ =25 *— Always use the
symimetry if possible,

(5% 0) +(1x%)+(2><1)+(2x2) F(1%3) + (2% 2) +(2x1) +(1><%)

=(5+1+2424+1424 247 | Use Dmy, =3 Zm;.
l+2+4+3+4+2+l=1®7 * | The framework has
2 2 8 sides.
16=16¥
1=5 +— Simplhify.
., Centre of mass 15 (2%,1). Wote that it was (zééj

when regarded as a
larmina

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

Find the coordinates of the centres of mass of the shapes shown in Exercise 2D questions

1to 5, regarding thetn as uniform plane wire framewortks,

Solution:
3 5 4 3 T
50 2|43 + 2| [+1 +3 2 |+2 _
o) 13 [3] 27) 12 [1] “7| Use B =FIm,
x
=0 ERasERES ) |~ *+— The framework haz 6
Y sides.
1 15 2 1 o
125 2 i el 0
<] S R N g o 1 e e S G
0 4j & 2§ & 2
43 T +— Simplify and collect the
51 =16 5 termns.
: . {43 a1
. Centre of mass 18 (E’E)'

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

Find the coordinates of the centres of mass of the shapes shown in Exercise 2D questions

1to 5, regarding thetn as uniform plane wire framewortks,

Solution:
1 1
122 3)%7 | 2] +4] 2+ 4]° © | Use Timp, =T I,
s 1 9 3 4 2
x *— The frameworl: has
&
Loy [71) 18y (2) (o %
204 4| 2|+ |+ +| [=18]
0 2 & ) 16 3 ¥
26 X
=16
o)

. Centre of mass 13 (1}3_3@)

© Pearson Education Ltd 2C
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Exercise E, Question 4

Question:

Find the coordinates of the centres of mass of the shapes shown in Exercise 2D questions

1to 5, regarding thetn as uniform plane wire framewortks,

Solution:
ol 5 4 oL 2 o
3 2|3 g [F2| | +2| [+ |+2| [+ 2 *— The shape has 10
0 lj 3 5 Gy 3 sides.
111} [z %
+2[ ]+1 g e =(3+3+2+2+1+2+1+2+1+1)[_]
102 A 15 +[8]+[6]+ 7 +[4]+ 1 +[2]+ 1o A 2
1 1 1 Simplify.
o) |43 6l 18] |s) 18] 3] B [1] |5 Py
T
=1g|"
53 x
=18
oSl

Checlk the senze of your
BEWEL.

&

- 55020
Centre of mass 15 (ET)

© Pearson Education Ltd 2C
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Exercise E, Question 5

Question:

Find the coordinates of the centres of mass of the shapes shown in Exercise 2D questions

1to 5, regarding thetn as uniform plane wire framewortks,

Solution:
L (s IR CANRE 2 i 1
5 2+42+24+23+22+121 +1 2+311 <—— The framework
0 Fl 2 has 3 sides.
%
=(54+4+24+24+2+14+1+3
[1?1j +[24]+[m]+[8]+[6]+ 21 (3], 2 ] pfF
1 i
0 a) L8] le) 14l (23] | 5] |45 ¥
72 %
= 20
el

Centre of mass 15 (g%)

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:

Find the position of the centre of mass of the framework shown in the diagram which

1z formed by bending a uniform piece of wire of total length {124 27) cm to form a
sector of a circle, centre O, radius & cm.

Solution:

AB=(1242m)—12=2r
Let ADB =8 (radians) (= 2a)
Then

*— TTze 5 =rf.

&6 = 2
g = %’” = % = &0 -
TENY. o in RADIANS.
Distance of &F from & — {x
— from the fgf/r-/n:ﬂa
B / hooklet
Then,
fain T
(6}(3!30530“))(24‘2?1'){?6:f{12+2ﬂ':l . Use gz, = X2
I
183 +36 = x(12+2m) B A
L = 1845436 cos3l = hic)
' 1242n 2
) sin T = l
Bt 6 2
T ol b disi ding

top and bottom by 2.

Centre of mass is on line of symmetry through O,

9B42) from &

and a distance of
A4

© Pearson Education Ltd 2C
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Exercise F, Question 1

Question:

The lamina 1z freely suspended from the point O and hangs

a The lamina from question 1 1n Exercize 21 15 shown ﬂ
in equilibrium. G i i [

Find the angle between &4 and the downward vertical | |

b The lamina from question 2 in Exercize 2D 1z shown below,
o [

E i

2 A

The latnina 15 freely suspended from the point & and hangs in equilibrium. Find the
angle between 04 and the downward vertical

¢ The lamina from question 3 1 Exercise 2D 13 shown below.

E 0

=
-

o A

The lamina is freely suspended from the point & and hangs in equilibrium. Find the
angle between O and the downward vertical.

Solution:

PhysicsAndMathsTutor.com
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a From question la in Exercise 2D,
il 13
P
Wertical
Vertical " i J_
. T =
s I _ .
X ¥
13
—F_14
tan & = T
2
Ny
Tty
gt 1( ) 20.4°(35.£)
b From question 1b in Exercize 2D
IR L
TY73
2
Az above, tan @ =£ = %
X
4
Le tand _il
5h .
(1_)_ 24 4°(35.£)
¢ From question le in Exercise 2D,
=17y=26
B 26 _ 2

( ) 56.2 (35£)

© Pearson Education Ltd 2C
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In equilibrium, & will
ke vertically below O
Le OF 18 the vertical,
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Exercise F, Question 2

Question:

The lamina from question 4 in Exercize 2D 15 shown below

J

The lamina 1z freely suspended from the point A and hangs in equilibrium. Find the

angle between AJ and the downward vertical

Solution:

From question la in Exercise 2D,

These are the coordinates
of the centre of mass, &,
referred to O as origin,

A 1z the point of suspension.

€2 (79 51). -

26726

=1 ]

When the lamina hangs in equilibrium from A,
AG wall be the downward vertical

Let Mbe the point on AJ such that GA 15 perpendicular +—— See diagram.

to AT
Then NAG =8 is the required angle.

LG/ |
S =y
.

O 1924
3_ oL T3l

28

_ 53 _ o
=22+ 6=630" (3:£)

© Pearson Education Ltd 2C
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Since A iz the
point (1, 37,

Lultiply top and
bottom by 26
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Exercise F, Question 3

Question:

The lamina from gquestion 7 in Exercizse 2D 15 shown below.

The lamina 15 free to rotate about a fixed smooth horizontal axis, perpendicular to the
plane of the lamina, passing threugh the point 4.

Find the angle between AC and the horizontal

Solution:

’ * F e N i, the centre of mass has coordinates G 2)

- SN taling & as origin,

) o Since AG will be
; ‘“\\\ P vertical in equilibrium,
S
-

/ * the angle between AC
0 4 ; and the horizonial will

be .

& 1z the required angle.

2

tan 8 = 41 "‘_‘———-—~_._._\\_‘_
36 Lultiply top and bottom
TR by 3 to clear fractions,
=6

8=805(3f)

© Pearson Education Ltd 2C
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Exercise F, Question 4

Question:

The framework in question &, Exercizse 2E iz freely suspended from the point 4 and
allowed to hang in equilibrium. Find the angle between &4 and the downward

vertical
Solution:
;t (7 iz the centre of mass if the framework
A7
o el \
= N F=%= 5(-f3+2) <+— Fis on the line of
J <_,,<_:-"£f: ._,-“' i i (B+) SYmImetry.
. L G M .-
b (see question 2 in Exercise 2E)
Pt - /
T AG will be vertical,
£ (zee diagram) 15 the required angle. when t.he framesarie
A s i hangs in
6 =60"—GAN equilibrium.
i’ N _ feos30t—F
tan AN = —=""2"_"
AN faman®
_3.5-7
£
= 5o M

[
So, (AN = 26.808"
So, §=33.1 (3s.£)

© Pearson Education Ltd 2C
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Exercise F, Question 5

Question:

The shape in question 7, Exercize 2E 15 freely suspended from the point A and
allowed to hang in equilibrium. Find the angle between O and the horizontal

Solution:
/s - T e Y 5
3 p = ] . .
/ \ o \ 0G= Py where 715 «—— See question 3 in
[ i ) | the centre of mass Exercize 2E.
A H (B oso, AT will be vertical 1n
| e, B | equilibrium.
I Xe v
™, ;
o] 5
s /

since the angle

Eenquired angle 1= AGC=8

tanﬁ'=‘40

with the horizontal
will be 90°— angle
with the wertical

|uofee ]

-3 b2
=5 3

8 = tan " (2m)
= 81.0° (3s5.£)

© Pearson Education Ltd 2C
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Exercise F, Question 6

Question:

The uniform triangular lamina ASC shown below 15 placed on a rough plane inclined
at an angle o tothe horizontal

e

Hhem

A "om B
The edge AF 15 in contact with the plane, with 4 below 5.
Given that the lamina 12 on the point of toppling about A, find the value of o

Solution:

(f, the centre of tmass ofthe lamina, has position

- = 5 + % ferred t AB
ool referred to axes,

1
wector ?{

Fwillbe
vertically abowe 4
when the lamina 15
about to topple.

3
and AC respectively. 1e. {3]
2

LY N

© Pearson Education Ltd 2C
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Exercise F, Question 7

Question:

FPORS 18 a uniform lamina.

g dem -
o

fhem
+
P 11 cm .
a Find the distance of the centre of mass of the lamina from
i B8
i Fg

b The diagram shows the lamina on arough inclined plane of angle ot

Criven that the lamina 1s about to topple about the point P, find the value of of, giving

your answer to 3 s.f

Solution:

PhysicsAndMathsTutor.com
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a
i A Aem " Centre of mass of ARND
' \\ has position vector «—— Taking P and PS
fiem : \\\\ as axes.
i ™, 1|4 7 10 b 411 6
} Lk N \ ol lo) |6 2
P A - 10 ¢m »Q
2 6 % | Use Tomx, =T
24|%|+18 | = 42| " 56 Sl TS
3 2 ¥
481 [108 X
+| =427
72 36 ¥
196 i *— Simplify.
=42
108 ¥
26
T x
12| |y
a
b -
¢ i .
¥ - *+— Jwillbe above P, onthe
:rl /( point of toppling.
ﬁ:*/ tan a = {
o X
P4y 13
i il
- o o - _E_E'
T
_7_
=t = 06924
=347

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 2

Solutionbank M2
Edexcel AS and A Level Modular Mathematics
Exercise G, Question 1

Question:

The diagram shows a uniform lamina consisting of a semi-circle joined to a triangle

ADC.

B 4m w5 m s

L B
o

The sides AL and DT are equal.
a Find the distance of the centre of mass of the lamina from AT
The lamina 1z freely suspended from A and hangs at rest.

b Find, to the nearest degree, the angle between AC and the wertical

The mass of the lamina is M A particle P of mass £M is attached to the lamina at 2.

When suspended from A, the lamina now hangs with its axis of symmetry, 55,
horizontal.

¢ Find, to 3 s.f, the value of &

Solution:

PhysicsAndMathsTutor.com
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a
2 y Tee Zmyx, = X2 takting
i X(E)-FQXEX(—l): mE paxily e G
2 3 2 2 2 2 AC as the y-axis.
6 3 _ o
= (2m+ 3%
23 _ =
o
0413m (35.£) *+— A decimal answer iz
acceptable.
b
. ( is the centre of mass | _ _
o e Fwill be on the line of
/ 7 i symmetry.
| F i g is the required angle
] - 'lll":‘:\ﬁ‘
\ ¢ i N — :
e In equilibrium, AF will be
\ L vertical
—
- Ty 29
@l = 3= o
f =1%{nearest degree)
c
i
A Draw a diagram showing
P . all the forces.
P )
rd b,
/ .
.f S
-'II (r h. H.H.h‘h_
B L SRR - = X
X B o
\.x"-. .-""#;’) A\
, ~
kMg
\\J i
M y
iz c
MICA),
Mgx = kMg % _
5 - Taking moments about A
=k = means we don't need to
3 AZr2
23 know the force A
= S 02755 )

© Pearson Education Ltd 2C
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Exercise G, Question 2

Question:

A uniform triangular lamina ASC 15 in equilibrium, suspended from a fized point &

by a light inextensible string attached to the point 5 of the lamina, as shown in the
diagram.

(iven that A8 =%cm B0 =12 cmm and ABC = 907, find the angle between 5T and

the dewnward vertical

Solution:
C A (5,0
N ffijs ((% ?:'2) *— Take f4 and 5O as axes.
\\ then & 15 (3, 4)
12 \ +— Take the mean of the 3
\\\ points.
------- i o .
T L
o4 LY +— Fwill be vertically below
B 9 A B

In equilibrium, B3 will be vertical
Hence required angle iz GEC=6.
tanf =3 6=369"
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Exercise G, Question 3

Question:

Four particles F, {4, R and ¥ of masses 3kg, S kg, 2 kg and 4 kg are placed at the
points (1, &3, (—=1,23,(2,-3) and (—1,-4) respectively. Find the coordinates of the

centre of mass of the particles.

Solution:

1 e 2 4 T
3| |+5 2 4 =(3+5+2+4 Em— TR
el 3ol omsvevaf] o mmeen
18] [25] |-6] |—16 ¥ <« Simplify.
=2 %
=14
{21] 7

il -
b L
Plap it

Hence, coordinates of the centre of tnass are (— ,
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Exercise G, Question 4

Question:

A uniform rectangular piece of card ARC D has
AF=73a and BT =a . One corner of the rectangle 1= s
folded over to form a trapezium AFED as shown in the
diagram:

i

A= 2a ]

Find the distance of the centre of mass of the trapezium from

a AD,

b AEB

The lamina A8ED iz freely suzpended from F and hangs at rest.
¢ Find the angle between D5 and the horizontal,

The mass of the latmina 15 M A particle of mass # 15 attached to the lamina at the

point & The lamina is freely suspended from & and it hangs at rest with 45
herizontal.

d Find e in terms of A

Solution:

PhysicsAndMathsTutor.com
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Taking A5 and A as azes:

) A
x
2a* || —I—2><laz = 348 I
7¢ Sk 4
Ta
et i B _3 X
c % ¥
13a
o
da
o

a Distance from A5 13 BTQ.
b Distance from A8 13 %
C
'r.} 4¢m E
"}f‘f\\
/‘// e \
I G l ™,
Y
Y
™
™,
L : i ¥
A € 2a o a > B
& 1z the required angle
Sy
tan = 22 _x
a—y
13
2cz——a
e T
Az
of— —
9
_ 1513
)
=1
So, B 1s 45°
d
')
f_? E
by
G o \\
| Y
A Mg

PhysicsAndMathsTutor.com

Centre of mass of the fwo
triangles.
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*+— B will be vertical in

equilibrium.

DEG is the angle

between JI5 and the
wvertical so (90" — DEA'G)

will be the angle between
DE and the herizontal,

mg
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Exercise G, Question 5

Question:

A thin uniform wire of length 5 13 bent to form the shape A5CD, where
Ab=2a B =2a CD=a and BT 1z perpendicular to both AF and O, as shown in

the diagram:
A

n

& Za (
a Find the distance of the centre of mass of the wire from
i AR
i A
The wire 15 freely suspended from B and hangs at rest.

b Find, to the nearest degree, the angle between A8 and the vertical

Solution:

PhysicsAndMathsTutor.com
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a Taking axes BC and BA:

el

2t

1
74

[~
oo
—
+
S
=Y
o —
+
W e
b — o
) 2
Il

Ln
B
I

w| £

]

=
8 C

& iz the required angle.

tan 8 = i
y

_dg 2B

TS eh

Sa 2 *+— Take azes through the
¥ point &, and use
iy, =TZmy .
5| ™
x
3
x
il
)

*+— B¢ will be vertical when
the wire hangs in
equilibrium.

= 6 =57 (nearest degree)
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Exercise G, Question 6

Question:

& uniform lamina consists of arectangle ARCD, where A5 =3g and AD = 2a, with
a square hole KFGA, where BF =a | as shown in the diagram:

D C

"

Ya E

¥ ¥ L
A 3a -8

a Find the distance of the centre of mass of the lamina from
i AD,
i A8

The lamina 15 balanced on a rough plane inclined to the horizontal at an angle 2. The
plane of the lamina 1s vertical and the inclined plane 15 sutficiently rough to prevent
the lamina from slipping. The side 8 is in contact with the plane with & lower than
B, as showsn in the diagram.

b Find, in degrees to 1 decimal place, the greatest value of 8 for which the lamina can
rest in equilibrinm without toppling.

Solution:
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a Taking AR and Al as axes:

3a % = "”/" Treat the lamina as a
bt | 2 |—a? s Sa [_] rectangle with a square
& 3 o retoved.
9 : x
al |3 x
baf |Llg e I I
2 cimplify.
1a) (%
1.la ¥
i 17 4— | State your answers.
i 11la
h .
,,,x’f \\\ 2 At critical point, the
w2 % o centre of mass, O, will be
d ol vertically abowe the point
e b F 4 E
\\ AN G.
L \\ /}.l
W N
A8 o
G
tan & = .
O + Since ¥ owas measured
. from the point 4.
F
— 17a-a
l1a
_07 * substitute for ¥
11
il
i1 ""—-—i\,_;_____‘___‘—
simplify
o, 0=32.5" {1dp.)
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