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Exercise 5E

1 a First collision (between 4 and B)
Using conservation of linear momentum for the system (—):

2x5+1x1=2u+v

=2u+v=11 a
Using Newton’s law of restitution:
I v-u
e =—=
2 5-1
=>v-—u=2 ?2)

Subtracting equation (2) from equation (1) gives:
Ju=9=u=3

Substituting into equation (1) gives:
6+v=11=v=>5 [This result can be checked in equation (2)]

Second collision (between B and C)
Using conservation of linear momentum for the system (—):

Ix5+2x4=x+2y

=>x+2y=13 )]
Using Newton’s law of restitution:
e= l = y -X
2 5-4
=>y-x= 1 4)
YT

Adding equations (3) and (4) gives:

27 9
3p=2l o245
Y=y

Substituting into equation (4) gives:

4.5—x=1:>x=4
2

Solution: u=3,v=5,x=4,y=4.5
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1 b First collision (between A and B)
Using conservation of linear momentum for the system (—):

1.5%10+2x(=2) =1.5u+2v
= 1.5u+2v=11 )

Using Newton’s law of restitution:
I v-u v-u

6 10+2 12
—y—u=2 )

Adding equation (1) to 1.5 x equation (2) gives:
35v=14=v=4

Substituting into equation (2) gives:
4—u=2=u=2 [This result can be checked in equation (1)]

Second collision (between B and C)
Using conservation of linear momentum for the system (—):

2x4+1x3=2x+y

=2x+y=11 K)]
Using Newton’s law of restitution:
2 4-3
=>y-x= 1 )]
YT
Subtracting equation (4) from equation (3) gives:
3x=2:xzzz3.5
2 2

Substituting into equation (4) gives:

1
—-35=—=y=4
Yy > Yy

Solution: u=2,v=4,x=3.5 y=4
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2
Before the first impact After the first impact
At rest At rest At rest
A (3m) B (5m) C (4m) A (3m) B (5m) C (4m)

Using conservation of linear momentum for the system (—):
3mx6 =3mu+S5my
=3u+5v=18 1

Perfectly elastic means e = 1. So using Newton’s law of restitution:

=>v-u=6 2)

Adding equation (1) to 3 % equation (2) gives:
gv=36=>v=45

Substituting into equation (2) gives:
45-u=6=u=-1.5

Before the second impact After the second impact
1.5ms™! 4. 5ms At rest 5
O O O Q Q o)
A (3m) B (5m) C (4m) A (3m) B (5m) C (4m)

Using conservation of linear momentum for particles B and C (—):
Smx4.5 =5mx+4my
=5x+4y=225 3)

Using Newton’s law of restitution:

e=1= X
4.5
=>y—x=45 “4)

Adding equation (3) to 5 % equation (4) gives:
9y=2254+225=45=y=35

Substituting into equation (4) gives:
5-x=45=x=05

After second impact, velocities are 4: —1.5ms™, B: 0.5ms™, C: 5ms”'
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3 a
Before the first impact After the first impact
At rest At rest At rest
A (m) B (m) C (m) A (m) B (m) C (m)

[Note that each particle has the same mass m, so m can be ignored in the calculations of

conservation of linear momentum as you would otherwise divide through by m before reaching the
final answer].

Using conservation of linear momentum for the system (—):

U=W+X=>W+Xx=u 1)
Using Newton’s law of restitution:
X—-w
e =
u
=>Xx-—-w=eu 2)

Adding equation (1) to equation (2) gives:
2x=eu+u=x=0.5u(e+1)

Substituting into equation (2) gives:
0.5u(e+1)—w=eu=w=05u(l-e)

Before the second impact After the second impact
0. 5u(1 -e) 0. 5u(e +1) At rest 0. 5u(1 —e)

5 O OO O O

4 (m) B (m) C (m) 4 (m) B (m) C (m)

Using conservation of linear momentum for spheres B and C (—):

0.5u(e+1l)=y+z

= y+z=0.5u(e+1) 3
Using Newton’s law of restitution:
__ 7V
0.5u(e+1)
=z—y=0.5ue(e+1) “4)

Adding equation (3) to equation (4) gives:
2z=0.5u(e+1)+0.5eu(e+1)
=z=025u(e+1)(1+e)=0.25u(1+e)’

Substituting into equation (4) gives:

0.25u(1+e)* — y = 0.5eu(e+1)

=y =u(l+¢e)(0.25+0.25¢—-0.5¢) = 0.25u(1+e)(1—-e)
Solution: 0.5u(1-e), 0.25u(1+e)(1-e), 0.25u(1+e)’
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3 b A will catch up with B provided that
0.5u(1-e)>0.25u(1+e)(1-e), i.e. provided that 2 >1+e¢

Since e <1 this condition holds and 4 will catch up with B resulting in a further collision.

4 a
Before the first collision After the first collision
4y 2u 3u % w 3u
o O O O O O
A (m) B (m) C (m) A (m) B (m) C(m)

Using conservation of linear momentum for spheres 4 and B (—):
du—2u=v+w

=>v+w=2u @

Using Newton’s law of restitution:
w—v
e =
4u +2u
=>w-v=0beu 2)

Adding equations (1) and (2) gives:
2w=2u+6ue

= w=u(l+3e)

B will collide with C if the speed of B after collision with 4 is greater than the speed of C,
i.e. if w> 3u. This will occur if:
u(l+3e)>3u

2
3e>2:>e>§

b Subtracting equation (2) from equation (1) gives:
2v =2u-6eu

v=u(1-3e)

Ife> % then v <0, and the direction of 4 is reversed by the collision with B.
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5
Before first collision After first collision
4y 2u % u
O O O O
P (2m) O (3m) P (2m) O (3m)

Using conservation of linear momentum for the system (—):
2mx4u+3mx (—2u)=2mv+3mu
2u=2v+3u=v=-0.5u

Use this result to find the coefficient of restitution between particles P and Q.

_umv _Lou s
du+2u  6u

The second collision is between Q and the wall.

Q rebounds from the wall with velocity %u, as the coefficient of restitution between Q and

the wall is %

Second collision between P and Q After second collision
Tu 2u x y

O O O O

P (2m) 0 (3m) P (2m) 0 (3m)

Using conservation of linear momentum for the system (<)

2mx%u+3mx§u =2x+3y

=2x+3y=3u (1)
Using Newton’s law of restitution:
_1__x=y
4 Zu—3lu
I 1 u
S X—Y=—X—U=— 2
4 4 6 24 @

Adding equation (1) to 3 x equation (2) gives:

5x:3u+322ﬂ:x:5_u
8 8

Substituting into equation (2) gives:
Su u 15u—u 14u Tu
8 24 24 24 12
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6 a
Before first collision After first collision
At rest v w
O O O O
P (m) O (3m) P (m) O (3m)

Using conservation of linear momentum for the system (—):

mx12u=mv+3mw

= v+3w=12u (1)
Using Newton’s law of restitution:
2 w-v
3 12u
=>w-v=_8u (2)

Adding equation (1) to equation (2) gives:
4w =20u = w=>5u

Substituting into equation (2) gives:
Su-v=8u=v=-3u

After the collision the speed of P is 3u and its direction is reversed, and the speed of Q is Su.

b QO then hits a wall and rebounds with speed %x Su=4u

Second collision between P and Q After second collision
P (m) Q (3m) P (m) Q (3m)

Using conservation of linear momentum for the system (<)

3mu+12mu = mx +3my =3y +x=15u 3)

Using Newton’s law of restitution:
2 x-y
T3 4u-3u

=3x-3y=2u )

Adding equation (1) to equation (2) gives:

Ax=1Tu = x =%

Substituting into equation (4) gives:
Slu 43u

SLLE S Wl
g YTV
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7 a i Use v’ =u’+2as downwards with u=0,5=0.4 and a = g =9.8 to find the speed of approach
for the first bounce:

v =2gx0.4=7.84

v=2.8ms"
Newton's law of restitution gives speed of rebound from floor as 0.7 x 2.8 =1.96ms™'

Use v’ =u” +2as upwards with v=0,u=1.96 and a = —g to find the height of the first

bounce:
0=1.96"—2gs
2
= 1.96 =0.196=19.6 cm
19.6

ii Use v’ =u’+2as downwards with u=0,5=0.196 and a = g = 9.8 to find the speed of
approach for the second bounce:

v’ =2gx0.196 =3.8416
v=196ms™ [This result can also be directly deduced]

Following second collision with floor, the ball rebounds with speed 0.7 x1.96=1.372ms""
Use v =u’ +2as upwards with v=0,u=1372 and a=-g
0=1.96"-2gs
1.372°
T 196

=0.096 04 =9.604 cm

b The ball continues to bounce (for an infinite amount of time) with its height decreasing by a
common ratio each time.

9.604

¢ Ratio of heights of successive bounces is 0 0.49
Total distance travelled = 0.4+ (2x0.196+2x0.196x0.49 + 2x0.196x0.49x 0.49...)
= 4+% (using the sum of an infinite geometric series)
=1.17m (3 g.f.)

d The ball loses energy following every bounce, so an infinite number of bounces would be
unrealistic.
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8 a Use v’ =u’ +2as downwards with u=0,s=H anda=g

vi=2gH =v=1[2gH

Newton’s law of restitution gives speed of separation from plane as e /2gH

Let the height to which the ball rebounds after the first bounce be 4,
Use v* =u” +2as upwards with v=0, u = e\2gH ,a=-gands= h,
0=2gHe* —2gh,

=h=eH

b Let the height to which the ball rebounds after the second bounce be 4,
Before the second bounce, the ball drops from a height 7,
So using the result from part a, /2, = ezh1
2 20 2 4
Sohy=e'h=e(eH)=¢ H
¢ Let the total distance travelled by the ball be d, then
d=H+2h +2h,+...
=H+2e’H+2e*H +...
=H+2H(1+e" +e* +..)

2¢°H(1+¢e* +¢* +...) is an infinite geometric series with first term g = 2¢*H and common ratio

r=e’, so
g - a :262[‘2[
* 1-r l-e
Therefore

2¢°H

2

d=H+2H(1+e*+e' +..)=H+

_H(-¢&)+2e'H H+e’H
1-¢ 1-¢
_H(+¢é)

B 1-é?
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Initial position
/%)

74
dm

-1

2ms

B (m)

From O — W,, B travels at a speed of 2ms™' through a distance — m.

) distance ¢ d
So the time taken is —— =2 = —
speed 2

B then rebounds with speed 2e, ms™.
From W, — W, B travels at a speed of 2e, ms~' through a distance dm.
distance  d

So the time taken is =—
speed  2e,

B then rebounds with speed 2e,e, ms™.
From W, —W,, B travels at a speed of 2e.e, ms~' through a distance dm.

distance  d
speed  2e,e,

So the time taken is
d [ — —_—
22 e ep

Therefore, the total time taken is — + —
4 2e,

d d(ll 1
+—+—

2e,e
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Challenge

Consider the initial collision of particles P and Q:

Before first collision After first collision
1 ms
P (m) 0 (m) P (m) Q (m)

Using conservation of linear momentum for the system (—):
2m—m=my, +mv,

=y +v, =1 1)

Using Newton’s law of restitution:
Vo™V Vo™V

2-(-1) " 3
=>v,—v,=L5 )

e=0.5=

Adding equations (1) and (2) gives:
2v,=25=v,=125ms™

Substituting into equation (1) gives:
1.25-v, =1.5=v,=-025ms™

After first collision

4m

025ms 1.25ms™!

OO

P (m) Q (m)

distance 2
speed 0. 25

As P travels from O to W, the time taken is

dist 2
As Q travels from O to W>, the time taken is S =1.6s

speed  1.25
O rebounds with speed 1.25x0.4=0.5 ms™".

Now let ¢ be the time of the second collision, and suppose both particles collide at a distance d from W,
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Challenge (cont.)

Then for particle P: d=2+0.25¢
And for particle Q:  d=0.5(t-1.6)

So 2+0.25¢=0.5(t - 1.6)
025r=2+0.8=2.8
t =11.2 seconds

But it only takes 8 seconds for P to travel to W, so P will hit ¥, before colliding with Q for a second
time.

Therefore P hits W, before colliding with O for a second time.
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