INTERNATIONAL A LEVEL

Mechanics 2 Solution Bank

Exercise 2C

1 a S:Ith

= [ (3¢~ 1)t

= £ — t+ ¢, where c is a constant of integration.

Whent=0, s=0:
0=0-0+c>c=0

s=£—t
b s= Ivdt
2
= (2t3—3i]dt
2
4 3
t t . . .
= CEEY + ¢, where c is a constant of integration.
Whent=0, s=0:
0=0-0+c=>c=0
it r
§=———
2 2
¢ s= Ivdt

= [(2vr +4¢* Jar

3

4 3
= Etz + Y + ¢, where c is a constant of integration.

Whent=0,s=0:
0=0+0+c=>c=0
42 47
§=—t*+—
3 3
2 a v=Iadt

= [ (8—2¢ )t

2t . . .
= 4 Y + ¢, where c is a constant of integration.

Whent=0,v=0:
0=0-0+c>c=0

v:4t2—2—t3
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2 bv= Iadt
= (6+ﬁjdt
3
t3

v=>6¢+ r) + ¢, where c is a constant of integration.

Whent=0,v=0:
0=0+0+c=>c=0
t3
v=>06t+ —

9

3 x vdt

J
J'(8+2t—3t2)dt
8

t+ 1 — £ + c, where c is a constant of integration.

When t=0, x =4:
4=0+0-0+c=>c=4
x=8t+F - +4

When =1,
x=8+1-1+4=12

The distance of P from O when¢t=11s 12 m.

4 a v=jadt

:I(16—2t)dt

= 16t — 1> + ¢, where c is a constant of integration.

Whent=0,v=>06:
6=0-0+c>c=6
v=16t—£+6

b x= Ivdt
=I(l6t—t2 +6)dr
3

t . . .
=8 — 3 + 6t + k, where £ is a constant of integration.

Whent=3,x=75:

3
75=8><32—3?+6><3+k
>k=75-72+9-18=-6

3

x=8t2—%+6t—6

When =0,
x=0-0+0—-6=-6
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5 v=6£—-51t+90
P is at rest when v = 0.
6 —51t+90=0
22— 17t+30=0
2t=5)(t—6)=0

P is at rest when ¢ = 2.5 and when ¢ = 6.
6
= j (61> =51¢+90)de
51¢ ’
=2 - 90t}
2.5

2.
2 2
(2 x6° — S1x6 +90><6J—[2x2.53—¥+90x2.5]

= (432 — 918 + 540) — (31.25 — 159.375 + 225)
~42.875...
=—42.9 (3 s.f.)

uu

The negative sign indicates that the displacement is negative, but this can be ignored as distance is
required.

The distance between the two points where P is at rest is 42.9 m (3 s.f.).

6 s= Ivdt
=j(12+t—6t2)dt
2

t . . .
=12¢t+ 5 — 28 + ¢, where c is a constant of integration.

Whent=0, s =0:
0=0+0-0+c=c=0

P
s=12t+ — —2¢
2

v =0 when
12+¢t—62=0
(3-20)4+30)=0
t>0,s0t=1.5
1.5° 3
Whent=15,s=12x 15+ —-2x1.5
=12.375...
=124 (3s.f)

The distance of P from O whenv=01s 12.4 m.
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7 a v=4t—-7
P is at rest when v =0.
4t—£=0
(4—6H=0
t>0,s0t=4

x= Ivdt
:I(4t—t2)dt

t . . .
=2£ - 3 + ¢, where c is a constant of integration.

Whent=0,x=0
0=0+0+c>c=0

3
x=2t2—t—

3

Whent=4,x=2><42—4?
=10

wo

3

b Whent=5,x=2><52—%
=8

W=

In the interval 0 <¢ <5, P moves to a point 102 m from O and then returns to a point 8 + m from O.

The total distance moved is 103 + (103 —85) =13 m.

8 x= Ivdt
=j(6t2 — 26t +15)dt

=2 —13£ + 15t + ¢, where c is a constant of integration.

Whent=0,x=0
0=0-0+0+tc=>c=0
x=2£-132+ 15t
=12 — 13t + 15)
=12t 3)(t— 5)

When x =0 and ¢ is non-zero, t=1.50rt=15

P is againat O when¢t=1.5and r = 5.
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9 a x= Ivdt

:I(3t2 —12+5)dt

= £ — 6 + 5t + ¢, where c is a constant of integration.

Whent=0,x=0
0=0-0+0+c=>c=0
x=1—6+5t¢

P returns to O when x = 0.
£—62+5t=0

12— 6t+5)=0

(t—1)(t—5)=0

P returns to O when¢t=1 and = 5.

b v=0 when
32-12t+5=0

. 121\/(—1222 —4(3)(5)
~0473,3.52

So P does not turn round in the interval 2 <¢ < 3.

When =2,
x=22-6x22+5x2
=8-24+10

=—6

When ¢ = 3,
x=3-6x32+5x%x3
=27—-54+15
=-12

The distance travelled by P in the interval 2 <¢<3 is 6 m.

10v=jadt

- I(4t—3)dt

=2 — 3t + ¢, where c is a constant of integration.

Whent=0,v=4
4=0-0+c>c=4
v=2¢-3t+4,

When ¢ =T, v =4 again
4=27"-3T+4
27*-3T=0
2T-3)=0
T#0,s0T=1.5
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11a v= J.adt
=I(t—3)dt

t2
— —3t+ec,

2
Whent=0,v=4
4=0-0+c=>c=4

v=—-3t+4

2
2

b Pis at rest when v =0.
2

t——3t+4=0
2
£—6t+8=0
t=2)(t—4)=0
t=2ort=4

Pis atrest when t=2 and 7 = 4.

402
¢ 5= J-(——3t+4Jdt
; 2

The negative sign indicates that the displacement is negative, but this can be ignored as distance is
required. The distance between the two points where P is at rest is =m.
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12v= Iadt

:I(6t+2)dt

=3¢ + 2t + ¢, where c is a constant of integration.

9
I

I vdt

_[(3t2 +2t+ c)dt

= £+ £+ ct + k, where k is a constant of integration.

Whent=2,s=10
10=23+22+2c+k
2e+k=-2 (1)

When =3, s =38
38=33+32+3c+k

3c+k=2 )
2)-@):

c=4

Substituting ¢ = 4 into (1):
2x4+k=-2
k=-10

So the equations are:
v=3~2+2t+4
s=£+£+4t-10

a Whenr=4
s=4+4>+4x4-10
=64+16+16—-10
=86

When ¢ = 4 s the displacement is 86 m.
b When =4

v=3x4>+2x4+4

=48 +8+4

=60

When ¢ = 4 s the velocity is 60 m s .
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13a a=1-sinxt, t >0
v:jadt

= I(l—sinm‘) de

1
=t+—cosxt+c
T

When 1= 0, v = 0, therefore:

Hence:

1 1
V=f+—COSmTlf—— mSs

T T
b SZ'[le‘
:J.(t+lcosm—lj dr
T T

, 1. t
=—0"+—smzal——+c
4 V4

When ¢t =0, s =0, therefore:

(o):%(o)u%sm(o)-gw
c=0
Hence:
1, 1 . t
s =—t +—2sm7rt—— m
V4 Vs
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14a a=sin3xzt, t20
VZIadt

= Isin 3zt de

1
=——-ocos3nt+c
RY/4

Whent=0, v= L , therefore:
RY/4

1 —Lcos37z(0)+c
RY/4 RY/4
2

c=—
RY/4

Hence:
1 2 o
y=———co0s37t+— ms
RY/4 RY/4

b The maximum speed of the particle occurs when dv =0,i.ewhena=0

dr
sin37t=0
3nt=kr
k
t=—
3
o ) 1 2 .
Substituting ¢ =0 into v=——-cos3zt+— gives:
kY4 kY4
V= —Lcos37z(0)+i
RY/2 3z
_
RY/2

Substituting r =— gives:

1
3 g
= ——cos 37:(1)
3

T

. .1
Maximum speed is — ms™'
V1
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14c¢

15a

s:J.vdt

= I(—Lcos 3t +ij dt
RY/2 3z

1 . 2t
=— 2sm37zt+—+c
13V/4 RY/4

When =0, s = 1, therefore:

(1)=— 12 sin37r(0)+&+c

9 RY/4

c=1
Hence:
§=— 2sin37rt+£+1 m

97 RY/4
a=—cosdrt, 0<t<4
v=jadt

=—Icos47n‘dt

= —Lsin47rt+c
47

When 1= 0, v = 0, therefore:
(0) :—isin47z(0)+c
c=0

1 .
y=——-sin4dnzt ms’!
4
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15 b The maximum speed of the particle occurs when % =0,1.ewhena=0
t

—cosdnt=0

drt =—,

o 1. I . .
Substituting ¢ = 3 into v=———sin 4t gives:

4
V= —Lsin4(lj7z
4r 8
__ L

 4r
o 3 .
Substituting tzg gives:

v=—Lsin4(§j7z
4r 8

_L
A
The maximum speed is L ms”!
4
cC s= Iv dr
1 .
= —j— sindzt dt
Y.

1
= —-COS At +c
6r

When 1= 0, s = 0, therefore:
(0)=1 ! cos4r(0)+c

67
e 1
167°
Hence:
S = —-COos 4t — — m
67 16z
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15d Since s = S cosdrt— >
167 167
The maximum distance of the particle from O occurs when:
cosdrt =—1
Therefore:
v
167> 1677
_ 1
87°

Hence the greatest distance from O is = m
T
I .
e v=———sindnt
4

The curve of sin4xt in the interval 0 <¢<4is shown below:

NAAAAN

ARRRARR

So the particle changes direction 16 times.
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16 a=3/t, >0
v:Jadt
1
=3jt5dt
3
=2t +c
When ¢t =1, v =2, therefore:
3
(2)=2(1)2+c
c=0

Hence:
3

v =2t
s:J.vdt
t 3
2jt5dt=16
0

é t
5 0

5

2 =20
t=3.314...
=331s(3s.f)

17 a Inthe interval 0<¢<4

3
v =10t —2¢>

Sketching the curve of v gives:

Therefore, vmax occurs when ¢ =4
3
Substituting ¢ = 4 into v =107 —2¢* gives:

3
v:10(4)—2(4)5
=40-16
=24ms™ (3s.f)
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3

17b v=10¢-2¢2
s:J.vdt

3
=I[10t—2t2] dr
5
_s2 d
5
When ¢t =0, s =0, therefore:
(0)=5(0) ~5(0) +¢

c=0
5
s=5t2—£t2
5

When ¢ = 4:
4

s=5(4) -5(4)3
_m

5
=544 m

¢ In the interval 1 > 4
r—4\'
y=24—| —2
2
When at rest:
t—4\
24—[—) =0
2
4
(ﬂ) —24
2

(1—4)' =384

t—4=24.426...

t>4=1=8426...
=843 s(3s.f)
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17 d From part b distance travelled in the interval 0 <7 <4 is:
s=544m

Distance travelled in the interval 4 < ¢ < 8.4267.... is:

8.4267... 4
[ 24—(ﬂj dt
J 2

r 8.4267...

10 4 1\ 2\ 10
jz4-(ﬂj ar=| 240 =4 N Py Gkl
) 2 80 80

4 8.4267...

= 24(8.4267..) - ((8.4267...)—4)5 J_[24(4)_MJ

80

+ [24(10)—W]{m(&@m...)— ((8'4267”)4)5}

80

=[84.9931...|+|-38.1931..

=123.1863....
Total distance travelled is 54.4 + 123.1863.... = 178 m (3 s.f)

Challenge
1, 1 1,
v=5t +2,0<t<k and v=10+—t—Et , k<t<10

For 0<¢<k:
S=J.vdt

For k<¢<10:
S=Ivdt

10 1 1
s = I(10+—t——t2jdt
AGENNT)

10
:[10t+lt2—Lt3}
6 36 |
1

:(10(10)+€(10)2 —%(10)3}(10/“%1{2 —3i6k3J

:@—(10k+1k2—ik3)
9 6 36
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Total distance travelled:

Stotal = lkS +2k|+ @— 10k+lk2 _LkS (1)
6 9 6 36

Att=k:
112 +2=10+lt—it2
2 3 12

et g
12 3

Substituting ¢ = k gives:

T Lig-o
12" 3

Tk* —4k—-96=0
(7k+24)(k—4)

k:—E ork=4
7

Since k lies between 0 and 10, k=4
Substituting k& = 4 into (1) gives:

800 1

S = ‘%(4)3 +2(4)‘+ T—(10(4)+g(4)2 _%(4)1

:§+48
3

_200
3
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