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Linear Regression 
 

Equation of the 
regression line of 𝑦𝑦 on 𝑥𝑥: 𝑦𝑦 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 𝑏𝑏 = 𝑆𝑆𝑥𝑥𝑥𝑥 

𝑆𝑆𝑥𝑥𝑥𝑥
 , 𝑎𝑎 = 𝑦𝑦� − 𝑏𝑏𝑥̅𝑥 

 
Summary Statistics 

 

For a set of 𝑛𝑛 pairs of values �𝑥𝑥𝑖𝑖 ,𝑦𝑦,�: 𝑆𝑆𝑥𝑥𝑥𝑥 = Σ(𝑥𝑥𝑖𝑖 − 𝑥̅𝑥)2 =  Σ𝑥𝑥𝑖𝑖2 −
(Σ𝑥𝑥𝑖𝑖)2

𝑛𝑛
 

 
𝑆𝑆𝑦𝑦𝑦𝑦 = Σ(𝑦𝑦𝑖𝑖 − 𝑦𝑦�)2 =  Σ𝑦𝑦𝑖𝑖2 −

(Σ𝑦𝑦𝑖𝑖)2

𝑛𝑛
 

𝑆𝑆𝑥𝑥𝑥𝑥 = Σ(𝑥𝑥𝑖𝑖 − 𝑥̅𝑥)(𝑦𝑦𝑖𝑖 − 𝑦𝑦�) = Σ𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖 −
(Σ𝑥𝑥𝑖𝑖)(Σ𝑦𝑦𝑖𝑖)

𝑛𝑛
 

 
Product Moment Correlation Coefficient 

 

𝑟𝑟 =
𝑆𝑆𝑥𝑥𝑥𝑥

�𝑆𝑆𝑥𝑥𝑥𝑥𝑆𝑆𝑦𝑦𝑦𝑦
=

Σ(𝑥𝑥𝑖𝑖 − 𝑥̅𝑥)(𝑦𝑦𝑖𝑖 − 𝑦𝑦�)
�{Σ(𝑥𝑥𝑖𝑖 − 𝑥̅𝑥)2}{Σ(𝑦𝑦𝑖𝑖 − 𝑦𝑦�)2}

=
Σ𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖 −

(Σ𝑥𝑥𝑖𝑖)(Σ𝑦𝑦𝑖𝑖)
𝑛𝑛

��Σ𝑥𝑥𝑖𝑖2 −
(Σ𝑥𝑥𝑖𝑖)2
𝑛𝑛 � �Σ𝑦𝑦𝑖𝑖2 −

(Σ𝑦𝑦𝑖𝑖)2
𝑛𝑛 �

 

 
Residual Sum of Squares (RSS) 

 

𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑆𝑆𝑦𝑦𝑦𝑦 −
�𝑆𝑆𝑥𝑥𝑥𝑥�

2

𝑆𝑆𝑥𝑥𝑥𝑥
= 𝑆𝑆𝑦𝑦𝑦𝑦(1 − 𝑟𝑟2) 

 
 

Spearman’s Rank Correlation Coefficient 
 

𝑟𝑟𝑠𝑠 = 1 −
6∑𝑑𝑑2

𝑛𝑛(𝑛𝑛2 − 1)
 𝑛𝑛 =  𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑜𝑜𝑜𝑜 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

𝑑𝑑 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑜𝑜𝑜𝑜 𝑒𝑒𝑒𝑒𝑒𝑒ℎ 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 

 
𝑟𝑟 = −1 𝑟𝑟 = 0 𝑟𝑟 = +1 

Rankings are in exact 
reverse order 

No correlation 
between rankings 

Rankings in perfect 
agreement 
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Continuous Probability Distributions 

 
 

For a continuous random 
variable 𝑋𝑋 with probability 

density function 𝑓𝑓(𝑥𝑥): 

𝑓𝑓(𝑥𝑥) ≥ 0 for all 𝑥𝑥 ∈ ℝ 

𝑃𝑃(𝑎𝑎 < 𝑋𝑋 < 𝑏𝑏) = � 𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎
 

 
� 𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑
+∞

−∞ 

= 1 

 
 

Probability density function 𝑓𝑓(𝑥𝑥) =
𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑

 

Cumulative distribution function 𝐹𝐹(𝑥𝑥𝑜𝑜) = 𝑃𝑃(𝑋𝑋 ≤ 𝑥𝑥𝑜𝑜) = � 𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑
𝑥𝑥𝑜𝑜

−∞
 

 
 

Expectation (mean) 𝐸𝐸(𝑋𝑋) = 𝜇𝜇 = �𝑥𝑥𝑥𝑥(𝑥𝑥) 𝑑𝑑𝑑𝑑 

Variance 𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) = 𝜎𝜎2 = �(𝑥𝑥 − 𝜇𝜇)2𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑 = �𝑥𝑥2𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑 − 𝜇𝜇2 

For a function 𝑔𝑔(𝑋𝑋): 𝐸𝐸�𝑔𝑔(𝑋𝑋)� = �𝑔𝑔(𝑥𝑥)𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑 

Median, 𝑚𝑚 � 𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑
𝑚𝑚

𝑎𝑎
= 0.5 

Lower quartile, 𝑄𝑄1 � 𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑
𝑚𝑚

𝑎𝑎
= 0.25 

Upper quartile, 𝑄𝑄3 � 𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑
𝑚𝑚

𝑎𝑎
= 0.75 

𝑛𝑛𝑡𝑡ℎ percentile � 𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑
𝑚𝑚

𝑎𝑎
=

𝑛𝑛
100

 

Mode 𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑑𝑑

= 0 (value at which the p.d.f is a maximum) 

 
E(𝑎𝑎𝑎𝑎 + 𝑏𝑏) = 𝑎𝑎E(𝑋𝑋) + 𝑏𝑏 Var(𝑎𝑎𝑎𝑎 + 𝑏𝑏) = 𝑎𝑎2Var(𝑋𝑋) 

 
 

Skewness 
 

Positive skew 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 < 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 < 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 

Negative skew 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 < 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 < 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 
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Continuous Uniform Distribution 
 

Probability 
density function: 𝑓𝑓(𝑥𝑥) = �

1
𝑏𝑏 − 𝑎𝑎

, 𝑎𝑎 ≤ 𝑥𝑥 ≤ 𝑏𝑏,
 

0, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
 

 

Mean 
𝑎𝑎 + 𝑏𝑏

2
 

Variance (𝑏𝑏 − 𝑎𝑎)2

12
 

Probability 
distribution 

function 
𝐹𝐹(𝑥𝑥) = �

0, 𝑥𝑥 < 𝑎𝑎
𝑥𝑥 − 𝑎𝑎
𝑏𝑏 − 𝑎𝑎

, 𝑎𝑎 ≤ 𝑥𝑥 ≤ 𝑏𝑏

1, 𝑥𝑥 > 𝑏𝑏
 

 
 

Combination of Random Variables 
 

If 𝑋𝑋,𝑌𝑌 are random 
variables: 

E(𝑋𝑋 + 𝑌𝑌) = E(𝑋𝑋) + E(𝑌𝑌) 

E(𝑋𝑋 − 𝑌𝑌) = E(𝑋𝑋) − E(𝑌𝑌) 

E(𝑎𝑎𝑎𝑎 ± 𝑏𝑏𝑏𝑏) = 𝑎𝑎E(𝑋𝑋) ± 𝑏𝑏E(𝑌𝑌) 

If 𝑋𝑋,𝑌𝑌 are independent 
random variables: 

Var(𝑋𝑋 + 𝑌𝑌) = Var(𝑋𝑋) + Var(Y) 

Var(𝑋𝑋 − 𝑌𝑌) = Var(𝑋𝑋) + Var(Y) 
Var(𝑎𝑎𝑎𝑎 ± 𝑏𝑏𝑏𝑏) = 𝑎𝑎2Var(𝑋𝑋) + 𝑏𝑏2Var(Y) 

 

If 𝑋𝑋 and 𝑌𝑌 are independent random variables with 𝑋𝑋 ∼ 𝑁𝑁(𝜇𝜇𝑥𝑥,𝜎𝜎𝑥𝑥2) and 𝑌𝑌 ∼ 𝑁𝑁(𝜇𝜇𝑦𝑦,𝜎𝜎𝑦𝑦2) ∶ 

𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 ∼ 𝑁𝑁(𝑎𝑎𝑎𝑎𝑥𝑥 + 𝑏𝑏𝜇𝜇𝑦𝑦,𝑎𝑎2𝜎𝜎𝑥𝑥2 + 𝑏𝑏2σy2) 

𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏 ∼ 𝑁𝑁(𝑎𝑎𝑎𝑎𝑥𝑥 − 𝑏𝑏𝜇𝜇𝑦𝑦,𝑎𝑎2𝜎𝜎𝑥𝑥2 + 𝑏𝑏2σy2) 

 

If 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 are independent identically distributed random variables with 𝑋𝑋𝑖𝑖 ∼ 𝑁𝑁(𝜇𝜇,σ2): 

�𝑋𝑋𝑖𝑖~𝑁𝑁(𝑛𝑛𝑛𝑛,𝑛𝑛𝜎𝜎2)
𝑛𝑛

𝑖𝑖=1
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Estimates and Tests Using a Normal Distribution 
 

𝑆𝑆2 – unbiased 
estimator for 𝜎𝜎2 
(random variable) 

𝑆𝑆2 =
1

𝑛𝑛 − 1
�(𝑋𝑋𝑖𝑖 − 𝑋𝑋�)2
𝑛𝑛

𝑖𝑖=1

 

𝑠𝑠2 – estimate 
(observation from a 
random variable) 

𝑠𝑠2 =
1

𝑛𝑛 − 1
�(𝑥𝑥𝑖𝑖 − 𝑥̅𝑥)2
𝑛𝑛

𝑖𝑖=1

=
𝑆𝑆𝑥𝑥𝑥𝑥
𝑛𝑛 − 1

=
𝑛𝑛

𝑛𝑛 − 1�
∑𝑥𝑥2

𝑛𝑛
− 𝑥̅𝑥2� =

1
𝑛𝑛 − 1

(∑𝑥𝑥2 − 𝑛𝑛𝑥̅𝑥2) 

 
𝑋𝑋� is an unbiased estimator of 𝜇𝜇, with 𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋�) = 𝜎𝜎2

𝑛𝑛
 

 
Standard deviation of an estimator is 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜎𝜎
√𝑛𝑛

 

 
 

Central Limit Theorem 
 

𝑋𝑋�~𝑁𝑁�𝜇𝜇,
𝜎𝜎2

𝑛𝑛 �
 

 

If the population is assumed to be normal, then, for large samples, the statistic 𝑋𝑋
�−𝜇𝜇
𝑠𝑠
√𝑛𝑛

 has 

an approximate 𝑁𝑁(0, 12) distribution. 

If the population is not normal, by assuming that 𝑠𝑠 is a close approximation to 𝜎𝜎, then for 
large samples, 𝑋𝑋

�−𝜇𝜇
𝑠𝑠
√𝑛𝑛

 can be treated as having an approximate 𝑁𝑁(0, 12) distribution. 

 
For a random sample of 𝑛𝑛 observations from 𝑁𝑁(𝜇𝜇,𝜎𝜎2),  
 

𝑋𝑋� − 𝜇𝜇
𝜎𝜎
√𝑛𝑛

~𝑁𝑁(0,1) 

For a random sample of 𝑛𝑛𝑥𝑥 observations from 𝑁𝑁(𝜇𝜇,𝜎𝜎2) and, independently, 
a random sample of 𝑛𝑛𝑦𝑦 observations from 𝑁𝑁(𝜇𝜇𝑦𝑦,𝜎𝜎𝑦𝑦2),  

 
(𝑋𝑋� − 𝑌𝑌�) − (𝜇𝜇𝑥𝑥 − 𝜇𝜇𝑦𝑦)

�𝜎𝜎𝑥𝑥
2

𝑛𝑛𝑥𝑥
+
𝜎𝜎𝑦𝑦2
𝑛𝑛𝑦𝑦

~𝑁𝑁(0,1) 
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Confidence Intervals 
 

 (𝑥̅𝑥 − 𝑧𝑧 × 𝜎𝜎
√𝑛𝑛

, 𝑥̅𝑥 + 𝑧𝑧 × 𝜎𝜎
√𝑛𝑛

) 
where 𝑧𝑧 is the relevant percentage point from the standard normal distribution. 

Example: 95% confidence interval for 𝜇𝜇: �𝑥̅𝑥 − 1.96 × 𝜎𝜎
√𝑛𝑛

, 𝑥̅𝑥 − 1.96 × 𝜎𝜎
√𝑛𝑛
� 

 
 

Variance of a Normal Distribution 
 

If a random sample of 𝑛𝑛 observations 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 is selected from 𝑁𝑁(𝜇𝜇,𝜎𝜎2) 
then (𝑛𝑛−1)𝑆𝑆2

𝜎𝜎2
~𝜒𝜒𝑛𝑛−12  

 
For a probability of 𝛼𝛼 that the variance falls outside the limits: 

The 100(1 − 𝛼𝛼)% confidence limits are: 
(𝑛𝑛−1)𝑠𝑠2

𝜒𝜒𝑛𝑛−12 �𝛼𝛼2�
 and 

(𝑛𝑛−1)𝑠𝑠2

𝜒𝜒𝑛𝑛−12 �1−𝛼𝛼2�
 

The 100(1 − 𝛼𝛼)% confidence interval for 
the variance of a normal distribution is: 

�
(𝑛𝑛 − 1)𝑠𝑠2

𝜒𝜒𝑛𝑛−12 �𝛼𝛼2�
,

(𝑛𝑛 − 1)𝑠𝑠2

𝜒𝜒𝑛𝑛−12 �1 − 𝛼𝛼
2�

 � 

 
 

F-distribution 
 

For a random sample of 𝑛𝑛𝑥𝑥 observations from an 𝑁𝑁(𝜇𝜇𝑥𝑥,𝜎𝜎𝑥𝑥2) distribution and an 
independent random sample of 𝑛𝑛𝑦𝑦 observations from an 𝑁𝑁�𝜇𝜇𝑦𝑦,𝜎𝜎𝑦𝑦2� distribution, 
  

𝑆𝑆𝑥𝑥2/𝜎𝜎𝑥𝑥2

𝑆𝑆𝑦𝑦2/𝜎𝜎𝑦𝑦2
~𝐹𝐹𝑛𝑛𝑥𝑥−1,𝑛𝑛𝑦𝑦−1 

 

If a random sample of 𝑛𝑛𝑥𝑥 observations is taken from a normal distribution with 
unknown variance 𝜎𝜎2 and an independent random sample of 𝑛𝑛𝑦𝑦 observations is taken 
from a normal distribution with equal but unknown variance, then  
 

𝑆𝑆𝑥𝑥2

𝑆𝑆𝑦𝑦2
~𝐹𝐹𝑛𝑛𝑥𝑥−1,𝑛𝑛𝑦𝑦−1 

 

𝐹𝐹𝜈𝜈1,𝜈𝜈2 =
1

𝐹𝐹𝜈𝜈2,𝜈𝜈1
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t-distribution 
 

For a random sample of 𝑛𝑛 
observations from 𝑁𝑁(𝜇𝜇,𝜎𝜎2): 

𝑋𝑋� − 𝜇𝜇
𝑆𝑆/√𝑛𝑛

~𝑡𝑡𝑛𝑛−1 

 
For a small sample of size 𝑛𝑛 from a normal distribution 𝑁𝑁(𝜇𝜇,𝜎𝜎2) with unknown 
mean and variance: 

The 100(1 − 𝛼𝛼)% confidence limits 
for the population mean are: 

𝑥̅𝑥 ± 𝑡𝑡𝑛𝑛−1
𝛼𝛼
2

×
𝑠𝑠
√𝑛𝑛

 

The 100(1 − 𝛼𝛼)% confidence interval 
for the population mean is: 

�𝑥̅𝑥 − 𝑡𝑡𝑛𝑛−1 �
𝛼𝛼
2
� ×

𝑠𝑠
√𝑛𝑛

, 𝑥̅𝑥 + 𝑡𝑡𝑛𝑛−1 �
𝛼𝛼
2
� ×

𝑠𝑠
√𝑛𝑛

� 

 
 

Paired t-test  
(two independent normal distributions 𝑿𝑿,𝒀𝒀 with equal unknown variances) 

 

In a paired experiment with a mean of the 
differences between the samples of 𝐷𝐷�: 

𝐷𝐷� − 𝜇𝜇𝐷𝐷
𝑆𝑆
√𝑛𝑛

~𝑡𝑡𝑛𝑛−1 

 
Pooled estimate for 𝜎𝜎2: 

𝑠𝑠𝑝𝑝2 =
(𝑛𝑛𝑥𝑥 − 1)𝑠𝑠𝑥𝑥2 + �𝑛𝑛𝑦𝑦 − 1�𝑠𝑠𝑦𝑦2

𝑛𝑛𝑥𝑥 + 𝑛𝑛𝑦𝑦 − 2
 

𝑠𝑠𝑥𝑥2 =
∑𝑥𝑥2 − 𝑛𝑛𝑥𝑥𝑥̅𝑥2

𝑛𝑛𝑥𝑥 − 1
   ,   𝑠𝑠𝑦𝑦2 =

∑𝑦𝑦2 − 𝑛𝑛𝑦𝑦𝑦𝑦�2

𝑛𝑛𝑦𝑦 − 1
 

 
(𝑋𝑋�−𝑌𝑌�)−(𝜇𝜇𝑥𝑥−𝜇𝜇𝑦𝑦)

�𝑆𝑆𝑝𝑝2�
1
𝑛𝑛𝑥𝑥
+ 1
𝑛𝑛𝑦𝑦
�

~𝑡𝑡𝑛𝑛𝑥𝑥+𝑛𝑛𝑦𝑦−2, where 𝑆𝑆𝑝𝑝2 =
(𝑛𝑛𝑥𝑥−1)𝑆𝑆𝑥𝑥2+�𝑛𝑛𝑦𝑦−1�𝑆𝑆𝑦𝑦2

𝑛𝑛𝑥𝑥+𝑛𝑛𝑦𝑦−2
  

 
Confidence limits for the 
difference between the 
two means of 𝑋𝑋 and 𝑌𝑌: 

(𝑥̅𝑥 − 𝑦𝑦�) ± 𝑡𝑡𝑐𝑐𝑠𝑠𝑝𝑝�
1
𝑛𝑛𝑥𝑥

+
1
𝑛𝑛𝑦𝑦

 

Confidence interval: �(𝑥̅𝑥 − 𝑦𝑦�) − 𝑡𝑡𝑐𝑐𝑠𝑠𝑝𝑝�
1
𝑛𝑛𝑥𝑥

+
1
𝑛𝑛𝑦𝑦

, (𝑥̅𝑥 − 𝑦𝑦�) + 𝑡𝑡𝑐𝑐𝑠𝑠𝑝𝑝�
1
𝑛𝑛𝑥𝑥

+
1
𝑛𝑛𝑦𝑦

,� 

 𝑡𝑡𝑐𝑐  - relevant value from t-tables 
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