
Further Centres of Mass 
Questions 
 
Q1. 
  

 

The region R, shown shaded in Figure 4, is bounded by part of the curve with equation y2 = 
2x,  
the line with equation y = 2 and the y-axis. The unit of length on both axes is one centimetre.  
A uniform solid, S, is formed by rotating R through 360° about the y-axis. 

Given that the volume of S is π cm3, 

(a)  show that the centre of mass of S is  cm from its plane face. 

(4) 

A uniform solid cylinder, C, has base radius 2 cm and height 4 cm. The cylinder C is  
attached to S so that the plane face of S coincides with a plane face of C, to form the  
paperweight P, shown in Figure 5. The density of the material used to make S is three  
times the density of the material used to make C. 
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The plane face of P rests in equilibrium on a desk lid that is inclined at an angle θ° to  
the horizontal. The lid is sufficiently rough to prevent P from slipping. Given that P is  
on the point of toppling, 

(b)  find the value of θ. 

(7) 

  

(Total for question = 11 marks) 

  

 
 
 
 
Q2. 
  

 

Figure 3 

A thin uniform right hollow cylinder, of radius a and height 4a, has a base but no top. A thin 
uniform hemispherical shell, also of radius a, is made of the same material as the cylinder. 
The hemispherical shell is attached to the open end of the cylinder forming a container C. 
The open circular rim of the cylinder coincides with the rim of the hemispherical shell. The 
centre of the base of C is O, as shown in Figure 3. 

(a)   Find the distance from O to the centre of mass of C. 

(6) 

The container is placed with its circular base on a plane which is inclined at θ° to the 
horizontal. The plane is sufficiently rough to prevent C from sliding. The container is on the 
point of toppling. 

(b)   Find the value of θ. 

(3) 

  

(Total for question = 9 marks) 
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Q3. 
  

 

Figure 1 

A uniform lamina is in the shape of the region R. Region R is bounded by the curve with 
equation y = 4 − x2, the positive x-axis and the positive y-axis, as shown shaded in Figure 1. 

Use algebraic integration to find the x coordinate of the centre of mass of the lamina. 

(7) 

  

(Total for question = 7 marks) 

  

 
Q4. 
  

 

A uniform solid cylinder of base radius r and height  has the same density as a  
uniform solid hemisphere of radius r. The plane face of the hemisphere is joined to a  
plane face of the cylinder to form the composite solid S shown in Figure 3.  
The point O is the centre of the plane face of S. 

(a)  Show that the distance from O to the centre of mass of S is  

(4) 
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The solid S is placed with its plane face on a rough horizontal plane. The coefficient of  
friction between S and the plane is μ. A horizontal force P is applied to the highest point  
of S. The magnitude of P is gradually increased. 

(b)  Find the range of values of μ for which S will slide before it starts to tilt. 

(5) 

  

(Total for question = 9 marks) 

  

 
 
Q5.  

 

Figure 2 

A uniform solid cylinder has radius 2a and height h (h > a). 

A solid hemisphere of radius a is removed from the cylinder to form the vessel V. 

The plane face of the hemisphere coincides with the upper plane face of the cylinder. 

The centre O of the hemisphere is also the centre of the upper plane face of the cylinder, as 
shown in Figure 2. 

(a)   Show that the centre of mass of V is  from O.  

(5) 

The vessel V is placed on a rough plane which is inclined at an angle Φ to the horizontal. 

The lower plane circular face of V is in contact with the inclined plane. 

Given that h = 5a, the plane is sufficiently rough to prevent V from slipping and V is on the 
point of toppling, 

(b)   find, to three significant figures, the size of the angle Φ. 

(4) 
(Total for question = 9 marks) 
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Q6. 

 

A uniform solid hemisphere H has radius 2a. A solid hemisphere of radius a is removed from 
the hemisphere H to form a bowl. The plane faces of the hemispheres coincide and the 
centres of the two hemispheres coincide at the point O, as shown in Figure 2. 

The centre of mass of the bowl is at the point G. 

(a)  Show that  

(4) 

Figure 3 below shows a cross-section of the bowl which is resting in equilibrium with a point 
P on its curved surface in contact with a rough plane. The plane is inclined to the horizontal 
at an angle α and is sufficiently rough to prevent the bowl from slipping. The line OG is 
horizontal and the points O, G and P lie in a vertical plane which passes through a line of 
greatest slope of the inclined plane. 

 

(b)  Find the size of α, giving your answer in degrees to 3 significant figures. 

(2) 

  

(Total for question = 6 marks) 
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Q7. 
  

 

The shaded region shown in Figure 4 is bounded by the x-axis, the line with equation x = 9 

and the line with equation y = x. This shaded region is rotated through 360° about the 
x-axis to form a solid of revolution. This solid of revolution is used to model a solid right 
circular cone of height 9 cm and base radius 3 cm. 

The cone is non-uniform and the mass per unit volume of the cone at the point (x, y, z) is λx 
kg cm–3, where 0 ≤ x ≤ 9 and λ is constant. 

(a)  Find the distance of the centre of mass of the cone from its vertex. 

(6) 

A toy is made by joining the circular plane face of the cone to the circular plane face of a 
uniform solid hemisphere of radius 3 cm, so that the centres of the two plane surfaces 
coincide. 

The weight of the cone is W newtons and the weight of the hemisphere is kW newtons. 

When the toy is placed on a smooth horizontal plane with any point of the curved surface of 
the hemisphere in contact with the plane, the toy will remain at rest. 

(b)  Find the value of k 

(4) 

  

(Total for question = 10 marks) 
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Q8. 
  

A flagpole, AB, is 4 m long. The flagpole is modeled as a non-uniform rod so that, at a  
distance x metres from A, the mass per unit length of the flagpole, m kg m–1, is given  
by m = 18 – 3x. 

(a)  Show that the mass of the flagpole is 48 kg. 

(3) 

 

The end A of the flagpole is fixed to a point on a vertical wall. A cable has one end attached 
to  
the midpoint of the flagpole and the other end attached to a point on the wall that is vertically  
above A. The cable is perpendicular to the flagpole. The flagpole and the cable lie in the 
same  
vertical plane that is perpendicular to the wall. A small ball of mass 4 kg is attached to the  
flagpole at B. The cable holds the flagpole and ball in equilibrium, with the flagpole at 45° to  
the wall, as shown in Figure 3. 

The tension in the cable is T newtons. 

The cable is modelled as a light inextensible string and the ball is modeled as a particle. 

(b)  Using the model, find the value of T. 

(8) 

(c)  Give a reason why the answer to part (b)  is not likely to be the true value of T. 

(1) 

  

(Total for question = 12 marks) 
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Q9. 
  

 

A uniform plane figure R, shown shaded in Figure 1, is bounded by the x-axis, the line  
with equation x = ln 5 , the curve with equation y = 8e−x and the line with equation  
x = ln 2 . The unit of length on each axis is one metre. 

The area of R is 2.4 m2 

The centre of mass of R is at the point with coordinates . 

(a)  Use algebraic integration to show that  = 1.4 

(4) 

Figure 2 shows a uniform lamina ABCD, which is the same size and shape as R. The  
lamina is freely suspended from C and hangs in equilibrium with CB at an angle θ° to  
the downward vertical. 

(b)  Find the value of θ 

(6) 

  

(Total for question = 10 marks) 
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Q10. 
  

Numerical (calculator) integration is not acceptable in this question. 

 

The shaded region OAB in Figure 2 is bounded by the x-axis, the line with equation  
 

x = 4 and the curve with equation y =  (x – 2)3 + 2. The point A has coordinates (4, 4)  
 
and the point B has coordinates (4, 0). 

A uniform lamina L has the shape of OAB. The unit of length on both axes is one  

centimetre. The centre of mass of L is at the point with coordinates . 

Given that the area of L is 8 cm2, 

(a)  show that  

(4) 

The lamina is freely suspended from A and hangs in equilibrium with AB at an angle θ°  
to the downward vertical. 

(b)  Find the value of θ. 

(7) 

  

(Total for question = 11 marks) 
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Mark Scheme – Further Centres of Mass 
 
Q1. 
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Q2. 
  

 

 

  

 
 

 Ch.3 Further Centres of Mass PhysicsAndMathsTutor.com



Q3. 
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Q4. 
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 Q5. 
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 Q6. 
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Q7. 
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Q8. 
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Q9. 
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Q10. 
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