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Motion in a Circle 
 
 

𝑟𝑟 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 

𝑣𝑣 = 𝑟𝑟𝑟𝑟 𝑣𝑣 = 𝑙𝑙𝑟𝑟𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟 𝑟𝑟𝑠𝑠𝑙𝑙𝑙𝑙𝑟𝑟 
𝑟𝑟 = �̇�𝜃 = 𝑟𝑟𝑙𝑙𝑎𝑎𝑟𝑟𝑙𝑙𝑟𝑟𝑟𝑟 𝑟𝑟𝑠𝑠𝑙𝑙𝑙𝑙𝑟𝑟 

 
 
 

Motion in a Horizontal Circle 
 

𝐴𝐴𝐴𝐴𝐴𝐴𝑙𝑙𝑙𝑙𝑙𝑙𝑟𝑟𝑟𝑟𝐴𝐴𝑟𝑟𝐴𝐴𝑙𝑙 = 𝑟𝑟𝑟𝑟2 = 𝑣𝑣2

𝑟𝑟
  

 

(towards the centre of the circle) 

 
 
 

Motion in a Vertical Circle 
 

𝒓𝒓 = (𝑟𝑟 cos 𝜃𝜃)𝒊𝒊 + (𝑟𝑟 sin𝜃𝜃)𝒋𝒋 

 

𝒓𝒓 = 𝑟𝑟�̇�𝜃(− sin𝜃𝜃 𝒊𝒊 + cos 𝜃𝜃 𝒋𝒋) 

 
 
 

Transverse velocity 𝑣𝑣 = 𝑟𝑟�̇�𝜃 

Transverse acceleration 𝑣𝑣 = 𝑟𝑟�̈�𝜃 

Radial acceleration −𝑟𝑟𝜃𝜃2̇ = −
𝑣𝑣2

𝑟𝑟
 

 
 
 

 
 
 
 
 

r
 θ
 

𝑥𝑥 

𝑦𝑦 

𝑂𝑂 
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Centres of Mass 

 
 

Plane Figures 
 

If a system consists of 𝑙𝑙 particles with masses 𝑚𝑚1,𝑚𝑚2, … ,𝑚𝑚𝑛𝑛 are 
positioned at (𝑥𝑥1, 0), (𝑥𝑥2, 0), … , (𝑥𝑥𝑛𝑛, 0) respectively, then 

 

�𝑚𝑚𝑖𝑖𝑥𝑥𝑖𝑖 = �̅�𝑥�𝑚𝑚𝑖𝑖

𝑛𝑛

𝑖𝑖=1

𝑛𝑛

𝑖𝑖=1

 

 
where (�̅�𝑥, 0) is the position of the centre of mass of the system. 

If a system consists of 𝑙𝑙 particles with masses 𝑚𝑚1,𝑚𝑚2, … ,𝑚𝑚𝑛𝑛 
have position vectors 𝒓𝒓𝟏𝟏, 𝒓𝒓𝟐𝟐, … 𝒓𝒓𝒏𝒏 then 

 

�𝑚𝑚𝑖𝑖𝒓𝒓𝒊𝒊 = 𝒓𝒓��𝑚𝑚𝑖𝑖

𝑛𝑛

𝑖𝑖=1

𝑛𝑛

𝑖𝑖=1

 

 
where 𝒓𝒓� is the position vector of the centre of mass of the 

system. 
 
 

For a rod with end positions (𝑥𝑥1,𝑦𝑦1) and (𝑥𝑥2,𝑦𝑦2) the centre of 
mass is the midpoint �𝑥𝑥1+𝑥𝑥2

2
, 𝑦𝑦1+𝑦𝑦2

2
�. 

For a uniform triangular lamina with coordinates (𝑥𝑥1,𝑦𝑦1), (𝑥𝑥2,𝑦𝑦2) 
and (𝑥𝑥3,𝑦𝑦3), the centre of mass has position 

�𝑥𝑥1+𝑥𝑥2+𝑥𝑥3
3

, 𝑦𝑦1+𝑦𝑦2+𝑦𝑦3
3

�. 

 
 
 

Standard Results for Uniform Bodies 
 

Triangular lamina 2
3
 along median from vertex 

Circular arc, radius 𝑟𝑟, angle at centre 2𝛼𝛼 𝑟𝑟 sin𝛼𝛼
𝛼𝛼

 from the centre 

Sector of circle, radius 𝑟𝑟, angle at centre 2𝛼𝛼 2𝑟𝑟 sin𝛼𝛼
3𝛼𝛼

 from the centre 

Semicircle, radius 𝑟𝑟 4𝑟𝑟
3𝜋𝜋

 from the centre 
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Centre of Mass of Plane Figures Using Calculus 
 

For a 2D model with equation 𝑦𝑦 = 𝑓𝑓(𝑥𝑥): 

�̅�𝑥 =
∫ 𝑥𝑥𝑦𝑦𝑏𝑏
𝑎𝑎 d𝑥𝑥

∫ 𝑦𝑦𝑏𝑏𝑎𝑎 d𝑥𝑥
 𝑦𝑦� =

∫ 1
2

𝑏𝑏
𝑎𝑎 𝑦𝑦2d𝑥𝑥

∫ 𝑦𝑦𝑏𝑏𝑎𝑎 d𝑥𝑥
 

𝑀𝑀�̅�𝑥 = � 𝜌𝜌𝑥𝑥𝑦𝑦 𝑟𝑟𝑥𝑥
𝑏𝑏

𝑎𝑎
 𝑀𝑀𝑦𝑦� = �

1
2
𝜌𝜌𝑦𝑦2 𝑟𝑟𝑥𝑥

𝑏𝑏

𝑎𝑎
 

where 𝑀𝑀 = ∫ 𝜌𝜌𝑦𝑦𝑏𝑏
𝑎𝑎  𝑟𝑟𝑥𝑥 is the total mass of the lamina, 

and 𝜌𝜌 is the mass per unit area of the lamina. 
 
 

Uniform Solid Bodies 
 

For a uniform solid of revolution about the 𝑥𝑥-axis with mass 𝑀𝑀 and 
density 𝜌𝜌, the centre of mass lies on the 𝑥𝑥-axis with position 

�̅�𝑥 = ∫𝑦𝑦2𝑥𝑥𝑑𝑑𝑥𝑥
∫𝑦𝑦2𝑑𝑑𝑥𝑥

 or 𝑀𝑀�̅�𝑥 = ∫ 𝜌𝜌𝜌𝜌𝑦𝑦2𝑥𝑥 𝑟𝑟𝑥𝑥. 

For a uniform solid of revolution about the 𝑦𝑦-axis with mass 𝑀𝑀 and 
density 𝜌𝜌, the centre of mass lies on the 𝑦𝑦-axis with position 

𝑦𝑦� = ∫𝑥𝑥2𝑦𝑦𝑑𝑑𝑦𝑦
∫𝑥𝑥2𝑑𝑑𝑦𝑦

 or 𝑀𝑀𝑦𝑦� = ∫ 𝜌𝜌𝜌𝜌𝑥𝑥2𝑦𝑦 𝑟𝑟𝑦𝑦. 

 
 

Standard Results for Uniform Bodies 
 

Solid hemisphere, radius 𝑟𝑟 3
8
𝑟𝑟 from the centre 

Hemispherical shell, radius 𝑟𝑟 1
2
𝑟𝑟 from the centre 

Solid cone or pyramid of height ℎ 
1
4
ℎ above the base on the line 

from the centre of base to vertex 

Conical shell of height ℎ 
1
3
ℎ above the base on the line 

from the centre of base to vertex 
 

 
Non-Uniform Solid Bodies  

 

For a non-uniform rod with density variable 𝜌𝜌 = 𝑓𝑓(𝑥𝑥) and length 𝑙𝑙, 
the distance of the centre of mass from the end of the rod is  

�̅�𝑥 = ∫ 𝑥𝑥𝑥𝑥𝑙𝑙
0 𝑑𝑑𝑥𝑥

∫ 𝑥𝑥𝑙𝑙0 𝑑𝑑𝑥𝑥
= ∫ 𝑥𝑥𝑥𝑥(𝑥𝑥)𝑙𝑙

0 𝑑𝑑𝑥𝑥

∫ 𝑥𝑥(𝑥𝑥)𝑙𝑙
0 𝑑𝑑𝑥𝑥

. 
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Kinematics 
 
 

Acceleration Varying with Time 
 

𝑟𝑟 = 𝑓𝑓(𝐴𝐴) =
𝑟𝑟𝑣𝑣
𝑟𝑟𝐴𝐴

=
𝑟𝑟2𝑥𝑥
𝑟𝑟𝐴𝐴2

 

 
Acceleration Varying with Displacement 

 

𝑟𝑟 = 𝑓𝑓(𝑥𝑥) = 𝑣𝑣
𝑟𝑟𝑣𝑣
𝑟𝑟𝑥𝑥

=
𝑟𝑟
𝑟𝑟𝑥𝑥

�
1
2
𝑣𝑣2� 

 
Acceleration Varying with Velocity 

 

𝑟𝑟 = 𝑓𝑓(𝑣𝑣) =
𝑟𝑟𝑣𝑣
𝑟𝑟𝐴𝐴

 

 
 

 
 

Dynamics 
 

 
Inverse Square Law 

 

The force of attraction between two bodies of masses 𝑀𝑀1 
and 𝑀𝑀2 is directly proportional to the product of their 

masses and inversely proportional to the square of the 
distance between them (𝐺𝐺 is the gravitational constant): 

𝐹𝐹 =
𝐺𝐺𝑀𝑀1𝑀𝑀2

𝑟𝑟2
 

 
 

Simple Harmonic Motion 
 

For a particle P moving in simple harmonic motion with 
amplitude 𝑟𝑟, defined by equation �̈�𝑥 = −𝑟𝑟2𝑥𝑥: 

𝑣𝑣2 = 𝑟𝑟2(𝑟𝑟2 − 𝑥𝑥2) 
𝑥𝑥 = 𝑟𝑟 sin(𝑟𝑟𝐴𝐴 + 𝛼𝛼) , 𝑟𝑟 > 0 

𝑇𝑇 =
2𝜌𝜌
𝑟𝑟
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