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Complex Numbers 
 
 

Rectangular coordinate form 𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖 𝑦𝑦 

Exponential form 

𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 
 

𝑟𝑟 = |𝑧𝑧| = �𝑥𝑥2 + 𝑦𝑦2 
𝜃𝜃 = arg(𝑧𝑧) = tan−1

𝑦𝑦
𝑥𝑥
 

 
 

Operations and Identities 
 

For any two complex numbers 
𝑧𝑧1 = 𝑟𝑟1𝑒𝑒𝑖𝑖𝜃𝜃1 and 𝑧𝑧2 = 𝑟𝑟2𝑒𝑒𝑖𝑖𝜃𝜃2: 

𝑧𝑧1 ∙ 𝑧𝑧2 = (𝑟𝑟1 ∙ 𝑟𝑟2)𝑒𝑒𝑖𝑖(𝜃𝜃1+𝜃𝜃2) 

 
𝑧𝑧1
𝑧𝑧2

=
𝑟𝑟1
𝑟𝑟2
𝑒𝑒𝑖𝑖(𝜃𝜃1−𝜃𝜃2) 

 

|𝑧𝑧1||𝑧𝑧2| = |𝑧𝑧1𝑧𝑧2| 

�
𝑧𝑧1
𝑧𝑧2
� =

|𝑧𝑧1|
|𝑧𝑧2| 

arg(𝑧𝑧1𝑧𝑧2) = arg(𝑧𝑧1) + arg(𝑧𝑧2) 

arg(
𝑧𝑧1
𝑧𝑧2

) =  arg(𝑧𝑧1) − arg(𝑧𝑧2) 
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Matrices 
 

 
Elementary Operations 

 

�𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� ± �𝑒𝑒 𝑓𝑓

𝑔𝑔 ℎ� = �𝑎𝑎 ± 𝑒𝑒 𝑏𝑏 ± 𝑓𝑓
𝑐𝑐 ± 𝑔𝑔 𝑑𝑑 ± ℎ� 

𝑘𝑘 �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� = �𝑘𝑘𝑘𝑘 𝑘𝑘𝑘𝑘

𝑘𝑘𝑘𝑘 𝑘𝑘𝑘𝑘� 

 
 

Matrix Multiplication 
 

Matrices can be multiplied together if the number of columns in the first 
matrix is equal to the number of rows in the second matrix. 

𝐴𝐴𝐴𝐴 = �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� �

𝑒𝑒 𝑓𝑓
𝑔𝑔 ℎ� = �𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 𝑎𝑎𝑎𝑎 + 𝑏𝑏ℎ

𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑 𝑐𝑐𝑐𝑐 + 𝑑𝑑ℎ� 

 
 

Determinant 
 

For a 2 × 2 matrix 𝑀𝑀 = �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑�: det𝑀𝑀 = 𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏 

For a  3 × 3 matrix 𝑀𝑀 = �
𝑎𝑎 𝑏𝑏 𝑐𝑐
𝑑𝑑 𝑒𝑒 𝑓𝑓
𝑔𝑔 ℎ 𝑖𝑖

�: det(𝑀𝑀) = �
𝑎𝑎 𝑏𝑏 𝑐𝑐
𝑑𝑑 𝑒𝑒 𝑓𝑓
𝑔𝑔 ℎ 𝑖𝑖

� = 𝑎𝑎 �𝑒𝑒 𝑓𝑓
ℎ 𝑖𝑖 �

− 𝑏𝑏 �𝑑𝑑 𝑓𝑓
𝑔𝑔 𝑖𝑖 �+ 𝑐𝑐 �𝑑𝑑 𝑒𝑒

𝑔𝑔 ℎ� 

 
Singular matrix det𝑀𝑀 = 0 
Non-singular matrix det𝑀𝑀 ≠ 0 

 
 

Inverse Matrices 
 

𝑀𝑀−1𝑀𝑀 = 𝑀𝑀𝑀𝑀−1 = 𝐼𝐼 
 
If 𝑀𝑀 = �𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑�, then 𝑀𝑀−1 = 1
det𝑀𝑀

� 𝑑𝑑 −𝑏𝑏
−𝑐𝑐 𝑎𝑎 �. 

 
For non-singular matrices 𝐴𝐴 and 𝐵𝐵: (𝐴𝐴𝐴𝐴)−1 = 𝐵𝐵−1𝐴𝐴−1 
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Summations and Series 

�𝑟𝑟
𝑛𝑛

𝑟𝑟=1

=
𝑛𝑛(𝑛𝑛 + 1)

2

� r3

𝑛𝑛

𝑟𝑟=1

=
1
4
𝑛𝑛2(𝑛𝑛 + 1)2 

�𝑟𝑟2
𝑛𝑛

𝑟𝑟=1

=
1
6
𝑛𝑛(𝑛𝑛 + 1)(2𝑛𝑛 + 1) 

Maclaurin’s and Taylor’s Series 

𝑓𝑓(𝑥𝑥) = 𝑓𝑓(0) + 𝑥𝑥 𝑓𝑓′(0) +
𝑥𝑥2

2!
𝑓𝑓′′(0) + ⋯+

𝑥𝑥𝑟𝑟

𝑟𝑟!
𝑓𝑓(𝑟𝑟)(0) + ⋯ 

𝑒𝑒𝑥𝑥 = exp(𝑥𝑥) = 1 + 𝑥𝑥 + 𝑥𝑥2

2!
+ ⋯+ 𝑥𝑥𝑟𝑟

𝑟𝑟!
+ ⋯ for all 𝑥𝑥

ln(1 + 𝑥𝑥) = 𝑥𝑥 − 𝑥𝑥2

2
+ 𝑥𝑥3

3
− ⋯+ (−1)𝑟𝑟+1 𝑥𝑥

𝑟𝑟

𝑟𝑟
+ ⋯  (−1 < 𝑥𝑥 ≤ 1)

sin 𝑥𝑥 = 𝑥𝑥 − 𝑥𝑥3

3!
+ 𝑥𝑥5

5!
−⋯+ (−1)𝑟𝑟 𝑥𝑥2𝑟𝑟+1

(2𝑟𝑟+1)!
+ ⋯ for all 𝑥𝑥

cos 𝑥𝑥 = 1 − 𝑥𝑥2

2!
+ 𝑥𝑥4

4!
−⋯+ (−1)𝑟𝑟 𝑥𝑥2𝑟𝑟

(2𝑟𝑟)!
+ ⋯ for all 𝑥𝑥

arctan 𝑥𝑥 = 𝑥𝑥 − 𝑥𝑥3

3
+ 𝑥𝑥5

5
− ⋯+ (−1)𝑟𝑟 𝑥𝑥

2𝑟𝑟+1

2𝑟𝑟+1
+ ⋯ (−1 ≤ 𝑥𝑥 ≤ 1)

https://bit.ly/pmt-cc
https://bit.ly/pmt-cchttps://bit.ly/pmt-edu



 
 

Calculus 
 
 
 

Differentiation 
 

𝒇𝒇(𝒙𝒙) 𝒇𝒇′(𝒙𝒙) 

arcsin 𝑥𝑥 
1

√1 − 𝑥𝑥2
 

arccos 𝑥𝑥 −
1

√1 − 𝑥𝑥2
 

arctan 𝑥𝑥 1
1 + 𝑥𝑥2

 

sinh 𝑥𝑥 cosh 𝑥𝑥 

cosh𝑥𝑥 sinh𝑥𝑥 

tanh 𝑥𝑥 sech2 𝑥𝑥 

arsinh 𝑥𝑥 
1

√1 + 𝑥𝑥2
 

arcosh 𝑥𝑥 
1

√𝑥𝑥2 − 1
 

artanh 𝑥𝑥 1
1 − 𝑥𝑥2
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Integration (+ 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄, 𝒂𝒂 > 𝟎𝟎 where appropriate) 
 

𝒇𝒇(𝒙𝒙) �𝒇𝒇(𝒙𝒙)  𝒅𝒅𝒅𝒅 

sinh𝑥𝑥 cosh 𝑥𝑥 

cosh 𝑥𝑥 sinh𝑥𝑥 

tanh𝑥𝑥 ln cosh 𝑥𝑥 

1
√𝑎𝑎2 − 𝑥𝑥2

 arcsin �
𝑥𝑥
𝑎𝑎
�     (|𝑥𝑥| < 𝑎𝑎) 

1
𝑎𝑎2 + 𝑥𝑥2 

 
1
𝑎𝑎

arctan �
𝑥𝑥
𝑎𝑎
� 

1
√𝑥𝑥2 − 𝑎𝑎2

 arcosh �
𝑥𝑥
𝑎𝑎
� ,     ln{𝑥𝑥 + �𝑥𝑥2 − 𝑎𝑎2}     (𝑥𝑥 > 𝑎𝑎) 

1
√𝑎𝑎2 + 𝑥𝑥2

 arsinh �
𝑥𝑥
𝑎𝑎
� ,   ln{𝑥𝑥 + �𝑥𝑥2 + 𝑎𝑎2} 

1
𝑎𝑎2 − 𝑥𝑥2

 
1

2𝑎𝑎
ln �

𝑎𝑎 + 𝑥𝑥
𝑎𝑎 − 𝑥𝑥

� =
1
𝑎𝑎

artanh �
𝑥𝑥
𝑎𝑎
�    (|𝑥𝑥| < 𝑎𝑎) 

1
𝑥𝑥2 − 𝑎𝑎2

 
1

2𝑎𝑎
ln �

𝑥𝑥 − 𝑎𝑎
𝑥𝑥 + 𝑎𝑎

� 
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Vectors 
 

Vector product 𝒂𝒂 × 𝒃𝒃 = |𝒂𝒂||𝒃𝒃| sin 𝜃𝜃 𝒏𝒏� = �
𝐢𝐢 𝐣𝐣 𝐤𝐤
𝑎𝑎1 𝑎𝑎2 𝑎𝑎3
𝑏𝑏1 𝑏𝑏2 𝑏𝑏3

� = �
𝑎𝑎2𝑏𝑏3 − 𝑎𝑎3𝑏𝑏2
𝑎𝑎3𝑏𝑏1 − 𝑎𝑎1𝑏𝑏3
𝑎𝑎1𝑏𝑏2 − 𝑎𝑎2𝑏𝑏1

� 

Scalar product 𝒂𝒂.𝒃𝒃 = |𝒂𝒂||𝒃𝒃| cos𝜃𝜃 = 𝑎𝑎1𝑏𝑏1 + 𝑎𝑎2𝑏𝑏2 + 𝑎𝑎3𝑏𝑏3 

 
 

Cartesian and Vector Equations 
 

If 𝐴𝐴 is the point with position vector 𝒂𝒂 = 𝑎𝑎1𝐢𝐢 + 𝑎𝑎2𝐣𝐣 + 𝑎𝑎3𝐤𝐤 and the direction vector 𝒃𝒃 is 
given by 𝒃𝒃 = 𝑏𝑏1𝐢𝐢 + 𝑏𝑏2𝐣𝐣 + 𝑏𝑏3𝐤𝐤, then the straight line through 𝐴𝐴 with direction vector 𝒃𝒃 

has cartesian equation 
 

𝑥𝑥 − 𝑎𝑎1
𝑏𝑏1

=
𝑦𝑦 − 𝑎𝑎2
𝑏𝑏2

=
𝑧𝑧 − 𝑎𝑎3
𝑏𝑏3

(= 𝜆𝜆) 

 

The plane through 𝐴𝐴 with normal vector 𝒏𝒏 = 𝑛𝑛1𝐢𝐢 + 𝑛𝑛2𝐣𝐣 + 𝑛𝑛3𝐤𝐤 has cartesian equation 
 𝑛𝑛1𝑥𝑥 + 𝑛𝑛2𝑦𝑦 + 𝑛𝑛3𝑧𝑧 + 𝑑𝑑 = 0 where 𝑑𝑑 = −𝒂𝒂.𝒏𝒏 

 

The plane through non-collinear points 𝐴𝐴, 𝐵𝐵 and 𝐶𝐶 has vector equation  
𝒓𝒓 = 𝒂𝒂 + 𝜆𝜆(𝒃𝒃 − 𝒂𝒂) + 𝜇𝜇(𝒄𝒄 − 𝒂𝒂) = (1 − 𝜆𝜆 − 𝜇𝜇)𝒂𝒂 + 𝜆𝜆𝒃𝒃 + 𝜇𝜇𝒄𝒄 

 

The plane through the point with position vector 𝒂𝒂 and parallel to 𝒃𝒃 and 𝒄𝒄 has 
equation 𝒓𝒓 = 𝒂𝒂 + 𝑠𝑠𝒃𝒃 + 𝑡𝑡𝒄𝒄 

 
 

Calculating Distances 
 

The perpendicular distance of (𝛼𝛼,𝛽𝛽, 𝛾𝛾) 

from 𝑛𝑛1𝑥𝑥 + 𝑛𝑛2𝑦𝑦 + 𝑛𝑛3𝑧𝑧 + 𝑑𝑑 = 0 

|𝑛𝑛1𝛼𝛼 + 𝑛𝑛2𝛽𝛽 + 𝑛𝑛3𝛾𝛾 + 𝑑𝑑|

�𝑛𝑛12 + 𝑛𝑛22 + 𝑛𝑛32
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