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Complex Numbers

Euler’s relation el = cos@ +isinf
Rectangular coordinate form z=x+1iy
z =re'
Exponential form r=|z| = m

6 = arg(z) = tan_1¥

z=r(cosfO +isinf) =r(cos(O + 2km) + isin(0 + 2km)) ,k €EZ

De Moivre’s Theorem

{r(cos@ + isin@)}™ =r"(cosnf + isinndh)

nt" Roots of Unity

2T

The solutions of z" = 1 are given by z = cos% + isin% =en
Operations and Identities

For any two complex numbers

— . i(6,+6
Z1 = Tleiel and Zy = rzeiez: 21722 = (rl rz)e (©ur62)

211N Liey-6,)

Z; T

1
zZz+—= 2cos0
z

z——=2isin0
z

1
z"+—n= 2 cosn@
z

n

1 .
A —Z—n=2151nn9

k.
nt forn=0,1,2,..,n—1.
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Matrices
Elementary Operations
(a b)+(e f)_(aie bif)
c d/=\g h) \ctg d=xh
a b\ _ (ka kb
k (c d) a (kc kd)
Matrix Multiplication
Matrices can be multiplied together if the number of columns in the first
matrix is equal to the number of rows in the second matrix.
AB=(a b)<e f>=<ae+bg af+bh)
c d/\g h ce+dg cf +dh
Determinant
Fora2><2matrixM=(a b): detM = ad — bc
c d
a b c a b c
For a 3x3matrixM=<d e f): dettM) =|d e f :a|iez ],c|—b|d ]l.r|+c|d Zl
Singular matrix detM =0
Non-singular matrix detM # 0
Inverse Matrices
MM =MM1=]
_(a b 1_ 1 (d —b
IfM = (C d)’ then M~* = detM(_C a )
For non-singular matrices 4 and B: (AB)"1 =pB71471
Matrix Transformations
Anticlockwise rotation through 6 about 0: (C(.)S 6 —sin 9)
sin@ cosé@
L . _ . cos260 sin26
Reflection in the line y = (tan 6)x : (sin 20 —cos 29)
J
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Summations and Series

i . n(n2+ 1)

r=1
n
1
Z rP=-n?(n+1)?
4
r=1
- 1
zrz = gn(n +1D)(2n+1)
r=1

Maclaurin’s and Taylor’s Series

2 r
fG) = O +x £/(0) + 5 £(0) + 4 = fO(0) + -

2 r
e* =exp(x) = 1+x+2—!+-~+i—!+---forallx
x?  x3 x"
Inl+x)=x—-S+Z— -+ (D™ =+ (-1<x<1)

x2T+1
+ ---forall x

i — _x_3_|_x_5_..._|_(_1)r
SIMX =X =377 (2r+1)!

_ X2 x4 . X2
cosx =1 Y + (-1) =1 + .- forall x
x3 xS Tx2T+1 < <
arctanx—x—?+?—-~+(—1) ST (Clsx<1)
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Calculus

Differentiation

f(x) f'(x)
_ 1
arcsin x _—
V1 — x2
1
arccos x —————
V1 —x2
1
arctan x
1+ x2
sinh x cosh x
cosh x sinh x
tanh x sech? x
b 1
arsinh x _—
V1+ x2
1
arcosh x
x2 -1
1
artanh x S
1—x2
coth x —coshec?x
cosech x — coth x cosech x
sechx —tanh x sech x
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Integration (+ constant, a > 0 where appropriate)

f(x)

sinh x
cosh x

tanh x

az_xz

a? + x?

va? + x2

a2 — x2

f f(x) dx

cosh x
sinh x

In cosh x

arcsin (g) (Ix] < a)
%arctan (g)
arcosh (2) , In{x +vVx?—-a?} (x>a)

arsinh (g), In{x + v x2 + a?}

1l|a+x|_1 " h(x) x| < a)
2ana_x—aaran 7 (x| <a
11 |x—a|

—In
2a lx+a
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Surface Area of Revolution

2
Cartesian coordinates Sy = any (1 + (Z_y) > dx
x

2 2
Parametric form Sy = znfy\/((%) + (%) ) dt

dr\?
Polar form Sy = ZHJrsinH ’rz + (%) do

Arc Length

2
Cartesian coordinates Sy = f (1 + <_y) ) dx

2
Parametric form Sy = f\/((%) + (%) ) dt

2
Polar form Sy = f r2 + (ﬂ) do
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Vectors
i i k a2b3 - a3b2
Vector product axb=|a|lb|sindn=|(a; a, az|= <a3b1 — a1b3>
b1 bz b3 albz - a2b1
Scalar product a.b = |a||b|cosO = a;b; + ayb, + azb;

a a; as
a.(bxc)=1|by b, bz|=b.(cxa)=c.(axb)
€1 € C3

Cartesian and Vector Equations

If A is the point with position vector a = a,i + a,j + ask and the direction vector b is
given by b = b;i + b,j + b3k, then the straight line through A with direction vector b
has cartesian equation

x_al_y_az_z_ag
by by b

=41

The plane through A with normal vector n = n;i + n,j + n;k has cartesian equation
mx+n,y+nsz+d=0whered = —a.n

The plane through non-collinear points A, B and C has vector equation
r=a+iA(tb—a)+u(c—a)=_A—-A1—pwa+ b+ uc

The plane through the point with position vector a and parallel to b and ¢ has
equationr =a + sb + tc

The plane through non-collinear points A, B and C has vector equation
r=a+iA(tb—a)+u(c—a)=_A—-1—wa+ b+ uc
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Calculating Distances

The perpendicular distance of (a,8,7) |nja +n,f +nzy +d|

fromn,x +n,y+nzz+d=20 Jni+ns +n3

The shortest distance between the two
skew lines with equations r = a + Ab and
r = ¢ + ud where A and u are scalars

(a—c).(bxd)
|(b x d)|

Calculating Areas

Area of a triangle ABC where A, B and C

1
have position vectors a, b and ¢ 2 (@xb)+(bxc)+(cxa)l

Area of a parallelogram spanned by a and b la x b|

Angle Between a Line and Plane

The angle 6 between the line with

b.
equation r = a + Ab and the plane with sinf = | n
the equation r.n = p is given by: [bInl
Angle Between Two Planes
The angle 6 between the plane with the N
. . 1-7¢2
equation r.ny = p; and the plane with cos @ =
|nq ||,

the equation r.n, = p, is given by:
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Polar Coordinates
rcosf =x
rsinfd =y
For a point with polar coordinates (r, 9)
and cartesian coordinates (x, y): r?2 =x%+4y?
_ Y
6 = arctan (;)
r = a is a circle with centre 0 and radius a
0 = «a is a half-line through 0 and making an angle a with the initial line
r = af is a spiral starting at 0
Area of a Sector
The area of a sector bounded by a polar 1 (B
curve and the half lines 8 = a and 6 = B, —f r? deo
. : 2
where 6 is in radians: a
J
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Hyperbolic Fuctions

Definitions
eX — e X

sinhx = >
coshx = ex_;—e—x

sinhx e?*—1
coshx e2*+1
2
ex —e X

2
eX+e™*
e?* +1
e?x —1

tanhx =

cosechx =

sechx =

cothx =

Identities

cosh? x —sinh?x =1
sinh 2x = 2 sinh x cosh x

cosh 2x = cosh? x + sinh? x

sinh(4 + B) = sinh A cosh B + cosh A sinh B

cosh(A + B) = cosh A cosh B + sinh Asinh B

sech?x = 1 —tanh?x
cosech?x = coth?x — 1
Inverse Functions
arcoshx =In{x +vx?2 -1} (x>1)
arsinh x = In{x + Vx2 + 1}

1 1+x
artanh x = —ln( ) (Ix| < 1)
2 1—x
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Differential Equations

First Order Differential Equations

Integrating factor ~ ¢f P(¥)dx

General Solution to Second-Order Differential Equations

The nature of the roots a and g of the auxiliary equation determine the general

2
solution to the second-order differential equation a% + % +c=0:

% The general solution will be in the form y = 4e®* + Bef*
Case 1: b* > 4ac . ,
where a and g are two real roots of the auxiliary equation.
The general solution will be in the form y = (A + BX)e®*

Case 2: b?> =4 . . .
ac where a is a repeated root of the auxiliary equation.

The general solution will be in the form y = eP*(A cos gx +
Case 3: b2 < 4ac B singx) where the auxiliary equation has two complex
conjugate roots a, f = p * qi.

Particular Integral

2
a%+ b%+ cy = f(x)
Form of f(x) Form of particular integral
p A
p+qx A+ ux
p+qx +rx? A+ ux + vx?
pek* Aekx
p cos wx + g sin wx Acoswx + psin wx

O www.pmteducation Q@@ C) PMTEducation



