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Methods in Calculus

Questions
Q1.

(a) Given that

y = arcsinx -l<x=<1
show that
dy _ 1
dr -5
(b) f(x) = arcsin (e¥) x <0

Prove that f(x) has no stationary points.

(Total for question = 6 marks)

Q2.

Show that

B s _in
J ,8'\ 7 dx =Ink
o (2x2+43)(x+1)

where k is a rational number to be found.

(Total for question = 7 marks)
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Q3.

Given that y = arsinh(tanh x), show that

s
dy sechx

p— ?
dx 1 + tanh®x

(Total for question =5 marks)

Q4.
The curve C has equation

1 )
Yy = arccos (;x 2 €xK2

(@) Show that C has no stationary points.
The normal to C, at the point where x = 1, crosses the x-axis at the point A and crosses the
y-axis at the point B.

Given that O is the origin,

_ _ _L{p\,/g —lql“rl—r\/g;rl‘)
(b) show that the area of the triangle OAB is 54 where p, g and r are
integers to be determined.

(Total for question = 8 marks)
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Q5.

l dx

(a) Explain why J‘l x(2x+5) jsan improper integral.

(b) Prove that

;_d.\' =alnb
, x(2x +5)

where a and b are rational numbers to be determined.

(Total for question = 7 marks)

Q6.

- x+2
fix)==
(x) x +9

(@ Show that

Jf(.x‘)d\:Ahl(x: +9)+Ba1’ctan{ = )+c

=
2,

where c is an arbitrary constant and A and B are constants to be found.

(b) Hence show that the mean value of f(x) over the interval [0, 3] is

1 1
—In2+—x
6 18

(c) Use the answer to part (b) to find the mean value, over the interval [0, 3], of

f(x) + Ink

1

where k is a positive constant, giving your answer in the form p + 6lIn g, pand g are
constants and q is in terms of k.

(Total for question = 9 marks)



Ch.3 Methods in Calculus PhysicsAndMathsTutor.com

Q7.

(a) Express as partial fractions

2x2 +3x+6
(x+ 1)(x* +4)

(b) Hence, show that

P 2x? +3x |
J.(‘-F—\Md\‘= ln(a\/i)+hzr
0

x+1)(x2 +4)

where a and b are constants to be determined.

(Total for question = 7 marks)
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(a) . X — dx _
s',ny=x=>cosy—=1 Slny—x=>——cosy M1 1.1b
dx dy
Usessinz)/-¥-c'oszy=1=>¢:osy=\/1—51'n2y=>\/1—x2 M1 2.1
dy 1
E—m*cso Al* 1.1b
3)
Using the answer to (a) Restart
(b)
f’(x) = ——X... siny =e¥ = cosy—=e" el Ala
V1—e?* dx
; 1 ; %
=—>=Xxe* = Al L.1b
e* # 0 (or e* > 0) therefore. there are no stationary points
Alternatively, e® = 0 leading to x = In 0 which is Al 24
impossible/undefined therefore there are no stationary points.
3
(6 marks)
Notes:

(a)

MI1: Finds x in terms of y and differentiates

their derivative or stated on the side

M1: Uses the trig identity sin® y + cos®y = 1 to express cos yin terms of x. This may be seen in

Alternatively restart. finds x in terms of y and differentiates
Al: Correct differentiation

therefore there are no stationary points.

stationary points. Ignore any reference to the denominator =0

A1 o : o S, R

Al7: Correctly achieves the printed answer it cs0

(b)

M1: Differentiates using the chain rule to achieve the correct form. condone f (x) = @
% SR E

Note f (x) = Rk BO for incorrect form

Al: Follows correct differentiation. States that as e* # 0 (or e¥ > 0) or no solutions toe™ = 0

Alternatively, e¥ = 0 leading to x = In 0 which is impossible/undefined/error therefore there are no
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Q2.
Question Scheme Marks AOs
8x—12 _Ax+B C
(2x* +3)(x+1) 2x*+3 x+1 sl a7
8x—12=(Ax+B)(x+1)+C(2x% +3)
Eg x=—12C=-4.x=0=2B=0x=1=>4=8
Or
dM1 1.1b
Compares coefficients and solves
(4+2C=0 A+B=8 B+3C=-12)
> A=....B=..,C=..
A=8 B=0 C=—4 Al 1.1b
J‘L—i}dX‘=2h1(2x2+3)—4h1(X'+1) Alft | 1.1b
\2x +3 x+1)
i ((2x*+3) |
2In(2x* +3)-4In(x+1)=ln| —
| (x+1)
o M1 2.1
. ((2x* +3) |
2In(2x* +3)—4ln(x+1)=2In : ’
‘ | (x+1) )
[ (2xf [ (243
im- —‘h +3) I»-=ln4 or lim-\l?.ln(' = 3’]*-:21112 B1 2.2a
=R (x+1) I x"‘|‘ (x+1) ‘
Fx;ud’(:]ni cao Al i1b
o (2x7+3)(x+1) 9
@)
(7 marks)

Notes

M1: Selects the correct form for partial fractions.

dM1: Full method for finding values for all three constants. Dependent on having the correct
form for the partial fractions. Allow slips as long as the intention is clear.

A1l: Correct constants or partial fractions.

Alft: Integrates L—de=£m(2xz+3)—qln(x+1)aﬂd no extra terms
2x°+3 x+1 4

M1: Combines two algebraic log terms correctly.

B1: Correct upper limit for x = o by recognising the dominant terms. (Simply replacing x with oo
scores B0). This can be implied.

A1l: Deduces the correct value for the improper integral in the correct form, cao A0 for2 Ing

Correct answer with no working seen is no marks.
Note: Incorrect partial fraction form,

:4 + 8 or j,b( + b the maximum it can score 1s MOMOAOAOMI1B1AO
2x 43 x+1 2x"+3 x41
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just the printed answer written down.

To score more than 2 marks using a chain rule method, a third variable must be

introduced

Question
Number Scheme Notes Marks
y=arsinh(tanhx)
Way 1 sinh y =tanh x Bl
ny Y sech’s 2
cosh ‘a g e M1: =cosh y or £sech™x
or MIA1
coshy= sech:.\'% Al: All correct
."
dy _ sech®x
dx coshy
dy - sech’x —f(x) Uses a correct identity to express %m M
dx , + 2, ’ X, =
LSy terms of x only
sechdn cso. There must be no errors such as
=" incorrect or missing or inconsistent variables | A1*
V1+tanh®x and no missing h’s.
Total 5
Way 2 t =tanhx — y= arsinhs Replaces tanhx by e.g. 7 Bl
dr » dy 1
M1: —=zsech’x.—==
t . dy 1 dx dt Ji+7
-= sech“x.ﬁ = = dr & MI1Al
dx L 1+2° Al: Correct —and $and correctly
labelled
Uses correct form of the chain rule for
dv dydr sech® . : )
d%{ = d—;a = % =f {x) their variables to express d—l in terms of x M1
only
S Cso. There must be no errors such as
= =" incorrect or missing or inconsistent variables | A1*
1+tanh"x and no missing h’s.
Total 5
Way 3 d. p s s
y u=tanhx = Tl‘: =sech” x Correct derivative Bl
sechix sechzx A Ml ;C‘omplete substitution including the
e > sectiin dx MI1A1
V1+tanh*x 1+ sech®: A1: Fully correct substitution
1 2 .
=J o du = arsinhui (+¢) Reaches arsinhu M1
~u”
Reaches y =arsinh(tanh x) with or
¥ = arsinh ( tanh x)(+c¢) without + ¢ and no errors such as incorrect | 5%
' or missing or inconsistent variables or
missing h’s.
Total 5
Special Case:
y =arsinh(tanhx )= @ . (<)sech® x
_ sech’x
\/1 +tanh® x
Note that the sech2v needs to appear separate from the fraction as above and not | M1A1
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(a) d—y=Lwhere A>0and g>0and B=1
dx 1- 8x*
- " y M1 1.1b
Alternatively 2cosy=x=>—=a/siny:—y= -
dy dx asmy
&
B 3
dx 1
l-zxz 21/1-— Al | 11b
a_—ZSmy
States that% = ( therefore C has no stationary points.
Tries to solve % — gand ends up with a contradictione.g. -1 =0 Al 24
therefore C has no stationary points.
As cosec y = 1 therefore C has no stationary points.
3)
Ry )
1 - Ml | 11b
& 2\ll-l><12 V3
4
Normmal gradient = e and y—%=m,,(x—1)
m
- e M1 1.1b
Alternativel % =m,(1)+c=c ={§—J§} and then y =m,x+c¢
/4 T /T\ﬁ
y=0= 0—§=J§(XA-1):IA =--.{1—m orl- 9 }
it M1 3.1a
x=0=Yy; —%=«/3-(0—1)=>y8 ={§-‘/§}
Area = lxx x=y 1(1———-](\/_ ir) M1 1.1b
2 = 33 '
Area 5—14(27\/5-18/74—\/5”2) (p=27.q=-18,r=1) Al | 21
O]
(8 marks)
Notes:
(a)
M1: Finds the correct form for %
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Al: Correct ﬂ
dx

Al: States or shows that % = 0and draws the required conclusion. This mark can be scored as long

as the M mark has been awarded.

(b)

M1: Substitutes x =11nto their =2 dy

M1: Finds the normal gradient and finds the equation of the normal using y e m, (x—1)
3

M1: Finds where their normal cuts the x-axis and the y-axis.

M1: Finds the area of the triangle OA4B =%><x4 X—Vg-

Al: Correct area

Special case: If finds the tangent to the curve, the x and y intercepts and the area of the triangle max
score M1 MO M1 MO A0

Note common error

dy.. = dy NE)
In art this leads to — = —= leading to normal gradient — and
e Ty part (b) TR g gr 5

ff x

y= a.ud 0,———
2 3 3 2

This can score M1 M1 M1 M1 A0

1= «/5](27: li

and (1——2—7(,0 therefore area = —| —— — || —=—
33

33 2|3 2

PhysicsAndMathsTutor.com
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Q5.
Question Scheme Marks AOs
(@ |Eg
e Because the mterval being integrated over 1s unbounded B1 24
e Accept because the upper limit is infinity .
e Accept because a limit is required to evaluate 1t
1)
(b) 1 A oy 3
_— A= e — e Ml 313
x(2x+5) x 2x+5
1 1 2 b
Tt e Al 1L
x(2x+5) 5x 5(2x+5)

1 2 1 1
————dvr=—Inx——In(2x+5) Alft | 1.1b
5x S|2x+5) 5 ) '

1 1 1 x
—Inx—=In(2x+5)==In 7
5 v , 5 (2x+5) L 21
sl X 1] el
3 far s S 22
- e e el o
) 7
= —1 : d\'=llnl—l]_nl=lln— Al 1.1b
! x(2x+5) 572 8T F 5T
(6)
(7 marks)
Notes
(@)
B1: For a suitable explanation with no contrary reasoning. Technically this should refer to the
mterval being unbounded, but this 1s unlikely to be seen. Accept “Because the upper limit 1s
mfinity”. Do not award if there are erroneous statements e.g. referring to as x=0 the integrand
1s not defined. Do not accept “because one of the limits 1s undefined” unless they state they mean
. Do not accept “it is undefined when x =« ™ without reference to “it” being the upper limit.
(®)
M1: Selects the correct form for partial fractions and proceeds to find values for 4 and B
Al: Correct constants or partial fractions
p q y - o .
Alft: | —F dy=plnx+—In(2x+5) Note that llnSJr—lln(1OJH~25) is
X 2x+5 2 5 5
correct.
. : 1..(2%+5) 1. 5)
M1: Combines logs correctly. May see —— ]nl |l=——In| 2+— |
- 57\ = )T x/
B1: Correct upper limit for x = o by recognising the dominant terms. (Simply replacing x with
w scores BO)
A1l: Deduces the correct value for the improper integral in the correct form
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Question Scheme Marks AOs
(b) (] 1 lx 1
) : SRR o= 3 M1 3.1a
ay (2x+5 2 5 \ 2
Way 2 x(2x+5) 2[‘\.-+__\-j (‘”’E\J _2 Al | 110
- \" 4) 16
5 B
j 1 1 2y 3 a 1h| 2% ’ M1 | 21
=—x—In =—In
-(2x 2 5 5 2x :
x(2x+5) 275 | 5.5 5 |2x+5 Alft | 1.1b
4 4
lim%llniL=lln£=0 Bl | 22a
> |5 2x+5] 5 2
= L geq bpZely T Al | 11b
| x(2x+5) 5 3 5 2
(6)
Notes

Note the method marks as MAMABA  and should be entered in this order on ePEN.
M1: Expands the denominator and completes the square.
Al: Correct expression

M1: For ;,, —kln ! s
(x+p) —a X+p+a
Alft: l% — iln i with their @ (may be simplified as in scheme).
2(x+a)y —-a 2a |x+2a

B1: Correct upper limit for x = o by recognising the dominant terms. (Simply replacing x with
w scores BO) Note in this method the upper limit evaluates to zero.

: : : 1
Al: Deduces the correct value for the improper integral in the correct form. Accept —§1n7
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2 2
@ Ty IR N S Bl 31a
x++9 x*+9 XxX*4+9
X 5
I — dv=kIn(x* +9)(+c) M1 1.1b
X +9
- 2 ; i
J 0 dx =karctan (% )(+c) M1 1.1b
x+2 1 2 x)
I . dx=—h1(x2+9)+—arctan{—J+c Al L.1b
X <9 2 3 .3
S
(b) G 1 2 o 3
f(x)dr=| <In(x*+9)+=arctan —]
2 3 \3/],
0
1 2 3) (1 2 :
=—1n18+—arctan[—J—[—ln9+—arctan(0)] Ml 1.1b
2 3 3 2 3 ‘
1
= —]n§+£arctan[ A ]
2 9 3 3
1 T
Mean value= ——| —In2+— M1 2:1
3-012 6
l11.12+i/7"‘ Al* 22a
6 18
(3)
© L FE M1 22a
6 18
1 6 A
—n2k°+—x Al 1.1b
6 " 18
(2)
(9 marks)
Notes:
()
B1: Splits the fraction into two correct separate expressions
M1: Recognises the required form for the first integration
M1: Recognises the required form for the second integration
Al: Both expressions integrated correctly and added together with constant of integration included
(b)
M1: Uses limits correctly and combines logarithmic terms
M1: Correctly applies the method for the mean value for their integration
Al*: Correct work leading to the given answer
(c)
M1: Realises that the effect of the transformation is to increase the mean value by Ink
Al: Combines In’s correctly to obtain the correct expression
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Q7.
@) 2x2+3x+6 A BX+C oo .,
= =
GIDETA) =31 a2ia - = bt Ml | L1b
=A(x*+4)+ (Bx+0)(x+ 1)
egx=—-1=2A=.,x=0=C-=..., coeffx2 = B =...
or
Compares coefficients and solves to find values for 4. B and C L Lt
2=A+B,3=B+C,6=4A+C
A=1 B=1 C=2 Al 1.1b
3
b 2 2
) 1+x,+2dx= 1+7x+’2
x+1 x +4 x+1 x"+4 x +4
3 . - Ml | 3.la
=[aln(x+1)+ﬂln(x2+4)+Aarctan(§ﬂ
</l
1 01
= [ln(x +1) + =In(x? + 4) + arctan (—)] Al 2.1
2 271y
1 1
= [ln(3) + Eln(S) + arctan 1] — [ln(l) + Eln(tlv) + arctan(O)]
= dM1 | 21
= 3) + Sin(8) + arct )] [11 4]—1 ey o=
= |In(3) 2n() arctan(1) S nd| =inl— 3
(3
ln(3\/§)+z Al [22a
4)
(7 marks)
Notes:
(a)

M1: Selects the correct form for partial fractions and multiplies through to form suitable identity or
uses a method to find at least one value (e.g. cover up rule).

dM1: Full method for finding values for all three constants. Dependent on first M. Allow slips as
long as the intention 1s clear.

A1l: Correct constants or partial fractions.

(b)

MI1: Splits the integral into an integrable form and integrates at least two terms to the correct form.
They may use a substitution on the arctan term

Al: Fully correct Integration.

dM1: Uses the limits of 0 and 2 (or appropriate for a substitution). subtracts the correct way round
and combines the In terms from separate integrals to a single term with evidence of correct In laws at
least once.

Al: Correct answer






