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Complex Numbers

Complex Algebra

For two complex numbers z; = x; + iy, Z; = X, + iy,
(1 + iy1) + (2 +iy) = (0 +x2) + iy +¥2)
(g + iy1) — (e +iyz) = (21 —x2) +i(y1 — ¥2)

(x1 +iy) (e + iy2) = (X1X2 — y1Y2) + i(x1y2 + x%2Y1)

xXp+iy;  x + iy 2 tys _ (X125 + ¥1y2) + {0y — x1Y2)

Xp + 1y, Xp+iy, XxX;— 1y, X% + y,°

Complex Conjugation

Forz=x+1iy z'=x-—-1y

Forz =re' 7z =re’®

zz" = |z|?
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Modulus-Argument Form

Modulus of a complex

number z = x + iy: r=./x2 + y2

|z| =7
T
tan~! bl ,0<0<—
[x| 2
AV A
Argument of a complex m —tan m ) <0<nm
number z = x + iy: 1 -
arg(z) —|m—tan™?! ol T <0< —=
|x| 2
T
—tan~?! m ,—=<60<0
[x| 2
Modulus-argument form z =1(cosf +isinB)

Multiplying and Dividing in Modulus-Argument Form

|z125| = |z1]122| = 747,
Z |zl n
For —| ==
Zy |z,| 1

z; = 1ry(cos 0y + isinb,)
z; = 13(cos 6, + isinb;) arg(z,z,) = arg(z,) + arg(z,) = 6, + 0,

V4
arg (£1) = arg() — arg(z) = 6, - 6,

De Moivre’s Theorem

z" = [r(cosf + isin0)]™ = r"*(cosnb + i sinndh)

Euler’s Formula

re® = r(cos@ + isin6)

y,
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n*" Roots of Unity

2mki
n

z=e
fork=0,1,2,...,n—1

2mi\ ¢
(l)k:<en)

Forz" =1
fork=0,1,2,...,n—1
(1-w,)
1+(J)+(J)2+"'+(I)n_1=_1_a:l =

Factorisation

(z—re®)(z—re ) =22 —2rcosf +r?

Loci

Outline: |z—a| =7

Circle with centre z = a
and radius r

Interior: |z —a| <r

Exterior: |z —a| > r

Perpendicular bisector |z—a| = |z— b

of points a and b

Half-line starting at z =
a at an angle of 8 from
the positive real axis

arg(z—a) =6

Powers of Trigonometric Functions

e~ = cos(—0) + i sin(—0)
= cos 6 —sin 6

6 | ,—if

; . e +e
Fore!® = cosf +isin@ Cosg:T
ol _ oif

sinf = -

21

1
z"+—n=2cosn9

0

y,

Forz = e'? 1
z" — — = 2isinnf
Zn
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Matrices

Matrix Arithmetic

_[ate b+f
M1+Mz_[c+g d+h
a b _ _
m=[7 ] M1—M2:[a e b-y
e f c—g d-—h
MZ:[g h] [ae+bg af + bh
M1XM2:
Let A be a scalar ce+dg cf +dh
__[Aa Ab
AM1 =14 Ad]

Zero Matrix / Null Matrix

0O 0 .. O

0, =19 9 w9

0 0 .. O
Identity Matrix

1 0 0

h={7 1 o9

0 0 1
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Matrix Transformations

Enlargement of scale k0]
factor k about O 0 Kkl
Stretch of scale factor k k0]
parallel to the x-axis 0 1
Stretch of scale factor k 1 0]
parallel to the y-axis 0 k!
.. . 1 0
Reflection in the x-axis 0 _1]
. . -1 0
Refl he y-
eflection in the y-axis 0 1]
Reflection in the line [0 1]
y=x 1 0
Reflection in the line 0 —1]
y = —X —1 0
. . L 1 k
Shear with x-axis fixed [0 1]
. L 1 0
Shear with y-axis fixed [k 1]
Anticlockwise rotation [cos 6@ —sin 9]
through 8 about O sinf cos@
Reflection in the line [cos 260 sin 20 ]
y = (tan 0)x sin26 —cos 26
3D rotation through 6 (1) 0 0 _ 0 0
about the x-axis CF)S sin
|0 sinf@ cos@ |
3D rotation through 6 - COS 0 (1) sig 0]
about the y-axis _inB 0 cosol
3D rotation through 6 cos 6 —sinf 0
about the z-axis sing  cosg 0
0 0 1.
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Invariance

Invariant points M [;] = [;C/]

(=[]

Invariant lines X X
Where [y'] is on the same line as [ ]

y

Vector Product

where 6 is the angle between vectors a and b
and 7 is a unit vector perpendicular to a and b

a2b3 - a3b2 aq bl
axb=|azb; —a;b; Ifa=|(az|andb =|b,
as b3

ab, — a, by

ax b = |al||b|sinfn

Properties of Vector Products

axXb=—-bxa
(ka) X b = k(a x b)
(axb)xc=ax(bxXc)
ax(b+c)=(@axb)+ (axc)
a,ds — asa;
a><a=<a3a1—a1a3>=0
a,a; — aaq

If vectors a and b are parallel thena X b =0
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Equation of line passing
through the point with

position vector a and (r-a)yxd=0
parallel to vector d
Area of triangle with sides l|a < b
aandb 2

Vector equation of plane
parallel to vectors d4 and r=a+id, + ud,
d, containing point a

rrn=a-n

Scalar product equation ny
of a plane Where n = | M2 | is normal to the plane
ns

Determinant of a Matrix

_[a b —A=qgd—
A_[c d det(A) = A =ad — bc

a b c det(A)=A=a|e f|—b|d ].C+c|d Z
i 1] Aol el

g h i =a(ei — fh) —b(di — fg) + c(dh — eg)
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Singularity

A is singular det(A)=A=0

A is non-singular det(A) =A+#0

Transpose of a Matrix
(AB)T = BTAT

(A+B)" = A" + B”

Properties of the Inverse of a Matrix

AA™! = A71A = I where 4 is a non-singular matrix

(MN)! = N"'!M~! where M and N are square matrices of the same order

O www.pmteducation Q@@ C) PMTEducation (c)DSO)



resources-tuition-courses

sPMI

Calculating the Inverse of a Matrix

b 1 d -b
A= a -1
[c d] A ad — bc [—c a ]
-1 1 CT
det(A4)
IR
A=|d e f h i h i e f
e oo A VA B
g et g il g i d f
d e _|a b |a b|
L g h g h d el ]
Triangular Matrix
ai1 A1z Ain
0 a
Upper Triangular Matrix U, = . ?22 ?n
0 0 QAnn
aiq 0 0 ]
. . L = |31 Q22 0
Lower Triangular Matrix n— | : :
an1  QApz Ann
Determinant of a Triangular Matrix
For L, or U, A=a;; Xay X ..Xanp,
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Factorisation of Determinants Using Row and Column Operations

Operation to obtain

matrix N from matrix M LEN32 D SR T

Swapping two rows or columns detN = —detM

Multiplying one row or column by

constant k detN = kdetM

Adding a multiple of one row (or

detN = detM
column) to another row (or column)

Characteristic Equation

det(A — AI) =0

Diagonalisation of a Square Matrix

M =UDU!

Raising a Matrix to a Power

M" =UD"U!

y,
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Further Algebra and Functions

Roots of Polynomials

Quadratic: b
at+p=——
a
ax’>+bx+c=0
c
Roots: a, 8 af 25
b
a+f+y= _E
Cubic:
c
ax®+bx?>+cx+d=0 “B+BY+Y(X=E
Roots: a, 3,y d
apy = ——
b
Za=a+8+y+8=—a
Quartic:

c
Zaﬁ=aB+aB+ay+a8+By+BS+y8=a
ax* +bx3 +cx?+dx+e=0

d

Roots: @, B,y,6 2 afy = afy + apd + ayd + fyd = -
e
Z afyd = afyd = -
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Summations

Sum of Natural Numbers

=
WM:

Sum of Integers n= —n(n +1)
r=1
- 1
Sum of Squares Z n? = gn(n +1)(2n+1)
r=1
n
Sum of Cubes Z = —nz(n + 1)

Maclaurin Series

x? x"
x=exp(x) 1+X+?+ +—+
for all x
x% x3 x"
+1
1n(1+x) x_7+?_...+(_1)7” 7_|_
(-1<x<1)
x3 5 2r+1
— —_— _ '
sin x X 3'+5' D @r+1)! +1)'
for all x
TS .l
cos x 204 2!
for all x
n(n-1) 2 nn-1)..(n-r+1) X"
(1 +2)" IT+tnx+——x"++—F—x +

(x| <1,ne Q)

2 r
FG) = FO) +x'(0) + 5 £7(0) + -+ f7(0)
L'Hopital's Rule

lim Lx) = lim G
x=cg(x)  x-cg'(x)
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Conics
Ellipse Parabola
2 2
Standard form A y? = 4ax
a?  b?
. X =acosf x = at?
Parametric form .
y=bsinf y = 2at
Asymptotes None None

Hyperbola

x2 y2
@ pz b

x =asecH
y=btan6

QR
Il

=+

SAl RS
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Transformations of Curves
Translation by vector [Z] f,y)=0-> f(x—a,y—b)=0
. X
Parallel to x-axis: f(x,y) =0 - f(z,y) =0
Stretch
Parallel to y-axis: f(x,y) =0 - f(x, %) =0
In x-axis: f(x,y) =0- f(x,—y) =0
In y-axis: f(x,y) =0-> f(—x,y) =0
Reflection
Iny=x:f(x,y) =0- f(y,x) =0
Iny=—x:f(x,y) =0-f(=y,—x) =0

90°% f(x,y) =0 f(y,—x) =0

Rotation anti-clockwise 180°: f(x,y) =0 - f(—x,—y) = 0
About 0
270°% f(x,y) =0- f(—y,x) =0
Enlargement by scale Flx,y) =0 f(f,X) -0
factor a, centre O aa
J
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Further Calculus

Volumes of Revolution
b
Rotation about the x-axis V= nj y2dx
a
b
Rotation about the y-axis V= ﬂf x*dy

Mean Value of a Function

_ 1 b
ey reax

b—al,

Calculus with Inverse Trigonometric and Hyperbolic Functions

f(x) £ (x)
1 sin~! (2) +c
a? — x? (x| < a)
1 L x
—az oy Etan (a) +c
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Arc Length of a Curve

: : b dy
Cartesian coordinates s = j 1+ (_> dx
a dx

t2
Parametric coordinates s = f
t

Area of a Surface of Revolution

b d 2
Cartesian coordinates s, = Z,Tf y |1+ (_y) dx
x a dx

t 2 2
Parametric coordinates Sy = an 2y\/(dx> + <d_y> dt
ty

Extremal Limits

lim x¥e™* = 0 where k > 0

X—>00

lin(l) x¥Inx = 0 wherek > 0
xX—
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Further Vectors

Equation of a Straight Line in 3D

Vector form of a line through

a; b,
a, by r=|az|+ A|b,
a; | parallel to vector | b, as b
as b3 ’
X—ay Yy—Qa ZzZ—as
Cartesian form b, - b, B bs =4
Vector product form (r—a)xb=0

Equation of a Plane in 3D

r=a+ Ad; + ud,
Vector form For the plane containing point a and parallel to
directions d4 and d,

nix +nyy +nzz=d

Cartesian form

Scalar Product
a-b=a,b, +a,b, + cyc, = |a||b|cosb
Scalar Projection

e ‘b
Resolved part of a in direction of b: (IITI

y,
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Angle Between Two Planes

ny-n,
cos @ =

14N,

Angle Between Line and Plane

b-n|

cos(g—e)zsinez W

Perpendicular Vectors

Two vectors a and b are perpendicularifa-b =0

Vector Product

i a4 b a,b; —asb,
axb = |a||b|sinfn = ’j a, bzl = ’a3b1 — a1b3]
k a; bs a.b, —a,b,

Area of a Triangle

A==laxb|
=_|ax
Za

y,

O www.pmteducation Q@@ C) PMTEducation (c)DSO)



sPMI

resources-tuition-courses

Polar Coordinates
Converting between Polar, (1, 8), and Cartesian, (x,y), Coordinates
r2 = x2 4 y2
6 = tan™? G) (7 if needed)
X =rcosf

y =rsinf

Polar Curves

Circle r=a
Spiral r=ab
Half-line r=20

r = acosnf

Trefoil
r = asinnf
Cardioid r=a(b+cosh),|bl=1
Egg r=a(b+cosh),|b|l =2
Egg with dimple r=a(b+cosh),1<|b| <2

Area Enclosed by a Polar Curve

A—lj 2 do

O www.pmteducation Q@@ C) PMTEducation



Function

sinh x

cosh x

tanh x

1

cosech x = —
sinh x

sechx =
cosh x

cothx =
tanh x

Hyperbolic Functions

Hyperbolic and Reciprocal Hyperbolic Functions

Exponential Form

eX+e™*

eX — e X

e*+e™*

eX+e™*

eX+e™*

ex — e—x

© www.pmt.education

sPMI )

resources-tuition-courses

Domain Range

x €R f(x) R

x€ER fx)=>1

x €ER -1<f(x)<1

x#0 fx)#0

x €R f(x)>0

x#0 f;(f}(ca)c)<>_11'

J
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Differentiation

f(x)

sinh x

cosh x

tanh x

sech x

cosech x

cothx
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f'(x)

cosh x

sinh x

sech? x

—sechxtanhx

—cosech x coth x

—cosech?x
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Integration

f(x)

sinh x

cosh x

tanh x

va? + x2

x2 — q?

1 1

a? — x2 2a

x2 — q?

ff(x) dx

coshx + ¢
sinhx + ¢

Incoshx +c¢

sinh™?! (g) +c
or
ln(x+ x? +a2) +c
cosh™! (g) +c
or
ln(x+ x? —az) +c

(x> a)

In (a * x) = %tanh‘1 (2) +c

a—x
(x| < a)

1 X —a

% (x+a)+c

O www.pmteducation Q@@ C) PMTEducation



Function

sinh™1 x

cosh ™1 x

tanh™1 x

(—|
Or©,
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Inverse Hyperbolic Functions

Logarithmic Form Domain
In (x +1+ xz) x€R
In (x +1- xz) x=>1
1 1+x
=1 ( ) x| <1
2 "\1—x ol

Hyperbolic Identities

sech? x =1 — tanh? x

cosech?x = coth? x — 1

cosh? x —sinh?x = 1

sinh 2x = 2sinh x cosh x

cosh 2x = cosh? x + sinh? x

Range

f(x) ER

f(x)=0

f(x) ER
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Differential Equations

Integrating Factor

I(x) = o) P() dx

Auxiliary Equation

4+al+b=0

General Solution

Solution to Auxiliary Equation General Solution to Differential Equation
Two distinct real roots A, and 4, y = Ae™* + Be’2*
Repeated roots 1 y = (A + Bx)e**
Complex roots a + if8 y = e™(Asin(Bx) + B cos(Bx))

Particular Integrals

f(x) Trial Function
ax+b px +q
Polynomial of order n X" + Ay X"+ agx + ag
cos px and/or sin px a cos px + b sin px
ePXx aeP*

y,
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Discriminant
A=bh?—4ac>0 Distinct real roots, 14, 4,
A=b%?—4ac=0 Repeated roots, 1
A=b?>—4ac<0 Complex roots, Ay = x1 + iy, A, = x, + iy,

Simple Harmonic Motion
¥+ w?x=0
v? = w2(a? — x?)
w = 2nf

x = A cos wt + B sin wt

Drag Force

D = —Kv

Damping

Complex roots, a + if8

Light
x = e (Acosft + Bsinft)
Repeated roots, A
Critical
x = (A + Bt)e™
Two distinct real roots, 14, 1,
Heavy

x = AeMt 4+ Bet2t

Hooke’s Law

T = kx

y,
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Numerical Methods

Mid-Ordinate Rule

b
fydxzh(y1+y3+---+y 3ty 1)
7 2 n-3 n3

a
b—a
where h = —

Simpson’s Rule

b
1
f ydx = h{(o +yn) + 401t ys + o+ yn-1) F 202+ Y+t yn2)}
a

b—a .
where h = — and n is even

Euler’s Method

Euler’s method:

Forz—z = f(x), his small Yn+1 = Yn + hf ()

Xpt1=Xp+h

Euler’s method:
Vr+1 = Yr + hf (X0, 3p)
. Xpp1 =X+ h
For 2 = £(x,y)
Improved Euler method:

Yr41 = Yr—1 t th(xr' :Vr)
Xpp1 =Xy +h
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