Further Algebra and Functions Il Cheat Sheet

Maclaurin Series of a Function and the General Term (A-Level Only)

The Maclaurin series is a method of approximating a function by expressing the function as an infinite series

polynomial.

Let this function f(x) = ao + a;x + ax? + azx® + -

Differentiating yields:

f'(x) = a; + 2a,x + 3a;x? + dax® + -

f"(x) =2a, + 3 X 2a3x + 4 X 3a,x2 + 5 X 4agx® + -

F3(x) =3x2a; +4X3X2a,x+5X4x%x3asx?+6x5X4agx® + -

fHx) =4x3X2a,+5X4X3%X2a5x+6xX5x4x3a,x2+7X6X5X4a,x3+ -

Evaluating f™(x) atx = 0:

f(0) =a,
f0)=a
f"(0) = 2a,

£3(0) = 3 x 2a,

fH(x) =4x3X2a,

m(0)

It becomes clear that f™(0) = n! a,,. Hence, a,, = —.

n!

n 3 n
(x) can thus be rewritten as f(x) = f(0) + f'(0)x + 102 F@ s O yn s the general
2! 3! n!

formula for the Maclaurin series of a function f(x) up to the term in x™. The general term is

JIQ)
- x™.

Note that the assumption that f(x) can be written as an infinite series is only true if the expansion
converges. Furthermore, a Maclaurin series is only valid if f™(0) is defined for all integer values of n = 0.
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Maclaurin Series of Standard Functions

The table below shows the standard functions given in the data booklet, alongside their ranges of validity.
These can be used to find the Maclaurin series for expressions that typically involve products of functions or
otherwise tedious differentiation.

Maclaurin Series Range of Validity

x? x" All x
eX = 14X+t — o
2! r!

x? x3 x" -1<x<1
ml+x)=x——+—-—+(D""—+.
2 3 r
o x3 x5 r x?r+t All x
Slnx_x—§+§_...+(_ ) m+
_ x? x* , X All x
Cosx_l_ﬁ-l_ﬁ_m-'_(_l) (2r)!+m
(1+x)"=1+nx+wx2+ "+n(n—1)...(n—r+1)xr+m lx[<LreR
2! !

Example 2: Show that the Maclaurin series for (1 + x)e¥*, as far as the term in x3is 1 + 2x + zxz + §x3.

Rewrite the expression using the Maclaurin

x? x3
series for e”*. (1+x)e"=(1+x)<1+x+—+—+...>

2! 3!

x* %3 x3
x4 =l+4+x+—+—+x+x*+=

necessary to include the —; term and beyond, 2t 3! 2!

Expand the brackets. Note that it is not

as the question only asks for the expansion
up to the term in x3.
Collect like terms and simplify to acquire the

1 1 1
=1 +2x+(—+ 1)x2+(—+—)x3
necessary result. 2!

2! 3!
3 2
~(1+x)e" =1+2x +Ex2 +§x3

Example 3: Find the first three non-zero terms in the series expansion of In (‘/1%) and state the values of

x for which the expansion is valid.

Rewrite the expression
using the log rules:

1-5x
In (\/ﬁ) =In(1—-5x)— ln(\/l + 4x)
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Evaluation of Limits (A-Level Only)

The idea of limits was first introduced in the topic of differentiation from first principles. Just as it is possible

to find lim Z&W @
h=0 h

, it is possible to find lim f(x). When f(c) can be properly evaluated, it is valid to find
X—=C

lim f(x) by a direct substitution of x = c. In cases where f(¢) leads to an indeterminant form of%or + E'
xX=C

other methods will have to be employed. This section will explore two methods of evaluating such limits:

using Maclaurin series and L'Hopital's rule.

Using Maclaurin Series

Maclaurin series can be used when wanting to find the limit of a function that involves composite standard

functions.

. . . ) . e¥-1
Example 4: Using Maclaurin series, find lim ——.
x—0 In(2x+1)

For instance, it is not possible to write a Maclaurin series for In(x), as f'(0) = %is undefined. However, it is

possible to write a Maclaurin series for In(1 + x), as f™(0) is defined for alln € Z*.

The range of validity is the values for which a Maclaurin expansion will converge. For questions where no
range of validity is given, it is fair to assume the expression is valid for all x € R.

Example 1: Find the first three terms and the general term of the Maclaurin series for f(x) = (2x + 1)1,

fx)=QRx+1)7?

)= FDRx+1)2=-2Q2x+1)2
') =(2)2)(-2)2x+1)3=82x+ 13
2 =)@ (3)2x+1)*=—-482x +1)™*

FH(x) = (—48)(2)(—4)(2x + 1)75 = 384(2x + 1)~°
fO=2x0+1)t=1
F10)=—22%x0+1)2=-2
fr(0)=82x0+1)3%=8
£3(0) =—-48(2x 0+ 1)™* = —48
£4(0)=384(2x0+1)™5 =384

Use the general formula for the 8 , —48 384

Calculate the first few derivatives
of f(x) using the chain rule. The
more terms calculated, the easier it
will be to spot the general term.

Evaluate each derivative at x = 0.

In (;—j) = Ina — Inb and
Ina® = bina.
Substitute x = 5x and
x = 4x respectively into
the Maclaurin series for
n(1+ x).

Expand and simplify.

1
=In(1—-5x) — Eln(l + 4x)

= <—5x - (—52x)2 + ) - %<4x

(42)?
- +>

25 125 1 16 64
= (—Sx ——x*——x%— ) ——(4x ——x*+—x3- )

Then collect like terms. 3 2 2 3
_(5 252 1253 23 + 42 32 ',
) ’ 2 ’ 3 3;7 157x ’ 3 ’
— 7yt 2 227 3
7x 2 X 3 X

Find the range of validity

In(1 —5x) isvalid for -1 < =5x < 1

for In(1 — 5x) and 1 < 1
In(1 + 4x) by letting = 5 X< 5
x=—5xandx = In(1 + 4x) isvalid for —1 < 4x < 1

4x respectively in the N 1 <x< 1
range of validity for 4 4

i i X. 2
Use the Maclaurlns'erlesfore‘ : . 1+x+x—+--- _1
2 X’ i e’ —1 i 2!
TR im = lim
hxdortodogt oln(2x +1)  x-0, (202 (207
in place of e*. Similarly, use the Maclaurin 2 3
series for In(1 + 2x):
2x)? 2x)"
2x—( ) +---+(—1)7‘+1u+---
r
in place of In(2x + 1). Note that the
Maclaurin series for In(1 + 2x) is found by
letting x = 2x in the Maclaurin series for
n(1 + x).
R . 2
Simplify the expression. x+%+m
X0, _Ax? 8%
2 ) 3
X+
=lim—" 5=
X0 2x — 2x2 +T — e
i 6x + 3x%+...
T 0 12x — 12x2 + 16x5 — -
, 6+ 3x%+...
= lim
x-012 — 12x + 16x2 — -+
Find the required limit by substituting x = 0 6+ 3(0)2 + -+
into the fraction. T 12-12(0) + 16(0)2 — ---
1
2
Using L'Hopital's Rule
L'Hépital's rule provides a way to find the limit of a function of the form &, when [ _ 2o or & _ +Z
g(x) glx) 0 gx) ©
L'Hépital's rule states that:
fG) - f'(x)
im—— = lim
xoeg(x)  xocg'(x)
and may only be used when lim;g; can be properly evaluated at c.
P ande
. WA e . . eX-1
Example 5: Using L'Hopital's rule, find }}_I.I(l,—m(z;cﬂ)'
Rewrite tt:e limit using L'Hopital's rule, where e —1 di(ex -1
f(x) =e*—1and g(x) = In(2x + 1). X

Maclaurin series to write the first
few terms of f(x).

Identify that the coefficients of x™
form a geometric sequence with
first term a = 1 and common ratio
r = —2. Use the nt* term formula

f)=1+(-2)x+ T +Tx3 + Tx“ +
=1-—2x+4x?—8x%+16x* + -
First three terms:
1, —2x, 4x?
General term:
1(_2)n—1xn — (_Z)n—lxn

In(1 + x). Note that
dividing by —5 reverses
the inequalities.
Choose the inequality
that satisfies both
intervals.

. . . 1 1
~ The expansion is valid for -3 <x< e

Calculate the derivatives, using the chain rule

lim =lim
x-0n(2x + 1) x—»O%(ln(Zx + 1))

e* I e*(2x+1)

for a geometric sequence (u,, =
ar™ ') to write the general term
for the Maclaurin series.
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d = lim = lim
to find — (ln(2x + 1)). Simplify the x-0 %0
(%X 2x+1
expression.
Find the required limit by substituting x = 0 _ e’2x0+1) 1
into the fraction. - 2 2
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